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tion of radiation tracks. Clearly progressing from an elementary level to 
the state of the art, the text explores the classical physics of track de-
scription as well as modern aspects based on condensed matter physics. 

The first section of the book discusses the fundamentals of the radia-
tion field. In the second section, the authors describe the cross sections 
for electrons and heavy ions—the most important information needed 
for simulating radiation track at the molecular level. The third section 
details the inelastic scattering and energy loss of charged particles in 
condensed media, particularly liquid water. The final section contains a 
large number of questions and problems to reinforce learning. 

This text gives readers a solid grounding in the physical understanding 
of radiation track structure in living matter, enabling them to pursue 
further work in radiological physics and radiation dosimetry. Drawing on 
their many years of teaching radiation interaction and microdosimetry 
courses, the authors show how to simulate radiation tracks in a comput-
er experiment and highlight applications in medical/health physics and  
radiation biology.
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Preface

The subject of this book is primarily the physics of the interactions of ion-
izing radiation in water and the Monte Carlo simulation of radiation tracks. 
The book explores the subject from an elementary level and progresses to 
the state of the art in our physical understanding of radiation track struc-
ture in living matter. Section I of the book deals with the elementary knowl-
edge of the radiation field. In Section II we explore the cross sections for 
electrons and heavy ions—the most important information in need for the 
simulation of radiation track at the molecular level. And in Section III we 
discuss in some detail the inelastic scattering and energy loss of charged 
particles in condensed media with emphasis on liquid water. Section  IV 
provides a large number of questions and problems to explore the subject 
of this book.

The book was partly designed to be used as a textbook in radiation interac-
tion courses. More generally, we hope the book becomes a platform for edu-
cation in this topic at the master and PhD levels for medical physics, health 
physics, and nuclear engineering students.

We express our gratitude to all those who have given us help with the 
preparation of the book. In particular, we like to thank colleagues at the 
Radiation Biophysics Group of the Karolinska Institute, Peter Girard, 
Thiansin Liamsuwan, Reza Taleei, Tommy Sundstrom, Lennart Lindborg, 
and Krishnaswami Sankaranarayanan for their help.
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1
Introduction

Figure 1.1 is simulated for the passage of a radiation track through the human 
cell nucleus using Monte Carlo track structure technology. The track is cross-
ing some of the 23 pairs of simulated chromosome volumes. It is a simple 
picture but tells a thousand-word story. In this book we tell you about the 
interaction of radiation tracks in the biological medium.

Interaction of radiation with biological matter in the human cell nucleus 
induces genomic instability, DNA damage, mutation, or cell death. What are 
the consequences to the cell and the organism in which it resides when per-
ceived as irreducible systems?

Radiation is a double-edged sword. It is a harmful agent to organic and 
inanimate matter; on the other hand, it is a tool vastly used as a drug to 
eradicate cancerous cells. Radiation interacts with matter by depositing 
energy in the form of ionizations and excitations. These physical events leave 
a history behind that is known as track. Tracks come in many forms—long 
and short, thin and fat, sparse and dense. All these attributes describe the 
nature of the particle (or the radiation), whether it is a photon, electron, or 
heavy ion. Figure 1.1 shows a track segment of 1 MeV/u α-particles crossing 
a human cell nucleus. It shows interactions of the particle with the atoms in 
the medium. These interactions, shown as dots, seem to be very close to each 
other. Intuitions and perception could be very misleading in this case. The 
diameter of this particular cell is about 10 µm. How close are these inter-
actions? Does it matter to the cell if these interactions are densely close or 
sparsely spaced? Why are they closely or sparsely spaced? The track shows 
branches coming off the center line. Some particles produce short but some 
very long branches. Is there significance to these? Some particles stop in mat-
ter completely, leaving behind a short track; some travel through a thick tis-
sue before coming to rest. What is significant of such radiations and how 
useful are they in industrial use or in medical applications?

This book is about radiation tracks. We explore the physics of radia-
tion tracks, share with you our knowledge gained over the past 30 years 
in this topic, and show you how radiation tracks can be simulated in a com-
puter experiment. Interaction of radiation with matter is a beautiful subject, 
and radiation track is the story of a history to tell. This book takes you from 
the classical physics of track description to the modern aspects of condensed 
physics in matter. We start the learning with the essential preliminary 
knowledge and progress from there. There are many questions, exercises, 
and problems to reinforce the learning and the experience. The authors of 
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this book are passionate about their science, and they want to share the 
knowledge with the young scientists and the students.

Discovery of radiation started with the work of scientific world luminar-
ies Michael Faraday, James Clark Maxwell, Einstein, J.J. Thompson, Madame 
Curie, and others who established the nature of light and electromagnetic 
radiation. Since then much progress and insight have been gained in our sci-
entific knowledge. Today, biology presents us as the most complex scientific 
discipline with many unsolved fundamental questions. A typical human cell 
nucleus, nearly 10 µm in diameter, contains over a billion DNA molecules. 
The compact DNA when unwound will stretch to about 180 cm. By current 
estimates, the human genome contains nearly 100,000 proteins and some 
20,000 genes. This is the most complex system in the living environment. 
What type of physics and mathematics do we need to describe such a com-
plex system that is neither linear nor thermodynamically a closed system? 
The subject of this book is far from the discussion of biological complexities, 
but we hope through the discussion of interaction of radiation with matter 
we open that frontier to greater scrutiny. This book describes interactions of 
ionizing radiation with matter in its biologically simplest form—water—and 
develops descriptive models for such a system.

We now scrutinize Figure  1.1 in more detail at the microscopic level. 
Figure 1.2 brings the view closer to examine the track for a 200 nm length. In 
this segment of the track there are 507 primary ion (red dots) and 2,073 sec-
ondary electron interactions (black dots). As this track was generated in track 
segment mode, elastic interactions were not considered. Figure 1.3 demon-
strates a number of tracks generated in “track segment” and “full slowing 
down” modes. These include electron, proton, and carbon ions.

FIGURE 1.1 (SEE COLOR INSERT)
A 1 MeV/u α-particle crossing a cell nucleus.
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Figure  1.4 provides a more advanced application of Monte Carlo track 
structure codes to construct depth-dose curves for 60Co-γ photons and 200 
MeV protons, typical radiations used in therapy. Table  1.1 gives some of 
the relevant numbers in the Bragg peak area, and in Table 1.2 some specific 
details of tracks illustrated in Figure 1.3 are listed.

1.1 � Radiation Transport Codes

Tracks can be presented in many different ways. One of the earliest models 
of radiation track description is the linear energy transfer (LET). The con-
cept of LET was originally introduced by Zirkle (1952), adopted from ear-
lier notions of linear energy association (Zirkle 1940) and mean linear ion 
density (Gray 1947). Cormack and Johns (1952) introduced a more rigorous 
definition, but it did not separate the contributions of secondary electrons 
and the stochastic variations of energy loss along the track of the charged 
particles. Calculations of Burch and Bird (1956) and Burch (1957a,b) explic-
itly considered the contributions of secondary electrons generated by the 
interactions of the primary particle with atomic electrons along its trajectory. 
Burch’s calculations were based on the particular criterion of 100 eV energy 
transfer, which was suggested by Gray (1947) as the dividing line between a 
primary and a secondary electron track. The secondary electrons resulting 
from interactions with a single energy transfer of >100 eV were considered to 
constitute a separate track. Energy transfers of ≤100 eV were considered to be 
deposited locally by the primary track. In radiation chemistry the chemical 

200150100
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nm
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1 MeV/u α–particle in water

Primary interactions
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FIGURE 1.2 (SEE COLOR INSERT)
A short segment of the 1 MeV/u α-particle as in Figure 1.1.
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yield or number of molecules formed by reactions of energetic electrons is 
commonly expressed per 100 eV energy deposited by the track (Magee and 
Chatterjee 1987, Paretzke 1987).

A one-dimensional deterministic description of ion transport based on the 
solution of the Boltzmann transport equation has been developed at NASA 
Langley Research Center (Wilson et al. 1991). The development of these codes 
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dates back to pre-NASA history and the work on medical problems of high-
altitude travel by pilots. Many decades later a greater concern and aware-
ness of the radiation problems and radiation risk in manned space flights 
led to the development of computer codes at the Langley Research Center 
(Wilson et al. 1989, 1991, 1995). These codes (HZETRN, BRYNTRN) are used 
to predict the propagation and interactions of charged particles, including 
the transport of high-energy ions up to iron or higher charged ions.

1.1.1 � Amorphous Track Codes

The Katz track structure model was first published by Butts and Katz (1967); 
reviews were done by Katz (2003) and Katz et al. (1993), as well as extended 
versions of the model (Cucinotta et al. 1999; Wilson et al. 1993) and a mod-
ified version of the model (Scholz and Kraft 1992, 2004). The latter model 
has been used in carbon ion therapy planning at GSI (Kraft et al. 1999). The 
model of Katz was the first to introduce the concept of the lateral extension or 
radial distribution of dose around the track of ionizing radiation. The model 
does not consider the track structure of individual interactions but the radial 
dose profile represented as a homogenous dose distribution in the irradiated 
sample. The radial dose profile is determined by the ratio of charge to the 
velocity of the particle.

1.1.2 � Condensed History Monte Carlo (CHMC) Codes

Demand for high-level accuracy in dosimetry, for example, absolute dose 
distributions in patients in radiotherapy and shielding problems, has led 
to the generation of general purpose Monte Carlo transport codes for ener-
getic electrons and photons, and more recently for stripped ions, for arbi-
trary geometries. To date, there are a number of these general purpose codes, 
based on CHMC or other methods, listed in Table 1.3. The most widely used 
among these codes that are in public domain include EGS4 (Nelson et  al. 
1985) for the simulation of photons and electrons; MCNP (Goorley et al. 2003) 
and MCNPx (Hendricks et al. 2008) for simulation of neutrons and light ions; 
PHITS (Niita et al. 2010), a general purpose code for simulation of heavy 
ions up to 200GeV; FLUKA (Fasso et al. 2005) for all heavy ion track simula-
tion; GEANT4 (Agnostelli et al. 2003); the Monte Carlo track structure code 

TABLE 1.1

Number of Tracks Per Call

Radiation Depth at
Dose 

(Gy cm2)
Fluence for 
1 cGy/cm2

Average No. 
of Tracks 
per Cell

60Co-γ rays Bragg peak     9e–13 1.72 4,444
200 MeV protons Bragg peak 4.7e–9 2.13 8.5
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PENELOPE (Salvat et al. 2008) for performing simulation of coupled electron-
photon transport in arbitrary materials and complex quadric geometries in 
the range of 100 eV to 1 GeV; and SHIELD-HIT (Sobolovsky 2010) for the sim-
ulation of heavy ions and complex geometries.

1.1.3 � 3D and 4D Monte Carlo Track Structure Codes

The full Monte Carlo track structure codes provide the distribution of coordi-
nates of all interactions of the charged particle in space (three-dimensional (3D) 
codes) and with time (four-dimensional (4D) codes). The 3D codes provide the 
distribution of physical events (ionization, excitations, and elastic scatterings). 
This is usually called the physical track. In a biological medium, physical events 
lead to the generation of radicals. The 4D track or the chemical track describes 
the distribution of chemical events in the medium with time. The timeframe for 
the physical track is fixed from the time of the first interaction at 10–15 to 10–13 s.

Table 1.4 provides a list of some currently published track structure codes 
used at various research centers around the world. The majority of the 
codes use water as the medium for simulation. Most experimental data are 
obtained in water vapor, as water in any phase is not a tractable medium as 
a target in experiments. In Section III we discuss in some detail the inelastic 
interaction of charged particles in condensed media within the context of 
the dielectric theory, which represents the state of the art for track structure 
simulations in liquid water. In the codes for liquid water a mixture of data 
derived from liquid and vapor targets has been employed, as currently there 
are no direct experimental data for excitation and ionization cross sections 
for liquid water.

TABLE 1.3

Partial List of General Purpose Monte Carlo Codes

Code Particle Energy Range Reference

ETRAN e–, phot 10 keV–1 GeV Berger and Seltzer 1973
EGS4 e–, phot 10 keV–1 GeV Nelson et al. 1985
FLUKA p, n, Meson 1 keV–GeV Fasso et al. 2005
GEANT4 p, n, Meson 250 eV–GeV Agostinelli et al. 2003
MCEP e–, phot 1 keV–30 MeV Uehara 1986
MCNP5 n, phot, e– See ref. Goorley et al. 2003
MCNPX n, light ions See ref. Hendricks et al. 2005
PENPENELOPE e–, e+ 100 eV–1 GeV Salvat et al. 2008
PHITS HZE MeV–GeV Niita et al. 2010
PEREGRINE e–, phot Therapy beams Hartmann Siantar et al. 1998
PTRAN Protons <250 MeV Berger 1993
SRIM All ions keV–2 GeV/u Ziegler et al. 2003
SHIELD-HIT 1 < Z < 10 1 MeVu–1–1 TeVu–1 Sobolovsky 2010



11Introduction

QUESTIONS

	 1.	Give five examples of the way a radiation track (for example, an 
α-particle track) can be characterized.

	 2.	Given the depth-dose values in Table 1.1, calculate fluence val-
ues for 60Co-γ photons and 200 MeV protons. For the cell assume 
20 µm diameter/side, spherical or cubic.
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2
Basic Knowledge of Radiation

2.1 � Definitions of Radiation

Radiation originally meant α-rays, β-rays, and γ-rays emitted from natural 
radioactive isotopes. At present, elementary particles, nuclei, electrons, and 
photons, moving with speeds comparable to or higher than the rays from 
radioactive isotopes, are called radiation. The reason for using the term rays 
is that the path of particles has direction. When radiation passes through 
matter, it has the capability of direct or indirect ionization of atoms and 
molecules. Hence we use the term ionizing radiation.

Radiation is separated into charged particles and noncharged particles. 
The former is called direct ionizing radiation because that directly ionizes 
atoms and molecules with its electric charge. X-rays, γ-rays, and neutrons 
belong to the latter. Since those do not have the electric charge, they cannot 
ionize using the electric force directly. However, particles interact with mat-
ter and generate secondary charged particles. These particles are called indi-
rect ionizing radiation because secondary charged particles ionize atoms 
and molecules. Table 2.1 shows a list of radiation relevant to medical and 
clinical fields.

Radiation is defined as the particles with sufficient energy to cause 
ionization. If an accelerator is used, all ions are qualified as radiation. 
Therefore, all elements from hydrogen to uranium can be called radiation. In 
practice, heavy ions up to neon are utilized in the clinical field. The genera-
tion source of radiation is the accelerator or radionuclides except cosmic rays. 
The radiation sources are as follows:

X-rays: X-ray tube, linear accelerator, synchrotron radiation.
γ-Rays: Radioisotopes.
Electrons: Linear accelerator, betatron, microtron.
β-Rays: Radioisotopes.
Heavy ions: Linear accelerator, cyclotron, synchrotron.
Neutrons: Cyclotron, nuclear reactor, Cf-254, Cf-252.
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2.2 � Electron Volt

When an electric charge q accelerates through an electrostatic potential 
difference of V, the mechanical work W where the electric field acts on the 
charge is given by

	 W qV= 	 (2.1)

TABLE 2.1

Ionizing Radiation

Name Symbol

Electric 
Charge 

(e)
Mass 
(me)

Mean 
Life (s)

Production 
Method Remarks

γ-Ray γ 0 0 Radioisotope 
(RI)

Single energy

X-ray X 0 0 Accelerator Continuous 
energy

Neutrino ν 0 ~0 Radioisotope β-decay
Electron 
(β– ray)

e–, β– –1 1 Accelerator, RI β-ray is 
continuous 
energy

Positron 
(β+ ray)

e+, β+ +1 1 Accelerator, RI Annihilation 
quanta

Proton p +1 1,836 Accelerator
Neutron n 0 1,839 1.1 × 103 Accelerator, 

Nuclear 
reactor

Deuteron d +1 3,670 Accelerator
Triton t +1 5,479 109 Accelerator

α-Particle α +2 7,249 Accelerator, RI
Muon μ± ±1 207 2.15 × 10–6 High energy 

nuclear 
reaction

Pion 
(charged)

π± ±1 273 2.65 × 10–8 High-energy 
nuclear 
reaction

Pion 
(neutral)

π0 0 264 High energy 
nuclear 
reaction

Fission 
fragment 
(light)

~36 ~96 mp Nuclear 
fission

Fission 
fragment 
(heavy)

~56 ~140 
mp

Nuclear 
fission
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This quantity is independent of the distance between both electrodes. The 
electric charge gains the kinetic energy corresponding to W. Since electric 
charge in nature cannot be divided infinitely, the minimum unit is called 
the elementary electric charge. An electron (e–) has a negative elementary 
electric charge, –e.

	 1.602177 10 C19e = × − 	 (2.2)

The electron rest mass me is

	 9.10939 10 kg31me = × − 	 (2.3)

The kinetic energy that an electron obtains in motion between the poten-
tial of 1 V is defined by 1 eV (electron volt). The relationship between energy 
units eV and J using Equation (2.1) becomes

	 1 eV 1.602177 10 J19= × − 	 (2.4)

EXAMPLE 2.1

If an x-ray tube works with an electrical potential of 120 kV, what is the 
electron potential energy on the cathode surface?

Solution 2.1

	 = = − ⋅ − = ⋅− −( 1.6 10 C)( 120 kV) 1.92 10 J19 14W qV

2.3 � Special Theory of Relativity

The special theory of relativity was proposed in 1905 by Albert Einstein. It 
was constructed based on two fundamental principles:

	 1.	The physical basic laws are not affected for all inertial frames (the 
principle of relativity).

	 2.	Light in vacuum propagates with the speed c (a fixed constant) in 
terms of any system of inertial coordinates, regardless of the state of 
motion of the light source (the principle of invariant light speed).

Once we accept the principle of invariant light speed, a significant change 
on the concept of time and space must be made. For example, it is assumed 
that a light is emitted from the jet plane with a supersonic speed of v to the 
same direction as the plane. The light speed should be c + v if the generally 
accepted theory is applied. However, the new principle gives the solution 
of c. In order to realize this principle, a new transformation of the coordinate 
system is required to take into account that time is needed. According to the 
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special theory of relativity, the mass of body is revised. If a body with the rest 
mass m0 moves with speed v, the mass of body m is represented by

	 1 /
0
2 2

m
m
v c

=
−

	 (2.5)

In addition, total energy of the body and its mass are related by the equation

	 1 /
0

2

2 2
2E

m c
v c

mc=
−

= 	 (2.6)

in which the equation E = mc2 shows the mass m and energy E are equivalent. 
If the body rests, i.e., v = 0, E becomes m0c2, which is called the rest energy. 
The relativistic momentum p = mv is represented by

	 1 /
0
2 2

p
m v
v c

=
−

	 (2.7)

Combining Equations (2.6) and (2.7),

	 E m c p c2
0
2 4 2 2= + 	 (2.8)

is obtained.
For photons the rest mass is 0. Inserting m0 = 0 into Equation (2.8),

	 E pc= 	 (2.9)

This equation means the energy and the momentum have nonzero finite 
value even for the particle of m0 = 0.

EXAMPLE 2.2

What is the energy equivalent of the electron and proton with masses 
9.109384 10 kg31⋅ −  and 1.672623 10 kg27⋅ − ?

Solution 2.2

E mc

E

E

e

p

(9.109384 10 kg)(2.998 10 m/s) (8.1875 10 J)
1MeV

1.602 10 J

0.511MeV

(1.672623 10 kg)(2.998 10 m/s) (1.5033 10 J)
1MeV

1.602 10 J

938MeV

2

31 8 2 14
13

27 8 2 10
13

=

= ⋅ ⋅ = ⋅
⋅

=

= ⋅ ⋅ = ⋅
⋅

=

− −
−

− −
−
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EXAMPLE 2.3

Compare the relativistic and nonrelativistic kinetic energy of an electron 
traveling with a speed of 0.01, 0.1, 0.5, and 0.9 of the speed of light.

Solution 2.3

The relativistic kinetic energy is

	

1

1
1 .0

2
2

2

T m c
v
c

rel =

−

−

The nonrelativistic kinetic energy is given by .1
2 0

2T m vnon rel =−

m0 is the rest mass of the electron ( m 9.10938 10 kg0
31= ⋅ − ), 

= ⋅2.99792 10 m/s8c  is the speed of light, and e is the elementary charge. 
Results are given in the following table:

Table Example 2.3

v
c

v
c

1

1
1

2

2
−

−

Trel (J)
Trel (eV) = 

Trel (j)/e Tnon–rel (J)
Tnon–rel (eV)= 
Tnon–rel (j)/e

Deviation 
of Tnon–rel 

from Trel 
(%)

0.01 5.0004E–05 4.0939E–18 2.5587E+01 4.0936E–18 2.5585E+01 0.0075
0.1 5.0378E–03 4.1245E–16 2.5778E+03 4.0936E–16 2.5585E+03 0.7506
0.5 1.5470E–01 1.2665E–14 7.9159E+04 1.0234E–14 6.3962E+04 19.1987
0.9 1.2942E+00 1.0595E–13 6.6221E+05 3.3158E–14 2.0724E+05 68.7055

2.4 � Electromagnetic Wave and Photon

In classical electromagnetism, Maxwell’s equations are a set of four equa-
tions that describe the properties of the electric and magnetic fields and 
relate them to their sources, charge density, and current density. The varia-
tion of the electric and magnetic field relates mutually. Even if the electric 
charge or the electric current varies, the electromagnetic field generated in 
the surrounding space cannot vary by a whole field in a moment. The field 
close to the current varies immediately; however, the variation will delay at 
the distant space. This means the variation of the electric and magnetic field 
propagates with a finite speed. This is the electromagnetic wave.

The propagation velocity of the electromagnetic wave, v, is given by

	
v

1

0 0

=
ε

	 (2.10)
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where ε0 and μ0 are the permittivity of free space and permeability of free 
space, respectively. Putting v into c,

	 c 2.998 10 ms8 1= × − 	 (2.11)

is equal to the light speed. Therefore, the electric and magnetic field is the 
wave motion with the light velocity c inducing mutually. The electromagnetic 
wave is classified into various names, depending on its origin. Figure  2.1 
shows the name, wavelength, and frequency of the electromagnetic wave.

On the other hand, Einstein constructed the photon theory in order to 
explain the photoelectric effect using Planck’s idea of energy quantum. The 
light with the frequency ν and the wavelength λ can be regarded with a par-
ticle having energy and momentum such as

	 E h p h h c, / /= ν = λ = ν 	 (2.12)

1023

1022
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1020

1019

1018

1017

1016

1015

1014

1013

Frequency
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Wavelength
(m)

Wavelength
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(very low freq.)
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(low freq.)
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(medium freq.)
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(high freq.)
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(very high freq.)
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(ultra high freq.)

Far infrared

Sub-millimeter
wave

EHF
(extremely high
freq.)

SHF
(super high freq.)
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105 103
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102

10

10–1

10–2

10–3

10–4

1

FIGURE 2.1
Name, wavelength, and frequency of electromagnetic wave.
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where h is Planck’s constant with the value of 6.626 × 10−34 Js, which is an 
important physical constant appearing in the law of microscopic nature. 
This particle is called a light quantum or a photon. The photon theory was 
completely recognized by a successful explanation for the Compton effect 
discovered by Compton in 1923. On the other hand, we cannot abandon the 
idea of electromagnetic wave in order to interpret the phenomena such as 
interference and diffraction of light. Therefore, we need to accept the wave-
particle duality for the property of light. A unified theory describing both 
properties was constructed by quantum mechanics. A relationship between 
the photon energy E (keV) and the wavelength λ (nm) is derived  from 
Equation (2.12).

	

ch
E E

1.240
λ = = 	 (2.13)

EXAMPLE 2.4

Calculate the frequency and the wavelength of 1 MeV x-rays.

Solution 2.4

	

E
h

c

(1MeV)
1.602 10 J

1MeV
6.626 10

2.417 10 Hz

2.998 10
2.417 10

1.24 10 m

13

34
20

8

20
12

ν = =

⋅

⋅
= ⋅

λ =
ν
=

⋅
⋅

= ⋅

−

−

−

2.5 � Interaction Cross Sections

Rutherford carried the classical mechanics calculations on scattering of 
α-particles by a positively charged nucleus. This calculation is a typical exam-
ple of scattering of atomic or molecular collisions. That is very useful for under-
standing the concept of interaction cross sections. First, the concept of cross 
section is explained. The intensity of incident particles is assumed to be I, which 
gives the number of particles passing through a vertical unit area during a unit 
time. The direction of incident particle is changed by the collision with a target. 
That is called scattering. The probability of scattering into a given direction is 
represented by the differential cross section dσ/dΩ. Its definition is as follows:

d
d

number of particles scattered into the solid angle d a unit time
intensity of the incident particles

σ
= 	 (2.14)
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As shown in Figure 2.2, the elementary solid angle is usually given by

	 d 2 sin d= π θ θ 	 (2.15)

because of the symmetrical property around the incident axis of particles. 
The term cross section arises because σ has the dimension of area.

The magnitude of scattering is determined by an impact parameter p. The 
number of particles scattered into the solid angle dΩ between θ and θ + dθ 
should be equal to the number of incident particles with the corresponding 
impact parameter between p and p + dp. Therefore,

	
2 d 2

d
d

sin dIp p Iπ = − π
σ

θ θ 	 (2.16)

If p increases by dp, then the force acting on the particle becomes weaker 
and the scattering angle reduces by dθ. This is the reason for the minus sign 
on the right-hand side. From Equation (2.16), dσ/dΩ becomes

	

p pd
d sin

d
d

σ
= −

θ θ
	 (2.17)

The differential cross section can be evaluated using this formula if the 
relationship between p and θ is obtained. The total cross section σt is pro-
vided by integrating over the full solid angle.

	

d
d

d 2
d
d

sin d
4

0
t ∫ ∫σ =

σ
= π

σ
θ θ

π

π

	 (2.18)

Next, Rutherford scattering is explained. The problem is the motion of two 
positive charges acting on each other by the electric force as inverse square 
of distance. Because the nucleus is heavier than the α-particle, the nucleus 

dθ

θ
θ = 0

p

p: Impact parameter

Incident particles

θ: Scattering angle

FIGURE 2.2
Scattering of the projectile by a central force.
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can be regarded as the center of the force fixed in the space. The α-particle 
approaches the nucleus from an infinite far distance and changes the direc-
tion and goes away to an infinite far distance; therefore, its orbit becomes 
a hyperbola. Here, we show just the solution, omitting the mathematical 
procedures. The differential cross section of the Rutherford scattering is rep-
resented by

	

d
d

1
16 4

1
sin

2

0

2

4
2

zZe
E

σ
=

πε θ
	 (2.19)

in which the scattering angle is θ, the nuclear charge is Z, the charge of the 
α-particle is z, the mass is m, and E = mv2/2. Since this formula does not 
include the screening effect by orbital electrons, the total cross section σt 
calculated using Equation (2.18) diverges to infinity. If the screening effect is 
taken into account, it does not diverge.

EXAMPLE 2.5

In the Rutherford’s scattering experiment, it was found that the fraction 
of α-particles scattered through an angle θ by a gold foil is 3.7·10–7. The 
gold foil is 2.1·10–5 cm thick. The scattered α-particles were counted on a 
screen of 1 mm2 area placed at a distance of 1 cm from the scattering foil. 
What is the differential cross section of this collision at the angle θ?

Solution 2.5

From Equation (2.14), the differential cross section can be written as

	

d
d

N
N

S
N

s

i t

σ
=

⋅

where Ni and Ns are the number of incident and scattered α-particles, 
respectively; ΔΩ is the solid angle through which the particles were scat-
tered; and Nt is the number of scattering centers.

Assuming that the area ΔS of the gold foil was impinged by the beam 
of α-particles, this foil has the thickness d, the density ρ, and the atomic 
weight A. Thus, Nt is calculated using

	
N

N d S
At
A=

ρ

where NA is the Avogadro’s constant. The solid angle can be written as

	

a
r2

=

where Δa is the counting area placed at a distance r from the gold foil.
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Finally, the differential cross section of this collision is given by

d
d

N
N

Ar
N d a

s

i A

3.5 10
(0.197 kg/mol)(10 m)

(1.93 10 kg/m ) (6.022 10 mol )(2.1 10 m)(10 m )

2.825 10 m 28.25 b

2

7
2 2

4 3 23 -1 7 6 2

27 2

( )

σ
=

ρ

= ⋅
⋅ ⋅ ⋅ ⋅

= ⋅ =

−
−

−

−

2.6 � Quantities and Units of Radiation

When we discuss radiation interaction with matter, we need to know the def-
inition and units of radiation quantities. The present descriptions are based 
on the recommendations of ICRU Report 33 (1980) and Report 51 (1993).

2.6.1 � Relevant to Radiation Fields

	 1.	Particle number (N): The number of particles emitted, penetrated, or 
incident. The unit is 1.

	 2.	Radiant energy (R): The energy of particles emitted, penetrated, or 
incident. (The rest energy is not included.) The unit is J.

	 3.	Particle flux ( N
∞

):

	
N

N
t

d
d

=
•

	 (2.20)

		  dN is the increment of particles within the time dt. The unit is s–1.
	 4.	Energy flux ( R

∞
):

	
R

R
t

d
d

=
•

	 (2.21)

		  dR is the increment of radiant energy within the time dt. The unit 
is W.

	 5.	Particle fluence (Φ):

	

N
a

d
d

Φ = 	 (2.22)

		  Φ is the quotient of the particle number dN incident on the sphere 
divided by da, the sphere cross section. The unit is m–2.
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	 6.	Energy fluence (Ψ):

	

R
a

d
d

Ψ = 	 (2.23)

		  Ψ is the quotient of the radiant energy dR incident on the sphere 
divided by da, the sphere cross section. The unit is Jm–2.

	 7.	Particle fluence rate (ϕ):

	

d
d

d
d d

2

t
N
a t

φ =
Φ
= 	 (2.24)

		  dΦ is the increment of particle fluence within the time dt. The unit 
is m–2 s–1.

	 8.	Energy fluence rate (ψ):

	 t
R
a t

d
d

d
d d

2
ψ =

Ψ
= 	 (2.25)

		  dΨ is the increment of energy fluence within the time dt. The unit is 
W m–2 s–1.

2.6.2 � Relevant to Interactions

2.6.2.1  �Cross Section (σ)

	

P
σ =

Φ
	 (2.26)

P is the probability of interaction with a target (an atom or a molecule) when 
the particle fluence Φ hits. The unit is m2. The unit frequently used is barn 
(10–28 m2).

2.6.2.2  �Mass Attenuation Coefficient (μ/ρ)

The mass attenuation coefficient for noncharged particles is given by

	 N
N
l

1 d
dρ

=
ρ

	 (2.27)

N is the number of particles that entered the layer with the thickness dl and the 
density ρ. dN means the number of particles that interacted in this layer and 
varied their energies or directions. The unit is m2 kg–1. For x-rays and γ rays,

	

cohc

ρ
=
τ
ρ
+
σ
ρ
+
σ
ρ

+
κ
ρ

	 (2.28)
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Each term on the right-hand side represents the mass attenuation coef-
ficients for photoelectric effect, Compton effect, incoherent scattering, and 
electron pair creation, respectively.

2.6.2.3  �Mass Energy Transfer Coefficient (μtr /ρ)

The mass energy transfer coefficient for noncharged particles is given by

	 EN
E
l

1 d
d

tr tr

ρ
=
ρ

	 (2.29)

E is the total energy, except the rest energy, of noncharged particles that 
entered the layer with the thickness dl and the density ρ. dEtr means the sum 
of kinetic energy generated in this layer. The unit is m2 kg–1.

2.6.2.4  �Mass Energy Absorption Coefficient (μen /ρ)

The mass energy absorption coefficient for noncharged particles is given by

	
g(1 )en tr

ρ
=

ρ
− 	 (2.30)

where g is the fraction of the energy lost by a secondary charged particle 
in matter by bremsstrahlung with the unit m2 kg–1. The difference between 

en ρ  and tr ρ  becomes significant when the kinetic energy of secondary 
charged particles is high and the atomic number of matter is large.

2.6.2.5  �Total Mass Stopping Power (S/ρ)

The total mass stopping power of material for charged particles is given by

	

S E
l

1 d
dρ

=
ρ

	 (2.31)

dE is the energy loss of charged particles within the length dl in the matter 
with the density ρ. The unit is Jm2 kg–1. S means the total linear stopping 
power. In the energy region where nuclear interaction can be neglected, the 
total mass stopping power is represented by

	

S E
l

E
l

1 d
d

1 d
dcol radρ

=
ρ

+
ρ

	 (2.32)

where (dE/dl)col = Scol is the linear collision stopping power, and (dE/dl)rad = 
Srad is the linear radiative stopping power.
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2.6.2.6  �LET (Linear Energy Transfer) or Restricted 
Linear Collision Stopping Power (LΔ )

The linear energy transfer (LET) for charged particles in matter is given by

	
L

E
l

d
d

= 	 (2.33)

Δ represents the energy of secondary electrons generated by collision. The 
equation means the collision stopping power due to secondary electrons hav-
ing energy below Δ. For example, L100 is called the LET for the cutoff energy 
of 100 eV. If all secondary electrons are taken into account, Δ becomes  ∞. 
Therefore, L∞ is equal to Scol. The unit is J m–1. Usually the units are given in 
keV μm–1 or g/cm2.

2.6.2.7  �Radiation Chemical Yield (G)

The chemical yield of reaction products by absorption of radiation energy is 
called the G value.

	
G

n
=
ε

	 (2.34)

in which ε  is the absorbed energy and n is the produced numbers of an atom 
or a molecule. The unit is mol J–1.

2.6.2.8  �Average Energy per Ion Pair (W)

The average energy dissipated to form an ion pair in a gas is called W value. 
The unit is eV.

	
W

E
N

= 	 (2.35)

N  is the average number of produced ion pairs when the charged particle 
having the initial kinetic energy of E is completely dissipated in the gas.

2.6.3 � Relevant to Doses

2.6.3.1  �Energy Imparted (ε)

The radiation energy imparted to matter in a certain volume is given by

	
R R Qin out ∑ε = − + 	 (2.36)

in which, Rin = sum of radiant energy of all charged and noncharged par-
ticles entered in this volume (except the rest energy), Rout = sum of radiant 
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energy of all charged and noncharged particles emitted from this volume 
(except the rest energy), and ΣQ = sum of the change of the rest energy 
caused by the nuclear transformation of nuclei and elementary particles in 
this volume.

The unit is J. The ε is a stochastic quantity, which is the fundamental quan-
tity in microdosimetry.

2.6.3.2  �Absorbed Dose (D)

The absorbed dose is defined by the division of mean energy deposition dε  
(this is a nonstochastic quantity) by a given mass dm of matter.

	
D

m
d
d

=
ε

	 (2.37)

The unit is J kg–1. The specific name is gray (Gy): 1 Gy = 1 J kg–1.

2.6.3.3  �Absorbed Dose Rate ( D
∞

)

	
D

D
t

d
d

=
•

	 (2.38)

dD is the increment of absorbed dose in the time dt. The specific unit name 
is 1 Gy s–1 = 1 J kg–1.

2.6.3.4  �Kerma (K)

This is the abbreviation for kinetic energy released in material. Kerma is 
defined by the division of the sum of initial kinetic energy of all charged 
particles released by noncharged particles by a given mass dm.

	
K

E
m

d
d

tr= 	 (2.39)

The unit is J kg–1. The specific name is gray (Gy); 1 Gy = 1 J kg–1. Kerma is 
applicable only for noncharged particles. dEtr is the initial energy of second-
ary charged particles; therefore, it includes energy loss not only by ioniza-
tion and excitation but also to bremsstrahlung. In addition, energy of Auger 
electrons resulting from the photoelectric effect within the volume element 
is also included. For noncharged particles with energy E, a relationship 
between energy fluence Ψ and kerma K holds:

	
K Etr tr= Ψ

ρ
= Φ

ρ
	 (2.40)
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where μtr/ρ is the mass energy transfer coefficient and [E(μtr/ρ)] is called 
kerma factor. If charged particle equilibrium holds in matter and brems-
strahlung loss can be ignored, absorbed dose D is equal to kerma K. For 
high-energy photons, charged particle equilibrium does not hold and K 
becomes slightly smaller than D.

2.6.3.5  �Kerma Rate ( K
∞

)

	
K

K
t

d
d

=
•

	 (2.41)

2.6.3.6  �Exposure (X)

It is assumed that all electrons (both negative and positive) generated by 
incident photons completely stop in air with the mass dm. Electron-ion pairs 
are produced during electron slowing down. If the total charge of one pair is 
dQ, the exposure is defined by

	
X

Q
m

d
d

= 	 (2.42)

The unit is C kg–1. The charge generated by bremsstrahlung due to second-
ary electrons is not included in dQ. It is difficult to measure the exposure in 
the energy range lower than a few keV or higher than a few MeV photons. 
An alternative definition of the exposure is

	
X

e
W

en= Ψ
ρ

	 (2.43)

2.6.3.7  �Exposure Rate ( X
•

)

	
X

X
t

d
d

=
•

	 (2.44)

The unit is C kg–1 min–1 or C kg–1 h–1 usually.

2.6.4 � Relevant to Radioactivities

2.6.4.1  �Decay Constant (λ)

For a radionuclide at a specific energy state, the decay constant is the prob-
ability that the nucleus causes a spontaneous nuclear transition from that 
state. The unit is s–1.
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2.6.4.2  �Activity (A)

The activity is the quantity of a radionuclide at a specific energy state at a 
time. It is assumed that the expectation value of the number of spontaneous 
nuclear transition from the state is dN within the time dt.

	
A

N
t

d
d

= 	 (2.45)

The unit is s–1. The specific name is Bq. 1 Bq = 1 s–1. Here, a specific energy 
state specifies the nuclear ground state. The activity A for a radionuclide 
at the specific energy state is equal to the product of λ and the number of 
nucleus N at the state.

	 A N= λ 	 (2.46)

EXAMPLE 2.6

The activity of a cobalt-60 source was measured to be 620 kBq on 
November 1, 1986. What is the activity of this source on October 31, 2011?

Solution 2.6

The half-life, T1/2 , of Co-60 is 5.26 years. The decay constant λ is calcu-
lated using

	

ln 2 ln 2
5.26 y

0.131777 y
1/2

1

T
λ = = = −

From Equations (2.45) and (2.46), the activity A is given by

	

A N
dN
dt

N N e

A A e

t

t

0

0

= λ =

=

=

−λ

−λ

where the index 0 denotes the initial number of radioactive atoms, N, or 
activity of the source. Therefore, the activity of the source on October 31, 
2011 (25 years later) is

	 620 kBq exp( 0.13777 y 25 y) 22.995 kBq1A = ⋅ − ⋅ =−
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EXAMPLE 2.7

Calculate the exposure of 1 MeV photon in air, given the photon fluence 
of 109 cm–2.

Solution 2.7

The W value for air is 34 eV.Wair =

	

10 cm 10 eV 0.0278
cm
g

1.6 10 C
34 eV

1.308 10 C/g 1.308 10 C/g

9 2 6
2 19

7 4

X E
e

W
en

air air

= φ
ρ

= ⋅ ⋅
⋅

= ⋅ = ⋅

−
−

− −

EXAMPLE 2.8

Calculate the dose that the same photon beam would deposit in liquid water.

Solution 2.8

	

10 cm 10 eV 0.0309
cm
g

3.09 10 eV/g 4.944 10 Gy

9 2 6
2

13 3

D E en

water

= φ
ρ

= ⋅ ⋅

= ⋅ = ⋅

−

−

2.6.4.3  �Air Kerma Rate Constant ( Γδ )

A point source with the activity A is located at the distance l from the point of 
interest. At this point the air kerma rate constant for photons having energy 
greater than δ is given by

	

2l K
A

Γ =δ
δ

•

	 (2.47)

where K
•

δ  is the air kerma rate. The unit is m2Gy Bq–1 s–1.
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2.6.4.4  �Exposure Rate Constant ( Γδ )

The activity A is located at the distance l from the point of interest. At this 
point the exposure rate constant for photons having an energy greater than 
δ is given by

	

d
d

2l
A

X
t

Γ =δ
δ

	 (2.48)

The relevant photons include γ-rays, characteristic x-rays, and 
bremsstrahlungs.

2.6.5 � Relevant to Radiation Protection

2.6.5.1  �Dose Equivalent (H)

The effect of radiation action on biological material is different depend-
ing on the radiation type, even if for the same absorbed dose. In order to 
indicate the differences, the term relative biological effectiveness (RBE) has 
been used (Nikjoo and Lindborg 2010). The dose equivalent (H) is repre-
sented by

	 H QD= 	 (2.49)

in which D is the absorbed dose at a point in tissue and Q is the quality fac-
tor at that point. The unit of the dose equivalent is Sv if the unit of absorbed 
dose is Gy; 1 Sv = 1 Gy. Table 2.2 shows the summary of radiation quantities 
and units.

EXAMPLE 2.9

What is the kerma in air produced by the photon beam?

Solution 2.9

	

10 cm 10 eV 0.028
cm
g

2.8 10 eV/g 4.48 10 Gy

9 2 6
2

13 3

K E tr

air

= φ
ρ

= ⋅ ⋅

= ⋅ = ⋅

−

−



33Basic Knowledge of Radiation

2.7 � Summary

	 1.	Energetic elementary particles, nucleus, and photon moving in space 
and matter are called radiation.

	 2.	When radiation travels in matter, particles with sufficient energy to 
ionize atoms and molecules are called ionizing radiation.

TABLE 2.2

Radiation Quantities and Units

Name Symbol SI Unit
Specific 

Name of Unit Special Unit

Particle number N 1
Radiant energy R J
Particle flux N

∞
s–1

Energy flux R
∞

W
Particle fluence Φ m–2

Energy fluence Ψ J m–2

Particle fluence rate ϕ m–2 s–1

Energy fluence rate ψ W m–2

Particle radiance p m–2 s–1 sr–1

Energy radiance γ W m–2 sr–1

Cross section σ m2 b
Mass attenuation coefficient μ/ρ m2 kg–1

Mass energy transfer coefficient μtr/ρ m2 kg–1

Mass energy absorption coefficient μen/ρ m2 kg–1

Total mass stopping power S/ρ J m2 kg–1 eV m2 kg–1

Linear energy transfer LΔ J m–1 eV m–1

Radiation chemical yield G(x) mol J–1

Mean energy per ion pair W J eV
Energy imparted ε J
Lineal energy y J m–1 eV m–1

Specific energy z J kg–1 Gy rad
Absorbed dose D J kg–1 Gy rad
Absorbed dose rate D

∞
J kg–1 s–1 Gy s–1 rad s–1

Kerma K J kg–1 Gy rad
Kerma rate K

∞
J kg–1 s–1 Gy s–1 rad s–1

Exposure X C kg–1 R
Exposure rate X

∞
C kg–1 s–1 R s–1

Decay constant λ s–1

Activity A s–1 Bq Ci
Air kerma rate constant Γδ m2 J kg–1 m2 Gy Bq–1 s–1 m2 rad Ci–1s–1

Dose equivalent H J kg–1 Sv rem

Dose equivalent rate H
∞

J kg–1 s–1 Sv s–1 rem s–1
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	 3.	Charged particles are called directly ionizing radiation. Uncharged 
particles such as photons and neutrons are called indirectly ioniz-
ing radiation.

	 4.	The energy of radiation is generally represented by electron volt 
(eV) units.

	 5.	The theory of relativity changes the concepts of time, space, and 
mass. Therefore, energy and momentum in mechanics are repre-
sented in the manner of the relativistic theory.

	 6.	The electromagnetic wave is derived from Maxwell’s equations. 
X-rays and γ-rays are a kind of electromagnetic wave. Simultaneously, 
γ-rays and x-rays are also called photons because they have the char-
acteristics of particles.

	 7.	Energy and momentum of a photon having the frequency ν is hν and 
hν/c, respectively.

	 8.	Probability of reaction is represented by cross section. Energy spectrum 
or angular distribution is represented by the differential cross section.

QUESTIONS

	 1.	The sequence of elements by atomic weight is Cl, K, Ar, and by 
atomic number using Mosely’s law, Cl, Ar, K. Explain which is 
the correct sequence.

	 2.	What is radiation pressure?
	 3.	What can be seen on a screen if a flame is placed between two 

charged plates and a shadow of it is observed on the screen?
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3
Atoms

3.1 � Atomic Nature of Matter

At the beginning of the nineteenth century, the English chemist John Dalton 
discovered important laws that are the basis of modern chemistry. The first 
is the law of definite proportions. This law states that a chemical compound 
always contains exactly the same proportion of elements by mass. For exam-
ple, oxygen makes up 8/9 of the mass of any sample of pure water, while 
hydrogen makes up the remaining 1/9 of the mass. In the case other than 
this ratio between oxygen and hydrogen, the elements do not make water, 
but whichever excess element remains. The second is the law of multiple pro-
portions. The law states that when chemical elements combine, they do so in 
a ratio of small whole numbers. For example, a reaction of carbon of 12 g with 
oxygen of 32 g makes carbon dioxide (CO2). Carbon monoxide (CO) is a com-
bination of carbon of 12 g with oxygen of 16 g. In comparison with these two 
compounds, oxygen jumps by twice the amount, from 16 g to 32 g. Dalton’s 
atomic model constructed the modern view for materials that compounds 
are produced by combination of atoms with the mass. This idea was sup-
ported by contemporary scientists. Gay-Lussac’s law of combining volumes 
states that a simple integer ratio holds between the volumes of individual 
gases before reaction and the volumes of produced gases under the condi-
tion of constant pressure and temperature. This law means the volume of the 
gas is in proportion to the number of molecules under the above condition. 
Avogadro proposed the hypothesis that all gases of the same volume are the 
group of molecules with the same number. The mass of a material, A gram, 
consisting of an element with the atomic mass A is 1 g atom of the material. 
The mass of a compound, M gram, consisting of the molecular mass M is 1 g 
molecule or 1 mole. The number of atoms (molecules) included in the mate-
rial of 1 g atom (molecule) is the common constant for all materials, called the 
Avogadro constant, NA. The value of NA is 6.022 × 1023 mol–1.

The chemical element forms a series of characteristic lines peculiar to each 
element and is called element spectrum. The element absorbs the light of 
the same wavelength as the emitted light. Discharging a hydrogen atom 
contained in the gas discharge tube, a lot of spectral lines are observed using 
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the spectrometer. A semiempirical formula giving the wavelength for the 
hydrogen spectrum was proposed by Balmer.

	

1 1
2

1
2 2

R
nλ

= − 	 (3.1)

where R = 1.09737 × 107 m–1 is called the Rydberg constant and n represents 
the integers greater than 2. This relationship was theoretically derived by 
Niels Bohr in 1913.

A few thousand volts is applied between two electrodes enclosed in a long 
and slender glass tube. Discharge occurs as the air pressure in the tube is 
reduced. At the pressure of 0.01 mmHg, a kind of radiation is ejected from the 
cathode. This is called the cathode ray. J.J. Thomson measured the ratio of its 
charge to the mass, e/m, called the specific charge. This is documented as the 
experimental discovery of the electron. The e/m value he obtained was about 
1,700 times that of the hydrogen atom. The latest value is 1.7588 × 1011 C kg–1.

3.2 � Rutherford’s Atomic Model

α-, β-, and γ-rays are used as probes to investigate the material structure. 
Rutherford and his students, Geiger and Marsden, worked on the α-particles’ 
penetration of the material. When the collimated α-particle beam of 7.69 MeV 
hits the thin gold foil, penetrated α-particles are observed at various angles. 
Almost all of them deviate a little bit from the incident direction. However, 
large-angle scattering and back scattering rarely occurred. A very strong 
electric field or magnetic field is required to reverse the direction of high-
speed particles. Rutherford thought that such a large-angle deflection is the 
evidence of the existence of a small and heavy nucleus having the positive 
charge. Light electrons in the atom move around the nucleus rapidly. An 
atom is almost an empty space. Therefore, almost all α-particles penetrated 
the foil without scattering. From these considerations, he calculated, assum-
ing an α-particle is scattered, the Coulomb force from a point mass with 
positive charge. The Rutherford scattering formula was then derived. The 
calculated angular distributions were in good agreement with the experi-
mental data. The nuclear radius for mass number A is approximately repre-
sented by

	 1.3 10 m1/3 15R A≅ × −
	 (3.2)

Therefore, the radius of a gold nucleus becomes 7.56 × 10–15 m. The radius of 
a gold atom is 1.79 × 10–10 m. The atomic model of Rutherford is called the 
solar system model.
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3.3 � Bohr’s Quantum Theory

An object not moving with a constant speed and in the same direction is 
accelerated. From the viewpoint of classical mechanics, such an acceler-
ated charge emits an electromagnetic wave. In this case, why is an atom 
of the Rutherford model stable? To explain this, Bohr proposed a theory 
that explains the spectrum of hydrogen. The theory of Bohr is based on 
three hypotheses:

	 1.	The energy of an orbital electron is not continuous but one of dis-
crete values peculiar to the atom, E1, E2, E3, …, En. These states, called 
the stationary states, do not emit light. The above energies are called 
the energy levels. The stationary state of the lowest energy is the 
ground state and the upper stationary states are the excited states.

	 2.	An atom emits or absorbs the light when an electron jumps from a 
stationary state to another stationary state. If the electron state trans-
fers from Ei to Ef, a photon of frequency ν is emitted.

	 h E Ei fν = − 	 (3.3)

		  This is called the Bohr’s frequency condition.
	 3.	An electron in the stationary state moves according to Newtonian 

mechanics. Bohr found that the correct energy level of an electron 
is obtained if the angular momentum of the electron around the 
nucleus is assumed to be the Planck’s constant �  times an integer, 
in which �  = h/2π. The circular motion of an electron around the 
hydrogen nucleus having the angular momentum of rmv, equal to 
n � , is therefore

	 rmv n�= 	 (3.4)

		  This is called the quantum rule. The integer n is called the quantum 
number.

The Coulomb force acting on an electron is equal to the centripetal force of 
the circular motion with the same speed; therefore,

	 4

2 2

0
2

m
v
r

e
r

=
πε

	 (3.5)

is obtained. From this equation, r becomes

	

4 0
2

2
2r

me
n

�
=

πε
	 (3.6)
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If n = 1, the radius is called Bohr’s radius. This is usually noted a with 
the value of 0.529 × 10–10 m, and represents the radius of a hydrogen atom. 
The electron energy E is the sum of the kinetic energy and the Coulomb 
potential.

	

1
2 4

2
2

0

E mv
e

r
= −

πε
	 (3.7)

Using Equations (3.5) and (3.6), the electron energy traveling the nth circu-
lar orbit becomes

	 8 8
1 13.6

[eV]
2

0

2

0
2 2

E
e

r
e

a n nn = − πε
= −

πε
= −   (n = 1, 2, 3, …)	 (3.8)

This represents the energy level of a hydrogen atom. The light fre-
quency ν accompanying the transition ni → nf is represented from Bohr’s 
frequency condition,

	
8

1 12

0
2 2

h
e

a n nf i

ν =
πε

− 	 (3.9)

Using the relationship of c = λν,

	

1 1 1
2 2

R
n nf iλ

= − 	 (3.10)

If nf = 2, then the Balmer’s series is derived.

	 8 8

2

0

4

0
2 3

R
e
h ac

me
h c

=
π ε

=
ε

	 (3.11)

is the theoretical equation of the Rydberg constant. In addition to the Balmer 
series, the Lyman series for nf = 1, ni = 2, 3, 4, …, and the Paschen series for 
nf  = 3 were predicted by Bohr’s theory. Bohr’s quantum theory explained 
satisfactorily the spectrum of a hydrogen atom. The existence of the station-
ary state of an orbital electron in an atom was confirmed by the electron col-
lision experiment carried out by Franck and Hertz. Bohr’s theory mediated 
between the classical mechanics and the quantum mechanics. Nowadays 
this theory is called the old quantum theory.

EXAMPLE 3.1

Calculate the wavelengths of the first through third Lyman, Balmer, and 
Paschen lines.
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Solution 3.1

From Equations (3.10) and (3.11),

	

1 1 1

8
(9.109 10 kg)(1.602 10 c)

8(8.854 10 cV m ) (6.626 10 Js) (3 10 ms )

1.096 10 m

2 2

4

0
2 3

31 19 4

12 1 1 2 34 3 8 1

7 1

R
n n

R
me
h c

f iλ
= −

=
ε

=
⋅ ⋅

⋅ ⋅ ⋅

= ⋅

− −

− − − − −

−

For the Lyman series, nf = 1, ni = 2, 3, 4; therefore,

	

1

1 1

1

1
1

121.64, 102.63, and 97.31 nm

2 2 2R
n n

R
n

n n

f i i

i f
λ =

−

=

−

=→

For the Balmer series, nf = 2, ni = 3, 4, 5:

	

1
1
4

1
656.84, 486.54, and 434.41 nm

2
R

n

n n

i

i f
λ =

−

=→

For the Paschen series, nf = 3, ni = 4, 5, 6:

	

1
1
9

1
1876.67, 1282.88, 1094.73 nm

2
R

n

n n

i

i f
λ =

−

=→

3.4 � Quantum Mechanics

3.4.1 � de Broglie Wave of Electrons

Light has the nature of wave-particle duality. DE Broglie considered that an 
electron regarded as a particle classically may have a wave nature. The wave-
accompanying electron is called the electron wave. Generally, a wave accom-
panied by a particle is called a matter wave or de Broglie wave. When the 
energy E and the momentum p of the matter particle are given, the frequency 
and wavelength of the matter wave are written as

	
,

E
h

h
p

ν = λ = 	 (3.12)
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This is called the de Broglie’s relation. Assuming the electron mass m, 
the charge e, and the accelerating voltage V, the electron velocity becomes 

2 / .v eV m=  The de Broglie wavelength becomes

	 2
h
meV

λ = 	 (3.13)

The de Broglie’s relation was confirmed by the experiment of Davisson 
and Germer, in which electrons showed a diffraction phenomenon similar 
to that of x-rays.

EXAMPLE 3.2

What is the de Broglie wavelength of an electron accelerated by an elec-
tric potential of 54 V? Compare the electron’s wavelength with the wave-
length of a ball of 200 g moving with 50 m/s.

Solution 3.2

For the electron:

	

2
(6.626 10 Js)

2 (9.109 10 kg)(1.602 10 c)

1.227 nm
(volt)

1.227 nm
54

1.67 nm

34

31 19

h
meV V

V

λ = =
⋅

⋅ ⋅ ⋅ ⋅

= = =

−

− −

For the ball:

	

h
mv

(6.626 10 Js)
(0.2 kg)(50 m/s)

6.626 10 nm
34

26λ = =
⋅

= ⋅
−

−

The ball’s wavelength is 26 orders of magnitude shorter than the elec-
tron’s wavelength. (Therefore, the wave nature has little effect on ordi-
nary objects.)

3.4.2 � Uncertainty Principle

Light, which was considered a wave, exhibits a particle-like property, and 
an electron, which was considered a particle, exhibits a wave-like property. 
It is a fact that all matter exhibits both wave-like and particle-like proper-
ties; however, these are apparently not compatible. Consequently, the con-
cept that light is a particle is restricted by its wave-like property. Similarly, 
the concept that a matter particle is a wave is restricted by its particle-like 
property. That means we cannot use the property of wave or particle for all 
matter without restriction. The rule that brings the restriction is called the 
uncertainty principle discovered by Heisenberg. The fundamental attributes 
of particles are the position in the space and the momentum, and that of 
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waves is the wavelength. Momentum can be used in place of wavelength 
because of p = h/λ between the wavelength λ and the momentum p. The 
uncertainty principle states both the position and the momentum of the mat-
ter particle cannot be determined at the same time. A relationship between 
the uncertainty of the position Δx and that for the momentum Δp holds:

	 �⋅ ≥x p 	 (3.14)

If Δp becomes smaller, Δx becomes larger. In opposition, if Δx becomes 
smaller, Δp must become larger. Accurate quantities for two parameters can-
not be determined at the same time. This means wave-like and particle-like 
properties restrict each other, and unrestricted use of one property is not 
permitted. If we investigate the particle-like property for photons and elec-
trons, their wave-like property is disturbed. There is a similar relationship 
between time Δt and energy ΔE, i.e.,

	 t E �⋅ ≥ 	 (3.15)

EXAMPLE 3.3

What would be the annihilation time of an electron and a positron 
according to the uncertainty principle? How long would it take for a pro-
ton-antiproton pair?

Solution 3.3

The positron and electron mass energy equivalent is 0.511 MeV and the 
Planck constant (h) is 4.136·10–15 eV·s. Thus, from the uncertainty prin-
ciple, the lifetime of an electron-positron pair is

	

4.136 10 eV s
2 3.14159

1
2 0.511 10 eV

6.44 10 s
15

6
22t ≥

⋅ ⋅
⋅

⋅
⋅ ⋅

= ⋅
−

−

The proton mass is 1,836 times larger than the electron mass; therefore, 
for a proton-antiproton pair it would take

	

6.44 10 s
1836

3.5 10 s
22

25t ≥
⋅

= ⋅
−

−

3.4.3 � Schrödinger Equation

In 1925, the theory of quantum mechanics was completed by Heisenberg and 
independently by Schrödinger. The formalism of Heisenberg is called matrix 
mechanics and that of Schrödinger wave mechanics. These two mechanics 
are equivalent in spite of different mathematical formalism. The same results 
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are obtained. Here we give a simple introduction to wave mechanics. One 
of the objectives of quantum mechanics is to understand the concept of the 
wave-particle duality. It is assumed E is the electron energy, p the electron 
momentum, and ν and λ the frequency and wavelength of the de Broglie 
wave, respectively. The relationships ν = E/h and λ = h/p are transformed 
into a convenient form:

	 � �= ω =,E p k 	 (3.16)

where 2ω = πν  and = π λ2 / ,k  which is called the wavenumber vector. Wave 
is a phenomenon that a wave quantity such as the displacement from the 
average level propagates in a direction without changing the spatial shape. 
If the quantity is assumed to be ϕ, the classical wave equation that describes 
the variation in time and space is represented by

	

1
2

2

2

2

2

2

2

2

2c t x y z
∂ φ
∂

=
∂ φ
∂

+
∂ φ
∂

+
∂ φ
∂

≡ φ 	 (3.17)

in which Δ is the Laplace operator,
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∂

	 (3.18)

In the case of the sine wave propagating along the wavenumber vector k, 
ϕ is given by

	 φ = −ωsin( )A kr t 	 (3.19)

where r is the position vector. For this ϕ,

	

2

2
2

t
∂ φ
∂

= −ω φ 	 (3.20)

	
2kφ = − φ 	 (3.21)

Inserting these two equations into Equation (3.17), ckω =  is obtained.
A complex solution can be considered in place of Equation (3.19), which is 

a real solution.

	 exp[ ( )]A i kr tφ = − ω 	 (3.22)

In analogy with classical mechanics, it is assumed that the de Broglie 
wave is represented by an appropriate wave quantity ψ. This is called the 
wavefunction. The energy of an electron is E = p2/2m in the absence of a net 
force. Inserting this equation into Equation (3.16),

	 22k m�ω = 	 (3.23)
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is obtained. The function ψ represents the de Broglie wave and is written 
as in Equation (3.22). If so, 2kψ = − ψ  holds. Therefore, Equation (3.23) is 
changed by multiplying ψ and using ,E �= ω

	 2

2

m
E

�
− ψ = ψ 	 (3.24)

This is called Schrödinger’s wave equation, which is a fundamental equa-
tion to obtain the energy level or the energy eigenvalue. If there is a potential 
U(x, y, z), the above equation becomes

	 2

2

m
U E

�
− ψ + ψ = ψ 	 (3.25)

The solution of E derived from this equation for a hydrogen atom with 
the potential /42

0U e r= − πε  agrees exactly with the solution of Bohr’s theory 
(Equation 3.8).

3.4.4 � Wavefunction

In Bohr’s theory an electron exists just on a circular orbit with a certain radius, 
while the solution of the Schrödinger equation extends to around this circu-
lar orbit. If an electron exists somewhere in the space, its mass and charge 
exist there. Namely, an electron is an individual particle. The distributed 
wavefunction in space and the individuality of an electron is inconsistent. 
Bohr proposed an interpretation for this question. The probability p(x, y, z, t) 
that a particle exists in a small volume dxdydz at a point (x, y, z) at a time t 
is given by

	 p x y z t x y z x y z t x y z( , , , ) d d d | ( , , , )| d d d2= ψ 	 (3.26)

ψ does not depend on t for the stationary state; therefore, the probability over 
the whole space becomes

	
x y z x y z| ( , , )| d d d 12∫∫∫ ψ = 	 (3.27)

It is understood that the wavefunction decides the statistical behavior of 
a particle.

EXAMPLE 3.4

What is the general solution of the wavefunction for a constant potential 
U? Consider a one-dimensional problem.
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Solution 3.4

From Equation (3.25), the Schrodinger equation for a one-dimensional 
problem is given by

	 2

2 2

2m x
U E

�
−

∂ Ψ
∂

+ Ψ = Ψ

	 �
∂ Ψ
∂

= − − Ψ
2 ( )

2

2 2x
m E U

where A and B are constants, and ( ).2
2k E Um

�= −
Therefore:

	 If k > 0, exp( )A ikx BΨ = − +  (wave form)

	 If k ≤ 0, exp( )A kx BΨ = ± +

To have a finite solution at infinitely large x, the solution for this case 
is exp( )A kx BΨ = − +  (the wavefunction is decreasing with the distance 
x ⇒ tunneling).

3.5 � Atomic Structure

3.5.1 � Electron Orbit

Quantum mechanics provides the strict solution just for the hydrogen 
atom (Z = 1). However, it is impossible to provide strict solutions for atoms 
with Z ≥ 2. Adequate approximations are applied to these atoms. The out-
line for atomic structure obtained by these methods is described here. The 
energy level of an atom is specified by a set of three quantum numbers 
(n, l, m). The principal quantum number n is allowed n = 1, 2, 3, …, corre-
sponding to the magnitude of the electron orbit. The azimuthal quantum 
number l, which represents the magnitude of angular momentum of an 
electron, is allowed, l = 0, 1, …, n – 1, for a given n. The alternative notation 
is s, p, d, f, …. The third quantum number m is called the magnetic quan-
tum number, which was introduced to explain the split of spectrum under 
the magnetic field (Zeeman effect). The values of m corresponding to the 
components of angular momentum are allowed 0,..., ( 1), .m l l= ± − ±  A 
state specified (n, l, m) is called the orbit. According to quantum mechan-
ics, the distribution of electrons extends like a cloud with a spherical shell. 
The spherical shells are called K-shell, L-shell, M-shell, N-shell, etc., cor-
responding to n = 1, 2, 3, 4, …. Energy levels depend on n and l but not m. 
The value of energy level, Enl, is higher as n is larger for the same l and is 
higher as l is larger for the same n. On the E2p state, three states of m = –1, 
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0, 1 are allowed even if the same energy. Such a state is called a degenerate 
energy level.

3.5.2 � Pauli’s Exclusion Principle

In consideration of atomic structure Pauli’s exclusion principle plays an 
important role. The number of electrons included in an orbit specified by 
(n, l, m) is restricted to at most two. Moreover, if two electrons are included 
in an orbit, the direction of electron spin should be reversed. According to 
this principle, the ground state is realized by filling electrons starting with 
the lowest level. Table 3.1 shows the electron configuration for the ground 
state of atoms up to Kr (Z = 36). For example, the electron configuration is 
represented as (1s)2 for He (Z = 2). The Li (Z = 3) has such a configuration 
of one electron at the 2s orbit added to the closed shell of He. Based on 
the energy level diagram, the periodic table of elements and their chemical 
properties are understood.

TABLE 3.1

Electron Configuration for the Ground State of Atoms up to Kr (Z = 36)

Energy Level

K L M N

Z Element 1s 2s 2p 3s 3p 3d 4s 4p

1 H 1
2 He 2

-------------------------------------------------------------------------------------------------------
3 Li 2 1
4 Be 2 2
5 B 2 2 1
6 C 2 2 2
7 N 2 2 3
8 O 2 2 4
9 F 2 2 5

10 Ne 2 2 6
------------------------------------------------------------------------------------------------------

11 Na 2 2 6 1
12 Mg 2 2 6 2
13 Al 2 2 6 2 1
14 Si 2 2 6 2 2
15 P 2 2 6 2 3
16 S 2 2 6 2 4
17 Cl 2 2 6 2 5
18 Ar 2 2 6 2 6

(continued )
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EXAMPLE 3.5

What is the electron configuration of an oxygen atom? How many 
L-electrons does it have?

Solution 3.5

An oxygen atom has in total eight electrons: (1s)2(2s)2(2p)4, of which six 
electrons are the L-electrons (n = 2).

3.6 � Summary

	 1.	Dalton’s law in chemical reaction (the law of definite proportions and 
the law of multiple proportions) is a pioneer of modern atomic theory.

	 2.	The spectrum of a hydrogen atom was explained by Bohr’s quan-
tum theory.

TABLE 3.1 (CONTINUED)

Electron Configuration for the Ground State of Atoms up to Kr (Z = 36)

Energy Level

K L M N

Z Element 1s 2s 2p 3s 3p 3d 4s 4p

------------------------------------------------------------------------------------------------------
19 K 2 2 6 2 6 1
20 Ca 2 2 6 2 6 2
21 Sc 2 2 6 2 6 1 2
22 Ti 2 2 6 2 6 2 2
23 V 2 2 6 2 6 3 2
24 Cr 2 2 6 2 6 4 1
25 Mn 2 2 6 2 6 5 2
26 Fe 2 2 6 2 6 6 2
27 Co 2 2 6 2 6 7 2
28 Ni 2 2 6 2 6 8 2
29 Cu 2 2 6 2 6 10 1
30 Zn 2 2 6 2 6 10 2
31 Ga 2 2 6 2 6 10 2 1
32 Ge 2 2 6 2 6 10 2 2
33 As 2 2 6 2 6 10 2 3
34 Se 2 2 6 2 6 10 2 4
35 Br 2 2 6 2 6 10 2 5
36 Kr 2 2 6 2 6 10 2 6



47Atoms

	 3.	 In quantum mechanics, the square of the absolute value of a wave-
function represents the existence probability of particles.

	 4.	The uncertainty principle states that the position and the 
momentum of a particle cannot be determined accurately at the 
same time.

	 5.	The energy level of an atom is specified by the principal quantum 
number n, the azimuthal quantum number l, and the magnetic 
quantum number m. One state specified (n, l, m) is called the orbit.

QUESTIONS

	 1.	Describe ways in which atoms of a gas can be excited to emit 
light with frequencies that are of the characteristic line spectrum 
of the element involved.

	 2.	Under what condition does an electron remain in an orbit with-
out emitting energy?

	 3.	Compare binding energy and ionization potential of an 
α-particle.

	 4.	What is the value of the ionization potential of hydrogen?
	 5.	Using the uncertainty principle, explain numerically why the 

hydrogen atom is stable rather than an electron merging into a 
proton.

	 6.	Using the uncertainty principle, explain why a hydrogen atom 
exists as H2 rather than H.

	 7.	Calculate the radius of a Bohr atom.
	 8.	Calculate the velocity of an electron in the first Bohr orbit.
	 9.	What is the ratio of the Bohr velocity to the velocity of light 

known as? Obtain its numerical value of α.
	 10.	Equation Δt ⋅ ΔE ≈ h/2π permits a temporary violation of conser-

vation of energy. How long is a violation of 0.03 eV tolerated?
	 11.	What is the closest approach an α-particle of 5.3 MeV energy can 

make to a water molecule?
	 12.	Calculate the number and show the configuration of the number 

of electrons allowed in the M-shell.

For Further Reading

Johns HE, Cunningham JR. 1974. The Physics of Radiology, 3rd ed. Springfield, IL: 
Charles C. Thomas Publisher.

Turner JE. 1995. Atoms, Radiation, and Radiation Protection, 2nd ed. New York: John 
Wiley & Sons.
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4
Atomic Nucleus

4.1 � Constituents of Nucleus

A nucleus of the atomic number Z and the mass number A consists of Z pro-
tons and N = A – Z neutrons. The mass number A is the sum of nucleons 
(protons and neutrons) in a nucleus. A nucleus identified by A and Z is called 
a nuclide. The notation of a nuclide is E,Z

A  in which E is an element, for exam-
ple, O.8

16  At the present time, there exist about 300 stable nuclides and about 
1,700 unstable radioactive nuclides. The classification of nuclides is as follows:

	 1.	 Isotope has the same Z. Chemical properties are the same because 
the number of orbital electrons and that of electron configurations 
are the same. Radioisotopes are unstable in energy; therefore, a 
nuclide decays to another nuclide by emitting radiation. This ability 
is called radioactivity.

	 2.	 Isobar has the same A.
	 3.	 Isotone has the same N.
	 4.	 Isomer has the same Z and the same N.

4.2 � Binding Energy of Nucleus

There is a relationship between atomic mass unit (u) and energy (MeV). From 
the definition the 12C atom is 12 u. Because its gram-atomic weight is 12 g,

	 1u 1/(6.022 10 ) 1.6605 10 kg23 27= × = × − 	 (4.1)

This corresponds to 931.5 MeV using Einstein’s formula, E = mc2. If the mass 
ΔM is lost, the released energy Q becomes (ΔM)c2. The mass of a neutral atom 
specified by A and Z is M (A, Z), and the mass of a hydrogen atom, MH. If 
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the electron binding energy is ignored, the total binding energy of a nuclide 
(A, Z), B, is given by

	 ( ) ( , ) 2 2B ZM A Z M M A Z c McH n{ }= + − − = 	 (4.2)

where ΔM is called the mass defect. Using the atomic mass units, MH and Mn 
are 1.007825 u and 1.008665 u, respectively. An alternative representation, the 
mass deviation can be used to obtain B.

	 M A= − 	 (4.3)

in which M is the mass and A is an integer mass number. That for 12C becomes 
Δ = 0 from the definition. The binding energy means the decrease of the total 
energy when a nucleus is formed by combining isolated free nucleons. In 
other words, that is the energy released when nucleons bind as a nucleus. 
The value of B for 4He atom becomes

	

[(2 1.007825 2 1.008665) 4.002603] 931.5 28.30 MeV

= 7.07 MeV/n

B = × + × − × =

	 (4.4)

The energy of chemical reaction is at most a few eV. For 4He, an energy of 
about 10 million times the chemical reaction is dissipated for binding the 
nucleons. The binding energy of a nucleon is denoted by B/A. Figure  4.1 
shows B/A for the stable nuclides as a function of A. In the region of 40,A ≥  
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FIGURE 4.1
Mean binding energy of a nucleon.
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for example, for 56Fe = 8.8, B/A is almost constant, ∼8 MeV/n. This is called the 
saturation of the binding energy. The binding energy is the largest, namely, 
the most stable, for nuclides of A = 55 ∼ 60. If an unstable nucleus is con-
verted to a more stable nucleus, enormous energy is released. One method 
is the nuclear fusion by making a helium nucleus from hydrogen isotopes. 
Another example is the nuclear fission, by breaking a heavy nucleus like 
uranium into two light nuclei.

EXAMPLE 4.1

Obtain the absolute value of the atomic mass unit for 1 mole of 12C (0.012 kg).

Solution 4.1

0.012 kg = NA.12 mu; therefore, 1u = 1.661 × 10–17 kg ≡ 931.48 MeV.

4.3 � Nuclear Models

4.3.1 � Liquid Drop Model

To understand various overall properties of nuclei, various models have 
been created, such as the shell model and the liquid drop model. The liq-
uid drop model can satisfactorily explain many of the nuclear phenom-
ena. This model arose from saturation phenomena of the nuclear density 
and the binding energy being analogous with the liquid drop. Here, the 
nuclear binding energy corresponds to the intermolecular force in the liq-
uid. Nuclear reactions and nuclear fission are explained by the liquid drop 
model. When a projectile enters the nucleus, the energy enhances the tem-
perature of the nucleus and particles are emitted similar to evaporation. 
Nuclear fission looks like separation into two liquid drops when energy 
is given to a large liquid drop. Weizsäcker and Bethe proposed a semiem-
pirical mass formula representing the mass M(A, Z) for a neutral atom of 
A > 15.

( , ) ( )
/2

( , )H n V S
2/3

C

2

1/3 a

2

M A Z ZM A Z M a A a A a
Z
A

a
A Z

A
A Z

( )
= + − − + + +

−
+ δ

		
		  (4.5)

where the parameters aV, aS, aC aa, and δ(A, Z) are determined to fit to the 
measured data.
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EXAMPLE 4.2

Use the Bethe-Weizsäcker mass formula to calculate the binding energy 
of a U-235 nucleus, given that

	

15.75 MeV, 17.8 MeV, 0.711 MeV, 23.7 MeV, and

11.18 MeV
, and are even numbers

0, either or are even numbers

11.18 MeV
, and are odd numbers

a a a a

A
Z N

Z N

A
Z N

V S C a= = − = =

δ =

−

+

Calculate B/A and the nuclear mass.

Solution 4.2

	

[ ( ) ] ( , )

(15.75 MeV) 235 (17.8 MeV) 235 (0.711 MeV)
92

235

(23.7 MeV)
(235 2 92)

235
0

1785.9 MeV

2/3
2

1/3

2

B Z M A Z M M A ZH n= ⋅ + − −

= ⋅ − ⋅ − ⋅

− ⋅
− ⋅

+

=

	 / 1785.9 MeV/235 7.6 MeV/nB A = =

	

( )

92 (1.007825 u) (235 92) (1.008665 u )
1785.9 MeV
931.5 MeV/u

235.0418 u

M Z M A Z M BH n[ ]

[ ]

= ⋅ + − −

= ⋅ + − ⋅ ⋅ −

=

4.3.2 � Shell Model

The shell model originates from the accumulation of a lot of experimental 
data showing the existence of a closed shell in a nuclear structure. In the 
case that the number of protons Z or that of neutrons N is 2, 8, 20, 28, 50, 
82, and 126, the nucleus lies especially stable. Therefore, it is thought that 
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the nucleus forms the closed shell for Z or N of these numbers. These num-
bers are called the magic number. The liquid drop model could not explain 
the magic number. The shell model was proposed to settle this problem. 
Discrete magic numbers remind us that atoms, like inert gases, are stable 
because of the closed shell structure of the orbital electrons. For atoms, 
the electron configuration of the ground state was obtained by filling elec-
trons in order, starting with the lowest energy level. A similar method was 
applied to the nucleus. This model assumes individual nucleons move 
independently in the average potential replacing the nuclear force. In addi-
tion, Mayer and Jensen (1955) introduced the spin-orbit coupling potential. 
They succeeded in explaining all magic numbers as the closed shell. Their 
potential is given by

	 L SV r V r f r( ) ( ) ( ) •0= + 	 (4.6)

in which L and S are the orbital angular momentum and spin quantum 
number, respectively. The potential V0(r) was assumed to be an interme-
diate type between the harmonic oscillator and the well. The spin-orbit 
coupling potential generates the splitting of the energy levels. Figure 4.2 
shows the energy levels calculated by the shell model. Because the value 
of f(r) is negative, the level with the total angular momentum I = L + 1/2 is 
lower than the level with I = L – 1/2. Each level is represented as nLI, where 
n is the principal quantum number. The occupancy number in a level I is 
2I + 1 for the same kind of particle. The total number becomes 2, 8, 20, …, 
at the levels 1s1/2, 1p1/2, 1d3/2, …, when nucleons are filled in order from the 
lowest level. It is found that the energy gap between these levels and their 
upper levels is large in comparison with other gaps; therefore, these levels 
form the closed shell.

4.3.3 � Collective Model

The electric quadrupole moment of the nucleus is determined by distribu-
tions of charge and current in the nucleus. We understand the nuclear size, 
the shape, and the density from this. The shell model could not explain this 
quantity. Bohr and Mottelson proposed the collective model in which the 
shape of a closed shell is not spherical symmetry but deformed spheroid. The 
deformed nucleus rotates around the axis perpendicular to the symmetry 
axis of a spheroid if energy is given. Consequently, rotational levels of the 
quantized rigid top may appear. The electric quadrupole moment and the 
excited levels called the rotational band calculated using the theory of Bohr-
Mottelson were in agreement with the experimental values. In addition, the 
collective model explained the vibrational excited mode assuming the vibra-
tion of nuclear matter.
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4.4 � Nuclear Reaction

4.4.1 � Characteristics

When particles collide with the nucleus, various phenomena arise by the 
interaction between the target nucleus and the projectile. Those are generally 
called a nuclear reaction. For the purposes of study of a nucleus and nuclear 
transformation, nuclear reactions using the projectiles of protons, neu-
trons, heavy ions, and electrons and photons, too, are performed. After the 
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FIGURE 4.2
Energy level scheme of a nuclear shell model.
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interaction of the projectile a with the target nucleus A, the emitted particle b 
and the residual nucleus B are produced. This reaction is written as a + A → B 
+ b or A(a, b)B. There are various kinds of interactions. In a reaction the target 
nucleus is converted into another nucleus. Inelastic scattering accompanies 
the change of inner state of the target nucleus. Elastic scattering changes the 
direction of the projectile. Classification of a direct reaction or compound 
reaction is made from the difference in the reaction mechanism.

4.4.2 � Cross Section

Projectiles incident on the target do not always induce reaction. Even if reac-
tion occurs, not a specific reaction but many different reactions occur. A spe-
cific reaction occurs with a certain probability. This probability is called the 
cross section. It is assumed that a thin target with the volume V m3, includ-
ing a nucleus with a density of n m–3, is put in the uniform stream of the 
incident particles. If the fluence rate of the particle is ϕ m–2s–1, the number of 
reaction in the unit time, N s–1, is given by

	 N nV= σφ 	 (4.7)

in which σ represents the cross section. Its unit is m2 or barn (b) (1b = 10–28 m2). 
A partial cross section is for a specific reaction type, and a total cross section 
is the sum of all possible reactions. The value of a cross section does not mean 
a simple geometrical area but depends on the incident energy and the nuclear 
structure of the target. The rough value for the nuclear reaction is estimated at 
∼10–30 m2 because of the diameter of nucleus ∼10–15 m. The differential cross sec-
tion dσ/dΩ is defined to describe the angular distribution of the ejected particles. 
The differential cross section in energy dσ/dε describes the energy distribution.

EXAMPLE 4.3

5 MeV neutrons with the fluence rate 10 m–2 s–1 are emitted to a water 
tank. Calculate number of neutron interactions in 1 m3 water.

Solution 4.3

	

o

H

N
A
n f

A
n fo A o H A H

1.55 * 10 m ,

1.5 * 10 m

(1.55* 10 m ) (10m s )
1000
0.016

6.02 * 10
1
3

(1.5 * 10 m ) (10m s )
1000
0.001

6.02 * 10
2
3

621(s )

28 2

28 2

28 2 2 1 23

28 2 2 1 23

1

σ =

σ =

= σ φ
ρ

+ σ φ
ρ

= ⋅ ⋅ ⋅ ⋅

+ ⋅ ⋅ ⋅ ⋅

=

−

−

− − −

− − −

−
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4.4.3 � Threshold Value of Reaction

We consider a reaction X + a → Y + b or X(a, b)Y. The energy released in the 
reaction is called the Q value of reaction. If Q < 0, namely, energy is absorbed, 
the reaction is called the endothermic reaction. If Q > 0, it is called the exo-
thermic reaction. The reaction including Q is written as

	 X a Y b Q+ → + + 	 (4.8)

Extra energy is required in order to cause the endothermic reaction. The 
threshold energy of reaction, Eth, is calculated from the kinematical relation-
ships. Assuming the head-on collision of the projectile a, with a mass Ma on 
the target MX in rest, MY and Mb are produced after collision. The difference 
of the rest energy becomes

	 a X b YQ M M M M( )= + − + 	 (4.9)

If an endothermic reaction, the sign of Q is minus. Since the total energy 
is conserved,

	 a Y bE E E Q= + − 	 (4.10)

is obtained in which E represents the kinetic energy. From the momen-
tum conservation,

	 a Y bp p p= + 	 (4.11)

is obtained. If EY and Eb are deleted from the above equations, the threshold 
energy Ea is obtained

	
1th

a

Y b a

E Q
M

M M M
= − +

+ −
	 (4.12)

For positively charged projectiles, the actual threshold is greater than Eth 
due to the Coulomb’s repulsive force. The projectile needs acceleration to 
some extent even if Q > 0. Various reactions are easily caused for the case of 
neutrons without the Coulomb barrier.

EXAMPLE 4.4

Calculate the Q value and the threshold energy of the projectile for the 
reactions 13C(d, t)12C and 14C(p, n)14N. Are these reactions endothermic or 
exothermic?

Atomic mass can be found at http://t2.lanl.gov/data/astro/molnix96/
massd.html.
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Solution 4.4

For 13C(d, t)12C:

	

(13.00335503 2.01410174) u (3.01604939 12) u

0.001407 u 1.3157 MeV

Q = + − +

= =

Exothermic reaction: No threshold energy is required.
For 14C(p, n)14N:

	

(14.00324154 1.007825) u (1.008665 14.00307369) u

0.00063 u 0.59 MeV

Q = + − +

= − = −

Endothermic reaction: The threshold energy is

	

0.59 MeV 1
1.007825

14.00307369 1.008665 1.007825

0.63 MeV

thE = ⋅ +
+ −

=

4.5 � Nuclear Fission

When slow neutrons hit U,92
235  two more light nuclides are produced. This 

phenomenon is called nuclear fission. The binding energy B/A is ∼7.6 MeV in 
the uranium region (A ∼ 240). On the other hand, that value is ∼8.5 MeV in the 
region of A ∼ 120. It is estimated, therefore, the released energy is 240 × (8.5 – 
7.6) = 210 MeV. A major part of this is converted into the kinetic energy of the 
fission products. The fission products do not separate in two right away but 
show an unsymmetrical pattern in the mass distribution. The fission frag-
ments usually have excess neutrons; therefore, successive β-decays occur. 
The number of emitted neutrons in a fission reaction was confirmed. That 
was important from the viewpoint of the chain reaction of nuclear fission. 
Table 4.1 lists the average distribution of energies ∼200 MeV released by the 
fission of 235U. Two kinds of neutrons are ejected from the fission fragments. 

TABLE 4.1

Average Distribution of Energies Released by Nuclear Fission of 235U

Kinetic energy of fission fragments (A ∼ 96, A ∼ 140) 165 ± 5 MeV
Kinetic energy of fission neutrons (2 ∼ 3) 5 ± 0.5
Energy of prompt γ-rays (∼5) 6 ± 1
Energy of β-rays from fission fragments (∼7) 8 ± 1.5
Energy of γ-rays from fission fragments (∼7) 6 ± 1
Energy of neutrinos from fission fragments 12 ± 2.5
Total energy of nuclear fission 202 ± 6 MeV
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One is the prompt neutrons ejected immediately (∼10–12 s), and the other is the 
delayed neutrons after 1 s ∼ 1 min. When the fission of 235U occurs by a slow 
neutron, the mean number of emitted neutrons is 2.47. This value suggests 
successive chain reaction due to produced neutrons. Figure 4.3 shows the 
schemes of chain reactions, uncontrolled and controlled. If all emitted two 
more neutrons are absorbed by 235U, the chain reaction abruptly increases 
and results in an explosion (the atomic bomb). The controlled chain reaction 
always uses one neutron under the constant rate in time.

4.6 � Nuclear Fusion

The formation of the intermediate nuclei combining the light nuclei is called 
nuclear fusion, in which nuclear energy is also released. The most efficient 
nuclear fusion is

	

D D He n 3.27 MeV,

D D T p 4.03 MeV

2 2 3

2 2 3

+ → + +

+ → + +
	 (4.13)

Absorbed by the other nucleus
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fragment 
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FIGURE 4.3
Schemes of chain reaction: (a) uncontrolled and (b) controlled.
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Moreover, such a fusion occurs using 3T,

	 D T He n 17.58 MeV2 3 4+ → + + 	 (4.14)

EXAMPLE 4.5

Calculate the Q value for the D T He n2 3 4+ → +  fusion reaction.

Solution 4.5

	 Q (3.016049 2.014102 4.002604 1.008665)* 931.5 17.58 MeV= + − − =

It is important for us to control these nuclear fusions. At very high temper-
ature, thermonuclear reactions are sustained because nuclei in matter hav-
ing thermal energy collide with each other. By the way, the average energy 
of a thermal motion is kT. The temperature T becomes 1 × 107 K for 1 keV. The 
problem is to keep such a high temperature as 107 ∼ 109 K. This problem has 
not yet been solved.

The origin of radiation energy of the sun is the following nuclear fusion:

	

H H H e

e e 2

H H He

He He He 2 H

1 1 2

2 1 3

3 3 4 1

+ → + + ν

+ → γ

+ → + γ

+ → +

+

+ −

	 (4.15)

From the above reactions,

	 4 H 2e He 2 61 4+ → + ν+ γ− 	 (4.16)

is obtained. Consequently 4He is formed from four protons accompanied by 
γ-ray emission of 27 MeV.

4.7 � Summary

	 1.	A nucleus of the atomic number Z and the mass number A consists 
of Z protons and A – Z neutrons.

	 2.	Radioactive isotopes convert into a different element emitting radia-
tions. Radioactivity means this capability.

	 3.	The binding energy represents a reduction of the whole energy 
when a nucleus is formed by binding of isolated free nucleons.
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	 4.	The shell model of a nucleus explains the magic numbers 2, 8, 20, 28, 
50, …, for Z or N at which the nucleus is stable.

	 5.	The energy released in the nuclear reaction is called the Q value. The 
endothermic and exothermic reactions occur for Q < 0 and Q >  0, 
respectively.

QUESTIONS

	 1.	Complete the table.

Radiation nature

Atomic 
mass 
(u) Charge

Energy 
(MeV)

Velocity  
(c)

Range 
in Air

Range 
in 

Water
Range 
in Al

Ionization 
relative to 
α-particle

λ
β
α

	 2.	The Weizsäcker semiempirical mass formula is given by 
Equation 4.5

	 a.	 Identify each term in the equation.
	 b.	 Derive an equation in MeV for M according to even and odd A.
	 c.	 What is the value of δ?
	 3.	What is the intrinsic parity of (a) photon, (b) electron, (c) proton, 

and (d) neutron? In the case of a photon, comment on the origin 
of the photon.

	 4.	What is the work done in MeV for two protons separated by 
5 F (1 fermi = 10–15 m). How does this energy compare with the 
nuclear force between the two protons?

For Further Reading

Mayer M, Jensen J. 1955. Elementary Theory of Nuclear Shell Structure. New York: John 
Wiley & Sons.

Turner JE. 1995. Atoms, Radiation, and Radiation Protection, 2nd ed. New York: John 
Wiley & Sons.
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5
Radioactivity

5.1 � Types of Radioactivity

5.1.1 � α-Decay

An unstable atomic nucleus spontaneously loses energy by emitting ioniz-
ing particles and radiation. This process is called the decay of the nucleus. 
Almost all heavy elements of Z ≥ 83 spontaneously emit α-rays, which is 
the nucleus of 4He. Both the atomic number Z and the number of neutron N 
decrease by 2. An example of the α-decay is

	 U Th92
238

90
234→ +α 	 (5.1)

The energy released in this decay, namely, the Q value, is given by

	 ( , ) ( 4, 2) (2, 2)Q M A Z M A Z M[ ]= − − − + 	 (5.2)

where M represents the atomic mass. This energy is shared by the α-particle 
and the recoil nucleus. From the kinematical relationship between them, 
it is understood that the kinetic energy of the α-particle is discrete. Even 
α-particles with lower energy than the barrier of Coulomb potential can 
jump out of nucleus owing to the tunnel effect. Figure 5.1 shows the potential 
for α-particles and the scheme of the tunnel effect. The Coulomb potential is

	
( )

2
4

2

0

U r
Ze

r
=

πε
	 (5.3)

If r = 1 × 10–12 cm, Z = 85, then the magnitude of the barrier U ≈ 25 MeV 
is obtained. This value is much higher than ordinary α-particle energies of 
a few MeV. α-Particles cannot pass through the barrier from the classical 
viewpoint. The quantum theory for the tunnel effect settled the problem. 
The penetration rate P is given by

	
e ,

2
2 ( ( ) ) dP G m U r E rG

R

b

� ∫= = −−
α 	 (5.4)

in which R and b are the radii, as shown in the figure. The value of P is nonzero.
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For example, α-decay of Th90
230  is shown as

	 Th Ra He90
230

88
226

2
4→ + 	 (5.5)

Figure 5.2 shows the decay scheme of a decay of 230Th. The released energy 
in this decay, Q = 4.771 MeV, is the nuclear mass difference between Th and 
Ra + He.

	 Th RaQ M M M( )= − + α 	 (5.6)

1.6 × 103 y
0

γ

0.0677

4.771

4.621
23.4%
α4.687

76.3%
α

226Ra88

8 × 104 y230 �90

FIGURE 5.2
Decay scheme of 230Th (Lederer et al. 1978).
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FIGURE 5.1
Potential energy of a nucleus for an α-particle.
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This energy is shared between the α-particle and the recoiled radium. The 
magnitude of momentum of Ra is equal to that of α, and they go to opposite 
directions. Assuming the velocities V and v for Ra and α, respectively, the 
momentum conservation is represented by

	 RaM v M V=α 	 (5.7)

The relationship for energy is given by

	

1
2

1
2

2
Ra

2Q M v M V= +α 	 (5.8)

From these equations, the energies of α-particle and radium become

	
,Ra

Ra
Ra

Ra

E
M Q

M M
E

M Q
M M

=
+

=
+α

α

α

α

	 (5.9)

Inserting Q = 4.771 MeV into the first equation, Eα = 4.688 MeV is obtained. 
It is understood that the α-particle has the discrete energy.

EXAMPLE 5.1

Calculate the value and energy of the α-particle and the daughter nucleus, 
originating from the decay of Ra.88

226

Solution 5.1

The decay of Ra88
226  is

	 Ra Rn He88
226

86
222

2
4→ + 	

	

Ra Rn He

(226.0254 222.0176 4.0026) u

0.0052 u 0.0052 931.5 MeV 4.8438 MeV

88
226

86
222

2
4Q M M M( ) ( ) ( )= − −

= − −

= = ⋅ = 	

The α-particle has the energy of

	

222.0176 4.8438 MeV
222.0176 4.0026

4.758 MeVRn

Rn

E
M Q

M M
=

+
=

⋅
+

=α
α 	

	 (4.8438 4.758) MeV 0.0858 MeVRnE = − = 	

5.1.2 � β– Decay

β– decay is a phenomenon that a neutron changes into a proton following the 
emission of an electron (β–) and an antineutrino.

	 n p e e→ + + ν− 	 (5.10)
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When this decay occurs within a nucleus, the atomic number changes from 
Z to Z + 1. Generally, β– decay occurs for the nuclide having excess neutrons 
other than the stable isotopes. For example,

	 Ar K e18
42

19
42

e→ + + ν− 	 (5.11)

The Q value for the β– decay is given by

	

[ ( , ) ] [ ( , 1) ( 1) ]

( , ) ( , 1)

e e eQ M A Z Zm M A Z Z m m

M A Z M A Z

= − − + − + +

= − + 	 (5.12)

in which M represents the atomic mass and me the electron mass. This energy 
is shared by a β-particle and antineutrino.

	
E E Q+ =β ν− 	 (5.13)

Both Eβ−  and Eν  distribute from 0 to Q. Therefore, the energy spectrum of 
β-particle becomes a continuous spectrum. According to Fermi’s theory, the 
energy spectrum of β-particles is given by

	

d
d

( ) ( ) ( 2 )2 2 2n
T

Q T T mc T T mc∝ − + +
	 (5.14)

where dn = the relative intensity, T = the kinetic energy, and m = the mass 
of β-particle. Figure 5.3 shows the energy spectrum for the β– rays from 40K 
decay with Q = 1,314 keV (100%). If a single Q, then the average energy is 
∼Q/3. For 40K, the average energy of β– particles is 536 keV.
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FIGURE 5.3
Energy spectrum of β– particles ejected by β– decay of 40K.
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EXAMPLE 5.2

Calculate the value for the decay of Co-60.

Solution 5.2

The decay of Co-60 is

	 Co Ni e27
60

28
60

e→ + + ν−
	

The antineutrino mass can be neglected. Therefore,

	

Co Ni

(59.93382 59.93079) u

0.00303 u 0.00303 931.5 MeV 2.82 MeV

27
60

28
60Q M M ( )( )= −

= −

= = ⋅ = 	

The nickel-60 nucleus is in an excited state; therefore, it will emit a γ-ray 
to attain its ground state.

5.1.3 � γ-Decay

One or several γ photons are emitted from the excited states of the daughter 
nucleus produced by the α- or β-decay. In the γ-transition, Z and A both do 
not change. The γ-ray spectrum is discrete and specific to the nuclide. The 
lifetime of the nuclear excited states is usually ∼10–10 s; therefore, γ-rays are 
promptly emitted after the decay. However, there are some exceptions due 
to the selection rule for photon emission. The half-life of the excited state of 

Ba56
137  produced by the decay of Cs55

137  is 2.55 minutes. Such a long life state 
is called a metastable state. The relevant state is denoted by Ba.56

137m  Another 
example of the metastable nuclide is Tc43

99m  produced by the β– decay of 
Mo.42

99  This state with the half-life of 6 h causes the isomeric transition (IT) 
to the ground state.

	 Tc Tc43
99m

43
99→ + γ 	 (5.15)

The energy of γ-ray is equal to the difference between the metastable state 
and the ground state. Figure 5.4 shows the decay scheme of Mo.42

99

5.1.4 � Internal Conversion

In internal conversion an electron is ejected from the atom by transferring 
the energy of the excited state to an electron in the K- or L-shell of the atom. 
This is regarded as an alternative to photon emission. The kinetic energy of 
ejected electron Ee, or EIC, becomes Eγ – EB, in which EB is the binding energy 
The process of internal conversion occurs in competition with γ-decay. The 
relative proportion of the two processes is given by the total conversion 
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coefficient, α. The internal conversion coefficient α is defined by the ratio 
of the number of conversion electrons Ne to that of competing photons Nγ.

	

/e

1 2

N N

K L L �

α =

= α + α + α +

γ

	 (5.16)

where αK, αL1, and αL2 are the partial conversion coefficients for the individual 
subshells. The magnitude of a vacancy cascade depends on the individual 
subshells. The partial conversion coefficients are given by Rosel et al. (1978), 
Coursol et al. (2000), and Gorozhankin et al. (2002). For 137Cs, 95% of β-decay 
goes to the metastable state lying at 662 keV of 137Ba. The relative intensity 
of the γ-rays emitted at this time is 85%. Internal conversion accounts for 
the 10% difference. The energies of conversion electrons for the K-shell and 
L-shell of 137Ba are 624 keV and 656 keV, respectively. These are the line spec-
trum. Of particular interest is the Auger electron emitting the radioisotopes 
123I, 124 I, and 125I (Kassis 2004; Nikjoo et al. 2008).

5.1.5 � β+ Decay

β+ decay is a phenomenon that a proton changes into a neutron following the 
emission of a positron (β+) and a neutrino.

	 p n e e→ + + ν+ 	 (5.17)

When this decay occurs within a nucleus, the atomic number changes 
from Z to Z – 1. Generally, β+ decay occurs for the nuclide having excess pro-
tons other than the stable isotopes. For example,

	 F O e9
18

8
18

e→ + + ν+ 	 (5.18)

99Tc43

99m
43

99Mo 66 h42

6 h

142.6 keV

1.357 MeV
81%
β–

γ

Tc

FIGURE 5.4
Decay scheme of 99Mo (Lederer et al. 1978).
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Figure 5.5 shows the decay scheme of F.9
18  The Q value for the β+ decay is 

given by

	

[ ( , ) ] [ ( , 1) ( 1) ]

( , ) ( , 1) 2

e e e

e

Q M A Z Zm M A Z Z m m

M A Z M A Z m

= − − − − − +

= − − − 	 (5.19)

in which M represents the atomic mass and me the electron mass. In order 
to result in positron emission, therefore, the mass of the parent atom must 
be greater than that of the daughter atom by at least 2mc2 = 1.022 MeV. The 
released energy Q is used for the kinetic energy of the positron and neutrino. 
The nuclide that emits positrons is called the positron emitter. The peculiar 
phenomenon of the positron emitter in matter is to accompany two annihila-
tion photons of 511 keV. They are in opposite directions of each other.

5.1.6 � Electron Capture

Electron capture (EC) is a phenomenon that a proton changes into a neutron 
by capturing an orbital electron following the emission of a neutrino and 
characteristic x-ray.

	 p e n e+ → + ν− 	 (5.20)

When this decay occurs within a nucleus, the atomic number changes 
from Z to Z – 1. Generally, EC occurs for the nuclide having excess protons 
other than the stable isotopes. EC competes with β+ decay, which results in 
the same change. For example,

	 F e O9
18

8
18

e+ → + ν− 	 (5.21)

18O
0

β+ 0.634

2 mec2

1.656

96.9%

EC
3.1%

8

18F 109.8 m9

FIGURE 5.5
Decay scheme of 18F (Lederer et al. 1978).
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The Q value for EC is given by

	

( , ) ( , 1) ( 1)

( , ) ( , 1)

e e eQ M A Z Zm m B M A Z Z m

M A Z M A Z B

[ ] [ ]= − + − − − − −

= − − − 	 (5.22)

where B is the mass equivalent to the binding energy of the atomic shell. 
In order for the EC to occur, therefore, the mass of the parent atom must be 
greater than that of the daughter atom by the binding energy. The orbital 
electron in the K-shell is usually captured. The vacancy is necessarily gen-
erated in the inner shell; therefore, the characteristic x-ray of the daughter 
nucleus is always emitted. EC is detected by observation of the characteris-
tic x-rays and the Auger electrons. In calculations related to Auger electron 
cascades the relative proportion of vacancies created by EC in the individual 
subshells representing the distribution of initial vacancies in the decaying 
isotope is needed. The electron capture probabilities for i- and j-shells is 
given, for example, for subshells K and L1 by

	

1 1 1
2

1 1
2

2 2

P
P

n q B
n q B

L

K

L L L L

K K K K

=
β
β

	 (5.23)

and

	

1 1q
q

E E
E E

L

K

EC L

EC K

=
−
−

	 (5.24)

For radionuclide decay by EC the sum of probabilities for EC in each indi-
vidual subshell is equal to unity:

	 PEC = PK + PL1 + PL2 + PL3 + … = 1	 (5.25)

EXAMPLE 5.3

Calculate the difference between the values for the positron emission of 
18F and electron capture by the same nucleus.

Solution 5.3

For positron emission (Equation (5.18)),

	

F O 2

(18.000938 17.99916 2 5.4858 10 ) u

6.8084 10 u 6.8084 10 931.5 MeV 0.634MeV

9
18

8
18

4

4 4

Q M M me( ) ( )= − −

= − − ⋅ ⋅

= ⋅ = ⋅ ⋅ =

−

− −
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On the other hand, for electron capture (Equation (5.21)), the value is 
calculated from

	

F O

(18.000938 17.99916) u-696.7 eV

0.001778 931.5 MeV-6.967 10 MeV 1.6562 MeV

9
18

8
18

6

Q M M B( ) ( )= − −

= −

= ⋅ ⋅ =−
	

where is the K-shell electron binding energy of fluorine (tabulated in, for 
instance, Cardona and Ley 1978).

The difference in the values obtained from both processes is 1.022 MeV 
(which is about twice the electron mass energy equivalent; in this case, 
the binding energy of the K-shell electron is much lower than the nuclear 
mass difference).

5.1.7 � Radiative and Nonradiative Transitions

Absorption of photons through the photoelectric effect or the interaction 
of ions with the target results in ionization and excitation and creation of 
vacancy in the inner shells of the atom. Subsequently, the vacancy may 
be filled by radiative (x-ray) or nonradiative (Auger) processes. Electron 
vacancies are generated when an atom is ionized by an incident electron 
beam and electrons are knocked out from their shells. This process is 
called inner shell ionization. When an electron vacancy is created, the 
atom is said to be in an excited state. The atom in such an excited state 
returns to the ground state by filling the electron vacancy by an electron 
from one of the atomic subshells. For example, if the K-shell is excited, the 
Auger electron may originate in the L-shell. The second way of creating 
a vacancy is by internal conversion (IC). In internal conversion the excita-
tion energy of the nucleus is transferred to an atomic electron, which is 
subsequently emitted with the energy Eg – Eb, where Eg is the excitation 
energy and Eb the binding energy of the electron in its atomic shell. And 
the third way of generating electron vacancy is by electron capture (EC). 
In the process of electron capture the orbital electron of an atom interacts 
with a nucleus proton to form a neutron, and a neutrino is emitted. The 
probability of such an interaction depends on the overlap between the 
atomic electron and the nucleus. This is highest for the K-shell. If the fill-
ing of the vacancy is accompanied by the emission of X-photon, it is said 
to be a radiative transition. If the filling of the vacancy is accompanied 
by the emission of an electron, it is a nonradiative transition. Above the 
K-shell, if the filling electron originates from the same family of subshells, 
it is called a Coster-Kronig transition.

Figure 5.6 shows various scenarios leading to the emission of photons or 
electrons from an atom when in an excited state. The relative probability of 
Auger emission and photon emission is measured by the fluorescence yield 



70 Radiation Interactions with Matter

such that ω + a + f = 1, where a and f refer to Auger and Coster-Kronig yields. 
Fluorescence yield is the relative probability of Auger emission and x-ray 
such that, for the K-shell, ω is the number of K-photons/number of K-shell 
vacancies. For the heavy atoms x-radiation is the more probable because of 
the high nuclear charge. For light atoms the Auger effect is predominant. 
Other processes that may be of importance are super Coster-Kronig transi-
tions, autoionization, double Auger effect, Auger-Coster-Kronig transitions, 
interatomic Auger effect, electron shake-up and shake-off, and plasma 
excitations.
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FIGURE 5.6
Various scenarios leading to the emission of photons or electrons from an atom when in an 
excited state.
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EXAMPLE 5.4

Calculate the Auger electron energy following the K-shell ionization of 
water vapor.

Solution 5.4

The K-shell binding energy (BK) of water vapor is 539.7 eV, and the first 
ionization energy (B1) is 12.62 eV. Therefore, the Auger electron energy is

	 2 (539.7 2 12.62) eV 514.46 eV1E B Be K= − ⋅ = − ⋅ = 	

5.2 � Formulas of Radioactive Decay

5.2.1 � Attenuation Law

The disintegration rate of radioactive nuclides is represented by activity. 
The unit of activity Bq is defined by the number of disintegrated atoms 
per second. The activity of a radioisotope decreases exponentially in time. 
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Assuming the number of radioactive nuclides in a sample N, the variation of 
the number dN in time dt is given by

	 d dN N t= − λ 	 (5.26)

where λ is a constant specific to a radioactive nuclide called the decay con-
stant. The activity A becomes

	

d
d

A
N
t

N=
−

= λ 	 (5.27)

Solving Equation (5.26),

	 e0N N t= −λ 	 (5.28)

is obtained, in which N0 is the number at t = 0. The same form can be applied 
to the activity A. Figure 5.7 shows the exponential decay pattern for the activ-
ity as a function of the time. The time at which the activity reduces by one-half 
is called the half-life. The relationship between the half-life T and λ becomes

	

ln 2 0.693
T =

λ
=

λ
	 (5.29)

The attenuation law is written by

	
e

1
20

0.693 /
/A

A
t T

t T

= =− 	 (5.30)

432

A/A0 = e–0.693 t/T

t/T

A/
A 0
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1.0

FIGURE 5.7
Exponential decay of radioactivity.
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EXAMPLE 5.5
60Co source is a γ-emitter, which is used in medicine and industry. The 
half-life of the 60Co source is 5.3 years. In order to account for the source 
strength decrease, a correction factor could be applied. Calculate the 
source strength decrease each year.

Solution 5.5

	

1
2

1
2

0.877
0

/ 1/5.3A
A

t T

= = =
	

The activity of the source after a year is 87% of the initial activity.

5.2.2 � Specific Activity

The specific activity of a sample is defined by the activity per unit mass. 
The specific activity S is determined by T and atomic mass M. Because the 
number of atoms per gram is 6.022 × 1023/M, Equation (5.27) is changed into

	

4.17 1023
S

MT
=

×
	 (5.31)

The unit of S is Bq g–1 if T s.

EXAMPLE 5.6

What is the specific activity of 60Co and 226Ra?

Solution 5.6

	
S

MT
( Co)

4.17 10 4.17 10
60 5.4 365 24 3600

4.08 1060
23 23

13=
×

=
×

× × × ×
= ×

	

The specific activity of 226Ra is 1 Ci/g or 3.7 × 1010 Bq/g.

5.2.3 � Radioactive Equilibrium

5.2.3.1  �Secular Equilibrium

A parent nucleus with the half-life of T1 decays to a daughter nucleus with the 
half-life of T2. It is assumed that T1 is much longer than T2, namely, T1 >> T2. 
The parent activity A1 is regarded as constant in the short time. The variation 
of the number of daughter atoms is given by

	

d
d

2
1 2 2

N
t

A N= − λ 	 (5.32)
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The solution A2 is obtained putting the initial condition for the daughter 
as N20 at t = 0.

	 (1 e ) e2 1 20
2 2A A At t= − +−λ −λ 	 (5.33)

If starting from the pure parent, A20 = 0 at t = 0. This condition is called the 
secular equilibrium.

5.2.3.2  �General Formula

When the relative magnitudes of T1 and T2 are unrestricted, the differential 
equation for N1 and N2 becomes

	

d
d

2
1 1 2 2

N
t

N N= λ − λ 	 (5.34)

The first term of the right side is

	 e1 1 1 10
1N N tλ = λ −λ 	 (5.35)

Therefore, Equation (5.34) is changed into

	

d
d

e2
2 2 1 10

1
N
t

N N t+ λ = λ −λ 	 (5.36)

The solution of this equation is obtained assuming the initial condition 
N20 = 0 at t = 0.

	
e e2

1 10

2 1

1 2N
N t t( )=

λ
λ − λ

−−λ −λ 	 (5.37)

EXAMPLE 5.7

Calculate the activity of 222Rn from a 1 g 226Ra sample after a week (half-
life of 226Ra = 1,600 years, half-life of 222Rn = 3.8 days).

Solution 5.7

A A tRn1 e 3.7 10 (Bq/g) 1(g) 1 e 2.67 10 BqRn Ra
10

0.693
3.8

7 10( )( )= − = × × × − = ×−λ − ×

5.2.3.3  �Transient Equilibrium

For the case of T1 ≥ T2 and N20 = 0, A2 = λ2N2 increases slowly. The second term 
in the bracket can be neglected in comparison with the first term as time 
goes by.

	

e
2 2

1 2 10

2 1

1

N
N t

λ =
λ λ
λ − λ

−λ

	 (5.38)
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Because e1 1 10
1A N t= λ −λ  is the activity of the parent, the above equation is 

written as

	
2

2 1

2 1

A
A

=
λ
λ − λ

	 (5.39)

This condition is called the transient equilibrium.

5.2.3.4  �Nonequilibrium

For the case of T1 < T2, the activity of the daughter nucleus becomes maxi-
mum and attenuates. The parent soon decays and the daughter remains. The 
equilibrium is not realized.

5.3 � Summary

	 1.	The process where a nucleus transfers to more stable states is called 
the disintegration of the nucleus, in which excess energies are emit-
ted as various types of radiation.

	 2.	Emitted radiations following the decay are α, β–, β+, γ, internal con-
version electrons, and so on. Electron capture is detected by observ-
ing the characteristic x-rays and Auger electrons.

	 3.	Activity in Bq units attenuates exponentially as a function of time. 
The time when the activity reduces to half is called the half-life.

	 4.	Half-lives of the parent nucleus and the daughter nucleus are 
assumed to be T1 and T2, respectively. If T1 >> T2, then the secular 
equilibrium is realized. If ,1 2T T≥  then the transient equilibrium is 
realized.

QUESTIONS

	 1.	Write the decay of tritium. How much of 10 g tritium is left after 
25 years?

	 2.	A luminous watch dial contains 5 microcuries of the isotope 
radium. How many decays per second are taking place?

	 3.	A fresh sample of 210Bi weighs 1 pg and decays to 210Po by emit-
ting a β– particle with a T1/2 of 5 days. 210Po decays to 205Pb by 
emitting an α-particle with a T1/2 of 140 days. Calculate the maxi-
mum mass of 210Po present at any time and the activity.
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	 4.	 If two radioactive nuclei A and B, produced in the process of 
nuclear fission, are characterized by the disintegration constants 
λ1 and λ2, and if the probability that a time less than T elapses 
between the subsequent disintegrations of A and B is repre-
sented by W(T), show that W(T) = 1 – (λ1 + λ2)–1 (λ1e–λ2 T + λ2e–λ1T).
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6
X-Rays

6.1 � Generation of X-Rays

In 1895, German physicist W.C. Roentgen discovered a new type of radiation 
in the course of an experiment using the Crookes’ vacuum tube. This radia-
tion penetrated opaque materials such as black paper or wood. He named it 
x-ray and clarified its properties such as penetrability, fluorescence action, 
imaging ability, and ionization. The discovery of x-rays is the starting point 
of the investigation on ionizing radiation and its application to various fields.

X-rays are produced when electrons are incident on target. The electron 
collides with a target atom and loses a major part of its energy by ionization 
and excitation of an atom. In addition, the electron decelerated in the field of 
an atomic nucleus loses its energy by emitting the x-ray photons. An electron 
having the kinetic energy T can produce photons having the energy distrib-
uted less than T.

	 h Tν ≤ 	 (6.1)

As a result, monochromatic electron beams generate a continuous energy 
spectrum with the maximum energy equal to the beam energy. These contin-
uous x-rays are called bremsstrahlung or braking radiation. Bremsstrahlung 
is likened to photons shaken off an electron that suffered from a sudden 
brake in the nuclear field.

Figure 6.1 shows the schematic diagram of an x-ray generator. This struc-
ture is called the Coolidge tube and consists of the cathode and anode. The 
atmospheric pressure is kept at less than 10–6 mmHg. Thermal electrons emit-
ted from the cathode are accelerated and collide with the anode target. Only 
a few percent of electron kinetic energy is converted to x-rays. The major part 
of the remaining energy is converted to heat. The x-ray tube is usually used 
under the voltage less than 300 kV. Only 1% of the electron energy is con-
verted to useful x-rays, and 99% is converted to heat and warms the anode. 
Therefore, tungsten having a high melting point is frequently used as the 
target. In addition, the structure of the anode is devised in such a way as to 
decrease the temperature.
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For high-energy electrons, acceleration of electrons is made by magnetic 
field or microwave used in a betatron or linac. The higher the electron energy, 
the higher the generation efficiency that is achieved. The angular distribu-
tions of x-rays vary. Bremsstrahlung is emitted in all directions. That is a 
complex function of the energy of electrons and bremsstrahlung photons. 
Segre gave the average emission angle of x-rays as

	

1
1 /

(radian)
2T mc

θ ≈
+

	 (6.2)

in which T is the kinetic energy of electrons, and m is the electron rest mass. 
Therefore, the dominant angle is the forward direction for high-energy elec-
trons and around 60° for low-energy electrons. The extraction direction is 
different between the x-ray tube and high-energy linac.

EXAMPLE 6.1

Common energy for x-ray tubes is about 120 kVp, and for radiotherapy 
accelerators is about 6 MV. What is the most probable emission angle for 
the two examples in order to design the target angle?

Solution 6.1

	

T mc
1

1 /

1
1 120/511

0.809(radian) 46.4

1
1 6000/511

0.078(radian) 4.5

2
θ ≈

+
=

+
= = °

+
= = °

High voltage

Cathode Anode

Vacuum

Electron

Filament Target

FIGURE 6.1
Schematic diagram of x-rays generator.
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6.2 � Continuous X-Rays

The x-ray intensity rapidly increases as the tube voltage increases if the 
current is kept constant. The wavelength of the photon with the maximum 
energy becomes the shortest. Using the relationship, [nm] 1.24/ [keV],hλ = ν  
the minimum wavelength for the tube voltage 50 kV becomes λmin = 1.24/50 
= 0.0248 nm = 0.248 Å. Generally, the energy of x-rays is referred to by the 
peak voltage of the x-ray tube, kVp. The maximum voltage Vmax in kV units 
and the minimum wavelength λmin in A( 10 cm)8

�
= −  units is related by the 

Duane-Hunt’s equation:

	 12.4max minV × λ = 	 (6.3)

At the present it is rather convenient to represent the x-ray spectrum as a 
function of energy unit eV in place of wavelength. Figure 6.2 shows the mea-
sured energy spectrum extracted from a diagnostic x-ray of 80 kVp. Figure 6.3 
shows the energy spectrum for the therapeutic x-rays generated by 4 MV linac. 
Naturally the number of bremsstrahlung photons is smaller as the energy is 
lower. The reason is that the low-energy component is reduced because of the 
absorption by the metal filter and the target itself equipped in the apparatus. 
The energy spectrum not extracted from the x-ray tube but produced at the 
target is different. Detailed descriptions for the Koch-Motz’s bremsstrahlung 
cross sections and the thick target spectrum are given in Section 12.5.
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FIGURE 6.2
Energy spectrum of x-rays generated by the tube voltage of 80 kV.
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6.3 � Characteristic X-Rays

The binding energy of tungsten K-shell is EK = 69.525 keV. If the tube volt-
age is higher than that, the projectile ejects an orbital electron of the target 
atom. Then, discrete or discontinuous x-rays are generated. These x-rays are 
emitted when the electrons of the outer orbit fill the vacancy of the inner 
shell. These are called the characteristic x-rays because those are character-
istic of the target element. Figure 6.2 shows the characteristic x-rays as the 
lines overlying on the continuous bremsstrahlung spectrum. The K-shell 
vacancy is filled by the electron from L-shell and M-shell, etc., and the x-rays 
are marked by Kα and Kβ, etc., respectively. For the L-shell vacancy, Lα and 
Lβ x-rays are emitted. The orbital energies other than K-shell do not degen-
erate; namely, those differ a little with each other. Therefore, K x-ray has a 
fine structure. L-shell of tungsten consists of three subshells with the elec-
tron binding energies of LI = 12.098, LII = 11.541, and LIII = 10.204 keV. The 
transition LIII → K produces Kα1 x-ray with the energy of EK-ELIII = 69.525 – 
10.204 = 59.321 keV. The transition LI → K produces Kα2 x-ray with the energy 
of 57.984 keV. The frequency of Kα x-ray is related to the atomic number by

	 ( )k Z Sν = − 	 (6.4)

where Z = atomic number, and k and S are constants. This is called Moseley’s 
law. This law played an important role in understanding the atom structure 
and the periodic table.
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FIGURE 6.3
Energy spectrum of x-rays generated by 4 MV linac.
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EXAMPLE 6.2

The binding energies of innermost shell electrons for molybdenum are 
as follows:

	 K = 20,000 eV, LI = 2,866 eV, LII = 2,625, and LIII = 2,520 eV

Calculate the characteristic x-ray Kα1, Kα2, Kα3 for this target.

Solution 6.2

	 Kα1: LIII → K: (20000 2520) eV 17.48 keVE EK LIII− = − =

	 Kα2: LII → K: (20000 2625) eV 17.375 keVE EK LII− = − =

	 Kα3: LI → K: (20000 2866) eV 17.134 keVE EK LI− = − =

6.4 � Auger Electrons

Even if an L electron of an atom moves to the vacancy of the K-shell, a photon 
is not necessarily emitted. This phenomenon frequently occurs for a small Z 
element. There is a probability of an alternative nonoptical transition in which 
an L electron is ejected from an atom. In consequence, two vacancies are gen-
erated in the L-shell. Such an ejected electron is called the Auger electron. 
Figure 6.4 illustrates the emission of an Auger electron on a water molecule. 
The downward arrow shows the transition of the electron from the 1b1 level to 
the oxygen-K-shell vacancy. Then, the energy of EOK – E1b1 is released. In place 
of a photon emission, this energy is given to another electron on the 1b1 orbit. 
This electron is ejected from an atom with the kinetic energy of

	 T = EOK – E1b1 – E1b1	 (6.5)

For a water molecule with EOK = 539.7 eV and E1b1 = 12.62 eV, the energy of the 
Auger electron becomes 514.5 eV.

The K fluorescence yield is defined by the number of KX-photon emission 
per K-shell vacancy. The yield YK as a function of Z is approximated by

	

1
1 (33.6/ )K 3.5

Y
Z

=
+

	 (6.6)

The yield for smaller Z is nearly 0, and that for larger Z nearly 1. On the 
contrary, emission of Auger electrons occurs frequently for the smaller Z in 
comparison with photon emission. The inner shell vacancy as the source of 
Auger electron emission is generated not only by electron collision but also 
by orbital electron capture, internal conversion, and photoelectric effect. The 
emission of an Auger electron increases one vacancy of atomic shell. The inner 
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shell vacancy is occupied by the Auger electron and a simultaneously weakly 
bound electron is ejected. Therefore, the Auger cascade occurs for a relatively 
heavy atom. An ion at first with only one inner shell vacancy changes to a 
highly charged ion by Auger cascade. This phenomenon is applied to the 
Auger therapy in radiology. An Auger emitter such as 125I is taken in DNA or 
biological molecules. 125I decays by electron capture. Auger cascades release 
about 20 electrons, which deposit plenty of energy (∼1 keV) within a few nm. 
Highly charged 125Te remains. As a result, biological effects such as DNA 
strand break, chromosome aberration, and cell death are induced.

6.5 � Synchrotron Radiation

A phenomenon that was theoretically well known was that an electromag-
netic wave is emitted when a charged particle moves with acceleration. In 
1947, this was observed using electron synchrotron. Such an electromagnetic 
wave was named synchrotron radiation (SR) or synchrotron light. When 
high-energy relativistic electrons are forced to travel in a circular path by a 
magnetic field, synchrotron radiation is produced. If the speed of an electron 
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FIGURE 6.4
Schematic diagram of Auger electron emission on water molecule.
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is near the speed of light, photons are emitted to the narrow angular region 
around the electron direction—i.e., the tangential direction. Figure 6.5 shows 
the scheme of synchrotron radiation. The radiation produced may range 
over the entire electromagnetic spectrum, from radio waves to infrared light, 
visible light, ultraviolet light, x-rays, and γ-rays. According to the detailed cal-
culation, the intensity SR per unit time and unit wavelength is given by

	
( , ) 7.51 10 ( ) Js Å8

7

3
1 1I t

E
R

G yλ = × − − − 	 (6.7)

in which E (GeV) is the kinetic energy of electrons, R (m) is the orbital radius, 
and G(y) is a function providing the spectrum shape. Figure 6.6 shows the 
SR spectra for various electron energies. The total radiant energy per unit 
time is given by

	
( ) 6.77 10 Js7

4

2
1I t

E
R

= × − − 	 (6.8)

The energy lost per turn is approximately

	
88.5 keV turn

4
1E

E
R

= − 	 (6.9)

ΔE becomes 5.53 MeV for E = 5 GeV and R = 10 m. Therefore, acceleration 
is needed to compensate the energy lost for large E and small R. The SR 
generated by an electron synchrotron or storage ring is a powerful light 
source covering a broad range of wavelength. It has characteristics superior 
to the conventional light sources: (1) a high-intensity continuous spectrum, 
(2) a good directivity, (3) a polarized light, and (4) a short time pulse.

Electron
orbit

Acceleration

Synchrotron
radiation

v
e–

FIGURE 6.5
Schematic diagram of synchrotron radiation.



84 Radiation Interactions with Matter

EXAMPLE 6.3

The European Synchrotron Radiation Facility (ESRF) is one of the syn-
chrotron research facilities in Europe. The electron energy in the syn-
chrotron storage ring is 6 GeV, and the storage ring is a semicircle with 
844.4 m circumference. Calculate the total radiant energy per unit time 
and the energy lost per turn in the storage ring.

Solution 6.3

	

( ) 6.77 10 6.77 10
6

(844.4/2 )
4.9 10 Js

88.5 88.5
6

844.4/2
853.5 keV turn

7
4

2
7

4

2
8 1

4 4
1

I t
E
R

E
E
R

= × = ×
π

= ×

= =
π
=

− − − −

−

6.6 � Diffraction by Crystal

The penetrability of x-rays is used for various fields of application. The 
structure analysis of crystal uses the wave motion of x-rays. A solid forms a 
well-ordered crystal, unlike vapor or liquid. If solid atoms or solid molecules 
are spatially arranged in a regular manner, this is called the crystal lattice. 
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FIGURE 6.6
Energy spectra of synchrotron radiation for various electron energies.
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Each point in the crystal lattice is called the point of a lattice. The distance 
between the points of a lattice of a solid crystal is ordinarily a few nm. X-rays 
are used as a rule to measure the crystal structure because of the similarity 
of wavelength. When x-rays irradiate crystal, a major part of x-rays passes 
on the straight line. They are penetrated x-rays. A part of x-rays scattered 
by an atom becomes the diffracted x-rays enhancing each other at the spe-
cific direction. This phenomenon is similar to the diffraction of visible light 
impinging the diffraction lattice.

Assuming a plane in a crystal, there is a case that a lot of atoms are 
arranged in a regular manner on the plane. Such a plane is called the plane 
of atomic arrangement. Figure 6.7 shows the planes parallel forming with an 
equal distance d, which is called the lattice constant. It is assumed that x-rays 
with the wavelength λ impinge with the angle θ vs. AB from the direction 
CD and reflect the direction DE. A part of the remaining x-rays is reflected 
on the planes A’B’ and A’’B’’ and goes to D’E’ and D’’E’’ parallel to DE. The 
difference of path length of the reflected x-rays between a plane and the next 
one is equal to DD’ – DF. Using

	
DD

sin
, DF

sin
cos2

d d
=

θ
=

θ
θ 	 (6.10)

then

	
DD DF

sin
1 cos2 2 sin

d
d( )− =

θ
− θ = θ 	 (6.11)

is obtained. If this value is equal to the integer times the wavelength λ,

	 2 sin 1, 2, 3,d n n ……( )θ = λ = 	 (6.12)

is held and the reflected wave is enhanced by interference with each other. 
This is called the Bragg’s reflection condition. The integer n is the order of 
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Bragg diffraction by crystal.
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reflection. For known λ, the measurement of the lattice constant d is possible, 
while the wavelength of x-rays can be determined by measuring the position 
of moire (denoted by θ) if the lattice constant of crystal is known.

EXAMPLE 6.4

The d-spacing of a diamond is 1.075 Å. At which angle θ do we expect to 
detect the first-order interference pattern, given the impinging light has a 
wavelength of 1.54 Å? What is the maximum wavelength of light needed 
for detecting the interference pattern at the same angle for a crystal with 
the lattice constant of 1.261 Å?

Solution 6.4

	
sin( )

1.54
2 1.075

0.716 45.75θ =
⋅

= θ = °

For the d-spacing of 1.261 Å and the angle 45.75 ,θ = °  the maximum 
wavelength is

	 2 1.261Å 0.716 1.806 Åmaxλ = ⋅ ⋅ =

6.7 � Summary

	 1.	When electrons hit the target material, electrons suffer a sharp 
breaking near the nucleus and generate x-rays.

	 2.	Monochromatic electron beam generates the continuous x-ray spec-
trum whose maximum is the beam energy. This continuous x-ray is 
called bremsstrahlung.

	 3.	The relationship Vmax × λmin = 12.4 holds for the peak voltage Vmax (kV) 
and the minimum wavelength λmin (Å).

	 4.	Electrons eject the orbital electron from the target atom. Either char-
acteristic x-ray or Auger electron is emitted when the electrons of the 
outer shell occupy the inner shell vacancy.

	 5.	High-speed electrons moving in circular orbit emit the syn-
chrotron radiation toward the tangential direction. Synchrotron 
radiation is useful as the polychromatic light source, similar to 
bremsstrahlung.
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QUESTIONS

	 1.	Calculate a photon energy generated when an electron with the 
initial velocity of 0.8c is braked to 0.6c by the nuclear electric 
field.

	 2.	The efficiency of bremsstrahlung generation for diagnostic x-ray 
tube is represented by η = kZV, in which k is a constant, V is the 
tube voltage [kV] and Z is the atomic number of target. On an 
x-ray generator with W target, η is 0.74% for 100 kV. What is the 
bremsstrahlung output in Watt units for 80 kV and the tube cur-
rent 200 mA.

	 3.	An x-ray beam generated by 150 kVp is hardened by a tin filter. 
What will be the best choices of a second and a third filter to stop 
fluorescent radiation?
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7
Interaction of Photons with Matter

7.1 � Types of Interaction

Energetic charged particles when moving steadily lose energy by the electric 
interactions with the atoms in matter. On the other hand, photons lose energy 
by a different manner than the electric interaction because of their charge neu-
tralities. Namely, photons can go forward a certain distance before an inter-
action with an atom occurs. That distance is statistically dominated by the 
interaction probability per unit length, which depends on the medium and the 
photon energy. Sometimes interacted photons are absorbed and disappear, or 
are scattered and change direction. Both cases are possible, whether energy is 
lost or not. Thomson scattering and Rayleigh scattering are the processes of 
photon interaction with matter without energy transfer. The principal mecha-
nisms of the energy deposition of photons in matter are photoelectric absorp-
tion, Compton scattering, pair creation, and photonuclear reaction.

7.1.1 � Thomson Scattering

In Thomson scattering, a free electron oscillates in response to the electric 
vector of an electromagnetic wave. This type of scattering is important at 
low energies. The oscillating electron emits a radiation with the same fre-
quency as the incident wave. No energy loss occurs in this process. Only the 
angle of deflection is changed in the collision. Quantum mechanics proves 
Thomson scattering is an extremity of Compton scattering when incident 
photon energy is brought to zero.

7.1.2 � Photoelectric Effect

The photoelectric effect is a phenomenon in which electrons are emitted from 
matter after the absorption of energy from electromagnetic radiation such as 
x-rays or visible light. The emitted electrons can be referred to as photoelec-
trons. The energy of the emitted electrons does not depend on intensities of 
the incident radiation, but relates to the wavelength of radiation. As the wave-
length is shorter, the electrons with larger energy are emitted. To elucidate 
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these experimental results, Einstein proposed that the incident radiation is 
a quantum (photon) having the energy of E = hν, and he assumed that the 
photoelectron is produced when an electron in matter completely absorbs 
a photon. The incident photon therefore disappears. The kinetic energy of a 
photoelectron, T, is represented by

	 T h B= ν − 	 (7.1)

where B is the binding energy of an electron orbit.

EXAMPLE 7.1

What is the energy of a photoelectron emitted from lead by interaction 
with photons of 100 keV energy?

Solution 7.1

	 B Te= 88.0 keV, (100 88) keV 12 keVPb = − =

7.1.3 � Compton Scattering

Compton scattering is the decrease in energy of an x-ray or γ-ray photon 
when it interacts with matter. Because of the change in photon energy, it is an 
inelastic scattering process. The effect is important because it demonstrates 
that light cannot be explained purely as a wave phenomenon. Thomson 
scattering, the classical theory of an electromagnetic wave scattered by 
charged particles, cannot explain low-intensity shift in wavelength. Light 
must behave as if it consists of particles in order to explain the Compton 
scattering. Compton’s experiment verified that light can behave as a stream 
of particle-like quanta whose energy is proportional to the frequency.

Figure  7.1 shows the scheme for Compton scattering. The quantum 
model of Compton scattering is that a photon with the energy hν and the 
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FIGURE 7.1
Definition of angles after collision.
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momentum hν/c directs at a free electron at rest. After collision, the photon 
is scattered through an angle θ having the energy hν’ and the momentum 
hν’/c, and an electron is ejected at an angle ϕ with the total energy E’ and the 
momentum P’. The relativistic expression for E’ and P’ for the electron rest 
mass m and the velocity β = v/c is as follows:

	 1 , 12 2 2E mc P mc= − β = β − β 	 (7.2)

From the conservation laws for energy and momentum, the following 
equations are obtained.

	

cos cos

sin sin

2h mc h E

h
c

h
c

P

h
c

P

ν + = ν +

ν
=

ν
θ + φ

ν
θ = φ

	 (7.3)

Using Equations (7.2) and (7.3) the energy of the scattered photon is 
obtained as

	
1 1 cos

2

h
h

h
mc

( )
ν =

ν

+
ν

− θ
	 (7.4)

The kinetic energy of the recoiled electron, T, becomes

	

1 cos
1 cos /2

T h h h
mc h

= ν − ν = ν
− θ

− θ + ν
	 (7.5)

If θ = 180° then the electron has the maximum energy:

	

2
2 /max 2

T
h

mc h
=

ν
+ ν

	 (7.6)

In the field of γ-ray spectroscopy, Tmax is known as the Compton edge. It is 
found that Tmax approaches hν for hν >> mc2. The relationship between θ and 
ϕ is given by

	
cot

2
1 tan

2

h
mc

θ
= +

ν
φ 	 (7.7)

When θ increases from 0° to 180°, ϕ decreases from 90° to 0°. This means 
that the photon is scattered through all directions, while the recoil angle of 
the electron is limited to the forward angles (0 90 )≤ φ ≤ ° .
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EXAMPLE 7.2

	 1.	What is the maximum energy of the Compton electron for the 
incident photon of energy 1 MeV?

	 2.	Calculate the wave length of the scattered photon through the 
angle of 45°.

	 3.	At which angle is the Compton electron of energy 250 keV detected?

Solution 7.2

	 1.	
2 1 MeV
2 0.511

0.796 MeVmaxT =
⋅
+

=

	 2.	
1 MeV

1
1 MeV

0.511 MeV
(1 cos45 )

0.636 MeVhν =
+ − °

=

	 The wavelength of the scattered photon is

	
1240 eV nm
0.636MeV

1.95 10 nm3hc
E

λ = = = ⋅ −	

3.	 cos 1 1
0.75 0.511

0.25
0.533 122.21

tan
cot

122.21
2

(1 1/0.511)
0.187 10.57

2
T
mc
h

h T
θ = − ν

ν −
= −

⋅
= − θ = °

φ =

°

+
= φ = °

7.1.4 � Pair Creation

When photon energy is at least twice the electron rest mass (hν ≥ 2mc2), 
the photon is converted to a pair of electron-positron in the vicinity of a 
nucleus. Pair creation occurs in the field of atomic electron for the photon 
energy greater than 4mc2; however, its probability is very low. This process 
is called triplet pair creation because another recoiled electron is produced. 
In photon-nucleus pair creation, the recoiled energy of a heavy nucleus is 
negligible. Therefore, the photon energy hν is converted to

	 2 2h mc T Tν = + ++ − 	 (7.8)

where T+ and T– represent the kinetic energies of the positron and electron, 
respectively. The energy distribution of the electron and positron continu-
ously varies in the range between 0 and hν – 2mc2. Those energy spectra are 
almost the same. The threshold energy is 1.022 MeV.
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The inverse process occurs such that photons are produced by annihila-
tion of an electron-positron pair. The positron slows down and attracts an 
electron. Then, a positronium that resembles a hydrogen atom is formed. 
This survives ∼10–10 s before pair annihilation. The annihilation generates 
two photons with energy of 511 keV. These photons are emitted in opposite 
directions. The probability of in-flight annihilation is less than 10%.

7.1.5 � Photonuclear Reaction

Photonuclear reaction is the process in which nucleons are ejected from 
nucleus-absorbing photons. For example, a neutron is emitted when 
a γ-ray is captured by a nucleus of Pb:82

206  the notation of this reaction is 
Pb( , n) Pb.82

206
82
205γ  For this to occur, photons should have sufficient energy 

greater than the binding energy of nucleons. Those are usually above sev-
eral MeV. The kinetic energy of the emitted neutron is equal to the photon 
energy less the binding energy. The probability of a photonuclear reaction is 
much smaller in comparison with a photoelectric effect, Compton scattering, 
and pair creation. However, this reaction is important from the viewpoint of 
radiation protection because it produces neutrons. In addition, the residual 
nucleus after the reaction frequently becomes radioactive. From these rea-
sons this reaction plays a significant role in the vicinity of high-energy elec-
tron accelerators. Table 7.1 shows the Q values of (γ, n) reactions that produce 
neutrons. The threshold energy for (γ, p) reactions is greater than that for 
(γ, n) reactions because higher energy is needed for protons to exceed the 
repulsive force of the Coulomb barrier. Reactions (γ, 2n), (γ, np), and (γ, α) 
occur other than (γ, n) and (γ, p).

TABLE 7.1

Q Values for (γ, n) Reactions

Reaction
Q Value 
(MeV)

Decay Mode of 
Product Nucleus

12C(γ, n)11C –19.0 β+

14N(γ, n)13N –10.7 β+

16O(γ, n)15O –16.3 β+

23Na(γ, n)22Na –12.1 β+

27Al(γ, n)26Al –14.0 β+

40Ca(γ, n)39Ca –15.9 β+

56Fe(γ, n)55Fe –11.2 EC
63Cu(γ, n)62Cu –10.9 β+

65Cu(γ, n)64Cu –10.2 EC(100), β–(38), β+(19)
206Pb(γ, n)205Pb –8.25 EC
207Pb(γ, n)206Pb –6.85 Stable
208Pb(γ, n)207Pb –8.1 Stable
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7.2 � Attenuation Coefficients

The penetration of photons in matter is statistically dominated by the inter-
action probability per unit length. This probability μ is called the linear 
attenuation coefficient or the macroscopic cross section. The dimension is 
the inverse of length (m–1). The coefficient μ depends on both photon energy 
and matter. The mass attenuation coefficient is represented by μ/ρ (m2 kg–1), 
in which ρ is the density of matter. This denotes the interaction probability 
per thickness in kg.m–2 units. Monochromatic photons attenuate exponen-
tially in a uniform target. It is assumed that the number N0 of monochro-
matic photons with a narrow beam vertically enter a slab. Some photons are 
scattered and other photons are absorbed in the absorber. The number of 
photons reached at the depth x without any interactions is assumed N(x). The 
number of interactions dN in the small interval dx is written by

	 d dN N x= − 	 (7.9)

in which μ is the linear attenuation coefficient. Solving this equation,

	 ( ) e0N x N x= − 	 (7.10)

is obtained. The ratio N(x)/N0 is the probability that the vertically incident 
photons traverse a slab with the thickness x without interaction. The linear 
attenuation coefficient can be measured using such a setup as shown in 
Figure 7.2. A small size detector with the diameter d is located at the dis-
tance R from the absorber (R >> d). This condition is called a narrow beam 
or a good geometry. Only photons passed through without interaction are 
detected. Using Equation (7.10), the coefficient μ is obtained from measure-
ments of N(x)/N0 as a function of x. Figure 7.3 shows the linear attenuation 
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FIGURE 7.2
Measurements of attenuation coefficients using narrow beam.
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coefficients for various matters for photons with energies between 1 keV 
and 10 MeV.

The photon linear attenuation coefficient is the sum of contributions from 
various processes removing photons from the narrow beam.

	 = τ + σ + κ 	 (7.11)

where τ, σ, and κ denote photoelectric effect, Compton effect, and pair cre-
ation, respectively. Here, Thomson scattering and photonuclear reaction are 
omitted. The mass attenuation coefficients for a matter with the density of 
ρ are τ/ρ, σ/ρ, and κ/ρ. Photoelectric effect is dominant at the lower-energy 
region. High Z material gives greater attenuation and absorption; however, 
these rapidly decrease as energies increase. Compton scattering becomes 
dominant above a few hundred keV. Pair creation increases above 1.022 MeV.

The linear attenuation coefficient is from photon cross sections in barn/
atom units. μ is the product of the atomic density NA by the total atomic cross 
section σA.

	 A AN= σ 	 (7.12)

The number of atoms NA per 1 cm3 is given by ρ N0/A for the gram atomic 
mass A and Avogadro number N0.

	

0 AN
Aρ

=
σ

	 (7.13)
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This equation gives a relationship between mass attenuation coefficients 
and atomic photon cross sections. For compound and mixture materials, 
contributions of each constituent element are summed:

	

0 j
A
j

j

N
A

f∑ρ
= σ 	 (7.14)

where A is the gram molecular mass, f j the number of the jth atom in a mol-
ecule, and A

jσ  the jth atomic cross section.

EXAMPLE 7.3

The total cross section of C for 1 MeV photons is 1.267 b. The atomic mass 
of C is 12.011 and the Avogadro number is 6.022 × 1023. Calculate the mass 
attenuation coefficient.

Solution 7.3

	

6.022 10
12.011

1.267 10 6.35 10 cm g
23

24 2 2 1

ρ
=

×
× × = ×− − −

EXAMPLE 7.4

Total cross sections of H and O for 1 MeV photons are 0.2112 b and 1.69 
b, respectively. The atomic masses of H and O are 1 and 16, respectively. 
Calculate the mass attenuation coefficient for water.

Solution 7.4

	

6.022 10
18

2 0.2112 1 1.69 10 7.06 10 cm g
23

24 2 2 1( )
ρ
=

×
× × + × × = ×− − −

7.3 � Half-Value Layer of X-Rays

The energy spectrum of x-rays used for diagnosis is not monochromatic. 
Since the lower-energy component is apt to be absorbed in matter, the frac-
tion of high-energy photons rises in penetrating the matter. The attenuation 
for such polychromatic photons cannot be treated by counting the number of 
photons, while the exposure or exposure rate is measured. The attenuation 
is represented by the absorber (filter) thickness for which those quantities 
decrease by a half. This thickness is called the half-value layer (HVL). The 
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HVL measurement is extensively used for obtaining the properties of x-rays 
using narrow beams. If broad beams are used, the measured HVL is overes-
timated in comparison with the true value because of additional scattering 
from the filter. The exposure rate I for the filter thickness of x is given by

	 e0I I x= − 	 (7.15)

where I0 is the rate for the case of filterless. From the definition, the HVL 
becomes the thickness x when I/I0 = 1/2 is held.

	
HVL

ln2 0.693
= = 	 (7.16)

If the HVL for a continuous spectrum of x-rays is equal to that for mono-
chromatic photons for a filtration material, the photon energy is called the 
effective energy of continuous x-rays. The voltage of the x-ray generator is 
represented by the peak voltage. Generally, the effective voltage (the effective 
energy) is less than half of the peak voltage. X-rays passing through the HVL 
have higher energy than before penetration; that is, they become harder. The 
thickness of filter necessary for degrading the exposure rate after penetra-
tion by half again is called the second half-value layer. The second HVL is 
thicker than the first HVL.

EXAMPLE 7.5

The mass attenuation coefficient of Al (ρ = 2.7 g cm–3) for 60 keV pho-
tons is 0.2778 cm2 g–1. Calculate the half-value layer in mm units of Al for 
60 keV photons.

Solution 7.5

	

0.2778 2.7 0.75 cm 0.075 mm

HVL
0.693
0.075

9.24 mm

1 1=
ρ
⋅ρ = × = =

∴ = =

− −

EXAMPLE 7.6

The mass absorption coefficient of 2.5 MeV x-rays in lead is 0.0042 m2 kg–1. 
Find the thickness of tissue of density 11,300 kg m–3 that will reduce the 
intensity of the radiation by a factor 10.

Solution 7.6

	 I = I0 e−µx, x = (µm ρ)–1 ⋅ lnI0/I = 0.0485 m
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7.4 � Mass Energy Absorption Coefficients

The mechanism of energy loss of photons is considered in this section. In the 
photoelectric effect, a secondary electron with the initial kinetic energy T = 
hν – B is produced absorbing a photon energy hν. After emission of the pho-
toelectron, the inner shell is occupied and a characteristic x-ray or an Auger 
electron is emitted. The fraction of energy transferred to a photoelectron or 
Auger electron is 1 – δ/hν, in which δ is the average energy of fluorescent 
x-rays. If the mass attenuation coefficient of the photoelectric effect is τ/ρ, 
then the mass energy transfer coefficient becomes

	
1tr

h
τ
ρ
=
τ
ρ

−
δ
ν

	 (7.17)

Because the photoelectron and Auger electron generate bremsstrahlung 
photons to some extent, the energy transfer coefficient does not necessar-
ily represent energy absorption. The mass energy transfer coefficient in 
Compton scattering for a monochromatic photon is given by

	

tr avgT

h
σ
ρ

=
σ
ρ ν

	 (7.18)

in which Tavg/hν means the average fraction converted into the initial kinetic 
energy of Compton electrons. Bremsstrahlungs due to Compton electrons 
are not taken into account here. On pair creation, the sum of the initial 
kinetic energy of a pair is hν – 2mc2. The mass energy transfer coefficient is 
therefore given by

	
1

2tr
2mc

h
κ
ρ
=
κ
ρ

−
ν

	 (7.19)

The total mass energy transfer coefficient becomes

	
1 1

2tr avg
2

h

T

h
mc
hρ

=
τ
ρ

−
δ
ν

+
σ
ρ ν

+
κ
ρ

−
ν

	 (7.20)

This coefficient determines the initial kinetic energy of all electrons gen-
erated directly and indirectly. The absorbed energy at the vicinity of the 
interaction point is equal to the transferred energy except bremsstrahlung. 
Putting the average fraction of energy emitted by bremsstrahlung g, the 
mass energy absorption coefficient is defined by

	
(1 )en tr g

ρ
=

ρ
− 	 (7.21)
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Figure 7.4 shows the mass energy absorption coefficients for various matter 
in the energy range 1 keV–10 MeV. Table 7.2 shows the differences between 
the coefficients for water and lead. Bremsstrahlungs for water is insignificant 
below 10 MeV. For lead, the difference between mass energy transfer coef-
ficient and mass energy absorption coefficient can be explained by brems-
strahlung emission.

10110010–1

Photon Energy (MeV)

µ e
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ρ 
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m
2  g

–1
)
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Water

10–210–3
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100

101

102

103

104

FIGURE 7.4
Comparison of mass energy absorption coefficients between water and Pb.

TABLE 7.2

Mass Attenuation Coefficients, Mass Energy Transfer Coefficients, and Mass Energy 
Absorption Coefficients of Photons for Water and Pb (cm2g–1 units)

Photon 
Energy 
(MeV)

Water Pb

μ/ρ μtr/ρ μen/ρ μ/ρ μtr/ρ μen/ρ

0.01 5.33 4.95 4.95 131.0 126.0 126.0
0.10 0.171 0.0255 0.0255 5.55 2.16 2.16
1.0 0.0708 0.0311 0.0310 0.0710 0.0389 0.0379
10.0 0.0222 0.0163 0.0157 0.0497 0.0418 0.0325
100.0 0.0173 0.0167 0.0122 0.0931 0.0918 0.0323
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The absorbed dose D in a medium is represented by the product of the 
energy fluence Ψ and the energy absorption coefficient /en ρ  under the con-
dition of electron equilibrium, such as

	

enD = Ψ
ρ

	 (7.22)

A similar equation for the kerma K holds using the mass energy transfer 
coefficient / ,tr ρ

	

trK = Ψ
ρ

	 (7.23)

This relationship does not need the condition of electron equilibrium.

EXAMPLE 7.7

The mass attenuation coefficient of W for a photoelectric effect for 
100 keV photons is 4.15 cm2 g–1. The average energy of K-x-rays is 60.6 keV. 
Calculate the mass energy transfer coefficient for the photoelectric effect 
for 100 keV photons.

Solution 7.7

	
4.15 1

60.6
100

1.64 cm gtr 2 1τ
ρ
= × − = −

EXAMPLE 7.8

The mass attenuation coefficient of water for Compton scattering for 0.5 
MeV photons is 0.0966 cm2 g–1. The average energy of scattered photons 
is 0.329 MeV. Calculate the mass energy transfer coefficient for Compton 
scattering for 0.5 MeV photons.

Solution 7.8

The average energy of recoil electrons is 0.5 – 0.329 = 0.171 MeV.

	
0.0966

0.171
0.5

0.033 cm gtr 2 1σ
ρ

= × = −

EXAMPLE 7.9

The mass energy transfer and mass energy absorption coefficients are 
0.0271 and 0.0270 cm2 g–1, respectively. Calculate the average fraction of 
energy emitted by bremsstrahlung.
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Solution 7.9

	
1 1

0.0270
0.0271

0.0037en

tr

g = − = − =

EXAMPLE 7.10

The mass energy absorption coefficient of Al for 80 keV photons is 
0.05511 cm2 g–1. If the fluence is 1 × 106 cm–2, what is the absorbed energy?

Solution 7.10

	 80 10 0.05511 4.41 10 keVg6 6 1D = × × = × −

Expressed in SI units,

	

4.41 10 keV
g

1.6 10
J

keV
10

g
kg

7.06 10 Gy
6

16 3 7D =
×

× × × = ×− −

7.5 � Summary

	 1.	Photon interactions with matter are in the form of Thomson scatter-
ing, photoelectric effect, Compton scattering, electron pair creation, 
and photonuclear reaction.

	 2.	The major process of energy deposition of photons in matter is pho-
toelectric absorption in the low-energy region, Compton scattering 
in the medium-energy region, and electron pair creation in the high-
energy region.

	 3.	A photon travels a distance called the free path before interaction 
with an atom. The mean free path is determined by the attenua-
tion coefficient.

	 4.	The thickness of absorber that reduces a dose by a half is called the 
half-value layer (HVL). The HVL is used for representing radiation 
quality of the continuous x-rays.

	 5.	Under the condition that electron equilibrium holds, the absorbed 
dose at a point in the medium is equal to the product of energy flu-
ence by mass energy absorption coefficient.
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QUESTIONS

	 1.	a.	 Write an expression for the energy relation between the inci-
dent and the scattered photon.

	 b.	 Write a corresponding relation for the electron.
	 c.	 Derive an expression relating the energy of an incident and a 

scattered photon in a Compton process.
	 2.	Calculate the specific γ-ray constant for 60Co in units R per h per 

Ci at a distance of 1 m.
	 3.	 In a Compton interaction the scattered photon gets three times 

more energy than the ejected electron. Calculate the minimum 
incident photon energy.

	 4.	What is the energy of the back scattered photon from Compton 
interaction of 137Cs γ (662 keV)?

	 5.	Calculate 137Cs γ-ray attenuation by 1 cm lead and aluminum.
	 6.	Neutron contamination from accelerators in radiotherapy could 

cause secondary cancer. The photoneutron could be produced 
in the head of the accelerators when a photon hits the target, 
or collimators. The target and collimators are made of heavy 
atomic number materials like tungsten and lead. What is the 
minimum energy of the photon in order to avoid contamination 
of the neutron?

	 7.	Derive the minimum photon energy that can induce triplet 
production.

	 8.	Calculate the number of interactions that occur in lead 15 mm 
thick impinged perpendicularly by a narrow photon beam with 
1015 photons of energy 10 MeV. The density of lead is 11.3 g/cm2.

For Further Reading

ICRU. 1992. Photon, Electron, Proton and Neutron Interaction Data for Body Tissues. ICRU 
Report 46.

Storm E, Israel HI. 1970. Photon cross sections from 1 keV to 100 MeV for elements 
Z = 1 to Z = 100. Nuclear Data Tables A7: 565–681.
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8
Interaction of Electrons with Matter

8.1 � Energy Loss of Charged Particles

When charged particles penetrate matter, their energies are lost by ioniza-
tion and excitation of atoms or molecules of the medium. Moving charged 
particles act on atomic electrons through electromagnetic force and transfer 
energy to these electrons. The transferred energy may be sufficient for ioniz-
ing the atom by ejecting an orbital electron or may produce an excited state not 
ionized. Heavy charged particles lose a small part of their energies by a sin-
gle collision. The deflection of the path when collision occurs can be ignored. 
Heavy charged particles travel almost in a straight line, continuously losing 
a small amount of energies by collision with the atomic electrons. Ionized 
or excited atoms are left on the track of penetration. Sometimes, the path is 
bent by the Rutherford scattering with the nucleus. Electrons and positrons 
lose energies almost continuously when being slowed down in matter. They 
lose a major part of energies by a single collision with the orbital electron. 
The path is largely bent because the scattering angle determined from the 
kinematics is usually large. Electrons are largely scattered by elastic scatter-
ing with the nucleus. Electrons and positrons do not advance in a straight 
line. In addition, electrons emit bremsstrahlung photons when the path is 
sharply bent. The contribution of bremsstrahlung to the stopping power 
becomes important at high-energy regions. For example, the radiative stop-
ping power for water for 100 MeV electrons contributes almost half to the 
total stopping power.

The mean energy loss of charged particles per length in medium is impor-
tant in the fields of radiation physics and radiation dosimetry. This quan-
tity, noted by –dE/dx, is called the stopping power of the medium for the 
particle—or from the viewpoint of the particle, it is frequently represented 
by the linear energy transfer (LET). The unit of LET is usually keV μm–1. The 
stopping power and LET are closely related to the dose given by the recoiled 
charged particles produced by the uncharged particles, such as photons 
and neutrons. In addition, those are related to the biological effect of vari-
ous radiations. The stopping power is defined by the product of the mean 
energy loss per collision, Qav, and the collision probability per unit length, μ, 
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in which μ is the macroscopic cross section whose dimension is the inverse 
of the length. The mean energy loss Qav is then given by

	
( )dav

min

max

Q QW Q Q
Q

Q

∫= 	 (8.1)

where W(Q) is the energy loss spectrum for a collision. The minimum energy 
loss, Qmin, in the collision between charged particle and electron seems to be 
∼0. The maximum energy loss, Qmax, can be roughly estimated from the kine-
matical relationship. If a charged particle having the mass M and the speed 
V collides with an electron having the mass m in rest, the energy transfer 
reaches maximum for the head-on collision. Solving the conservation laws 
of energy and momentum, Qmax is obtained as

	

4
( )max 2

Q
mME

M m
=

+
	 (8.2)

in which /22E MV=  is the initial kinetic energy of the charged particle. If 
the incident particle is an electron or positron, Qmax is E. It is experimentally 
confirmed that the energy transfer continuously distributes in the range 

min maxQ Q Q< <  and Qav is ∼20 eV.
The linear stopping power is defined by

	

d
d

( )dav
min

maxE
x

Q QW Q Q
Q

Q

∫− = = 	 (8.3)

The unit of the linear stopping power is generally MeV cm–1. The quan-
tity divided by the material density, –dE/(ρdx), is called the mass stopping 
power, whose unit is MeV cm2 g–1. The values of the stopping power vary 
according to particle, energy, and medium.

EXAMPLE 8.1

Calculate the maximum energy that a 5 MeV proton can lose in a single 
electronic collision.

Solution 8.1

Neglecting m compared with M, the maximum energy transfer can be 
approximated by

	

4 4 1 5
1836

1.09 10 MeV 10.9 keVmax
2Q

mE
M

= =
× ×

= × =−
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8.2 � Collision Stopping Power

We call both an electron and a positron an electron because their stopping 
powers and ranges are almost identical. The stopping powers of electrons 
are different from those of charged particles for two reasons. The first is 
that an electron loses a great deal of energy by a single collision. The second 
is that it is impossible to identify either an incident or hit electron. On the 
energy loss, the higher-energy electron after collision is regarded as the inci-
dent electron. Therefore, the maximum energy transfer becomes T/2 for the 
negatively charged electron with the kinetic energy T.

The stopping power formula derived from the quantum mechanics is 
summarized in ICRU Report 37. The mass collision stopping power is 
given by

	

2
ln ln 1

2
( )col e

2 2

2
A

2S r mc ZN
A

T
I

F
∓

∓

ρ
=

π
β

+ +
τ

+ τ − δ 	 (8.4)

	
( ) (1 ) 1

8
(2 1)ln 2 for electrons2

2
F τ = − β +

τ
− τ +− 	 (8.5)

	
( ) 2 ln 2

12
23

14
2

10
( 2)

4
( 2)

for positrons
2

2 3
F τ = −

β
+
τ +

+
τ +

+
τ +

+ 	 (8.6)

in which T = kinetic energy of electron, mc2 = rest energy of electron, 
τ = T/mc2, β = V/c = ratio of electron speed and light speed, re = e2/mc2 = 
classical electron radius, Z = atomic number of target atom, A = atomic mass 
of target atom, NA = Avogadro number, and I = mean excitation energy of 
medium.

In liquid and solid mediums, the density effect appears, which decreases 
the energy loss because of the polarization of the medium affected by the 
electric field of the incident charged particle. The last term in Equation 
(8.4), δ, represents the density effect. Scol omitted ρ is called the linear 
collision stopping power. The subscript col is added to discriminate the 
radiative stopping power Srad/ρ, described in the next section. The mean 
excitation energy I for various elements is obtained from the following 
approximations:

	

19.0 eV, 1

11.2 11.7 eV, 2 13

52.8 8.71 eV, 13

I Z

Z Z

Z Z

≈ =

+ ≤ ≤

+ >

	 (8.7)



106 Radiation Interactions with Matter

The mass collision stopping power for compounds and mixtures can be 
approximated by the linear combination of the constituent atoms.

	

col
j

col

j j

S
w

S∑ρ
=

ρ
	 (8.8)

where wj is the weight ratio of the jth atom. The corresponding mean excita-
tion energy is given by

	

ln

( / )ln

( / )

j j j j

j

j j j

j

I

w Z A I

w Z A

∑
∑

= 	 (8.9)

Figure 8.1 shows the linear collision stopping powers of various matters 
for electrons. Table 8.1 shows the various data regarding the stopping power 
of water for electrons. Although electrons lose at most half of the energy in 
a collision, positrons have the possibility of losing all energy. Therefore, the 
collision stopping powers for positrons slightly differ from those of electrons. 
The collision stopping powers for positrons are ∼98% those of electrons in 
the energy range greater than 500 keV. In opposition, those are larger than 
electron data by ∼5% at 100 keV and 10 ∼ 20% at 10 keV.
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FIGURE 8.1
Linear collision stopping powers of various media for electrons.



107Interaction of Electrons with Matter

EXAMPLE 8.2

Calculate the collisional stopping power of water (I = 75 eV) for 1 MeV 
electrons assuming δ = 0.

Solution 8.2

Using 1.961
0.511τ = =  and 1 ( ) 0.886,2 0.511

1 0.511
2β = − =+

0.22

7.94 10 , 6.022 10 , 10, 18.015,

ln
10
75

18.996, ln 1
1.96
2

0.683

2 7.941 10 0.511
0.886

10 6.022 10
18.015

18.996 0.683 0.22

1.87 MeV cm g

2 26
A

23

6 2

26 23

2 –1

F

r N Z A

S

e

[ ]

= −

= × = × = =

= + =

ρ
=

π × × ×
⋅

× ×
+ −

=

−

−

− −

TABLE 8.1

Mass Collision Stopping Powers, Mass Radiative Stopping Powers, 
Radiation Yields, and Ranges of Water for Electrons

Kinetic 
Energy 
(MeV) β2

Sccooll

ρ
Srraadd

ρ
Sttoott

ρ
Radiation 

Yield
Range 

(g cm–2)MeV cm2 g–1

0.001 0.0039 126. 126. 5 × 10–6

0.002 0.00778 77.5 77.5 2 × 10–5

0.005 0.0193 42.6 42.6 8 × 10–5

0.010 0.0380 23.2 23.2 0.0001 0.0002
0.025 0.0911 11.4 11.4 0.0002 0.0012
0.050 0.170 6.75 6.75 0.0004 0.0042
0.075 0.239 5.08 5.08 0.0006 0.0086
0.1 0.301 4.20 4.20 0.0007 0.0140
0.2 0.483 2.84 0.006 2.85 0.0012 0.0440
0.5 0.745 2.06 0.010 2.07 0.0026 0.174
0.7 0.822 1.94 0.013 1.95 0.0036 0.275
1 0.886 1.87 0.017 1.89 0.0049 0.430
4 0.987 1.91 0.065 1.98 0.0168 2.00
7 0.991 1.93 0.084 2.02 0.0208 2.50

10 0.998 2.00 0.183 2.18 0.0416 4.88
100 0.999 2.20 2.40 4.60 0.317 32.5
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EXAMPLE 8.3

Calculate the collisional stopping power of water (I = 75 eV) for 1 MeV 
positrons assuming δ = 0.

Solution 8.3

Using 0.625,F = −+

	

2 7.941 10 0.511
0.886

10 6.022 10
18.015

18.996 0.683 0.625

1.83MeV cm g

26 23

2 –1

S [ ]
ρ
=

π × × ×
⋅

× ×
+ −

=

+ −

EXAMPLE 8.4

Calculate the mean excitation energy of SiO2.

Solution 8.4

	

52.8 8.71 14 174.7, 11.2 11.7 8 104.8

28
28 16 2

0.467,
16 2

28 16 2
0.533

ln
0.467 0.5 ln174.7 0.533 0.5 ln104.8

0.467 0.5 0.533 0.5
4.891

133 eV

Si O

Si O

SiO2

I I

w w

I

I

= + × = = + × =

=
+ ×

= =
×

+ ×
=

=
× × + × ×

× + ×
=

∴ =

8.3 � Radiative Stopping Power

Bremsstrahlung emitted from the collision of heavy charged particles with 
an atom can be ignored because particles are not accelerated. On the other 
hand, electrons receive strong acceleration and emit bremsstrahlung. The 
definition of mass radiative stopping power is given by

	

d
d

drad A

0

S N
A

k
k

k
T

∫ρ
=

σ 	 (8.10)

where dσ/dk is the differential cross section that emits a photon energy k 
due to the electron interaction with the nuclear Coulomb field. It is possi-
ble to evaluate the radiative stopping powers if the cross section is known. 
However, it is difficult to represent dσ/dk using a unique analytical formula. 
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Instead, numerical calculations are done dividing the regions into low, inter-
mediate, and high energies.

We see that the bremsstrahlung efficiency is in proportion to Z2 and lin-
early increases depending on electron energy. The collision stopping pow-
ers for high-energy electrons show the logarithmic increase. Bremsstrahlung 
becomes a dominant mechanism of energy loss at high energies. The next 
approximation provides the ratio between radiative loss and collision loss for 
the electron with the total energy E (MeV).

	 800
rad

col

S
S

ZE
≅ 	 (8.11)

For lead (Z = 82), the energy for which both stopping powers are identical is 
E = 9.8 MeV; T = E – mc2 = 9.3 MeV is obtained. The total mass stopping power 
is the sum of two losses such as

	

tot col radS S S
ρ

=
ρ

+
ρ

	 (8.12)

Figure 8.2 shows the radiative and total stopping powers of water and Pb. 
The radiation yield Y represents a fraction of energy dissipated for brems-
strahlung emission until electrons completely stop. For 100 MeV electrons in 
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FIGURE 8.2
Linear radiative stopping powers and linear total stopping powers of water and Pb for 
electrons.
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water, Y becomes 31.7%. If electrons of the initial kinetic energy T (MeV) stop 
in the absorber of the atomic number Z, Y is approximated by

	

6 10
1 6 10

4

4
Y

ZT
ZT

≈
×

+ ×

−

−
	 (8.13)

Bremsstrahlung for positrons is almost the same as for electrons at high 
energies, but becomes smaller at low energies.

EXAMPLE 8.5

Calculate the energy for which both stopping powers are identical for water.

Solution 8.5

Using Z = 10 for water, E = 80 MeV and T = 79.5 MeV.

EXAMPLE 8.6

Calculate the radiation yield for 10 MeV electrons in Pb.

Solution 8.6

	
Y

6 10 82 10
1 6 10 82 10

100 33%
4

4
=

× × ×
+ × × ×

× =
−

−

8.4 � Ranges

The distance that charged particles advance until stop is called the range. 
It is assumed that charged particles continuously slow down until the ini-
tial energy is completely lost. This is called the continuous slowing down 
approximation (CSDA) range. This approximation is not realistic for electrons 
because they lose a considerable fraction of the energy by a single collision. 
In addition, the electron path is tortuous, unlike heavy particles. However, 
the term electron range means the CSDA range defined by the next equation. 
That defines the mean path length extended from the start to the end of pen-
etration. This is distinguished from the distance covered along the path of 
the electron through the absorber. The CSDA range R(T) is written by

	
( ) [ ( ) ( )]col rad

1

0
R T S T S T dT

T

∫= + − 	 (8.14)

in which the unit is cm. If multiplying ρ, then the unit changes to g cm–2. 
Figure 8.3 shows the CSDA range in cm units for electrons in various matters. 
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The collision stopping powers of the material with large Z are smaller than 
those of water. Therefore, the range below 20 MeV for lead is larger in com-
parison with that for water. At the high-energy region, the range for lead 
shortens because of the increase of bremsstrahlung loss.

The empirical formula for the electron range for small Z materials is available.

	

0.412 for 0.01 2.5 MeV

0.530 0.106 for T 2.5 MeV

1.27 0.0954lnR T T

T

T= ≤ ≤

= − >

−

	 (8.15)

in which the range is in g cm–2 unit and the kinetic energy in MeV. In the 
measurement, the practical range Rp is obtained from the absorption curve 
for the material. For high-energy electron beams used for radiation therapy, 
the practical range in water is measured under the condition of the fields 
10 × 10 cm2, or 10 cm diameter. The relationship is obtained as

	 0.52 0.30pR T= − 	 (8.16)

EXAMPLE 8.7

Calculate the range of a 2 MeV electron in water.

Solution 8.7

	 0.412 2 0.95 cm1.27 0.0954ln2R = × =−
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FIGURE 8.3
CSDA ranges of electrons in various matter.
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8.5 � Multiple Scattering

The reasons of nonlinearity of the electron path are: (1) a large scattering 
angle at the inelastic scattering with an orbital electron, and (2) a large deflec-
tion by the elastic scattering with a nucleus. If the kinetic energy T of the 
incident electron degrades T’ by an inelastic scattering, the scattering angle 
θ is determined from the kinematical relationship,

	
cos

( 2 )
( 2 )

2

2

T T mc
T T mc

θ =
+
+

	 (8.17)

EXAMPLE 8.8

Calculate the scattering angle (in degrees) when the incident electron 
energy of 1 MeV degrades to 0.99 MeV by an inelastic scattering.

Solution 8.8

	
cos

0.99 1 1.022
0.99 1.022

0.99746 4.1
( )

θ =
× +

+
= ∴ θ = °

On the other hand, electron cross sections scattered by a nucleus taking into 
account the screening effect of orbital electrons is represented by Moliere’s for-
mula. The detailed expressions will be given in Section 13.3. This formula is for 
a single scattering. If the material layer is thick, a large number of scattering is 
repeated. This is called the multiple scattering. The cause of back scattering for 
electrons is the multiple scattering. This theory treats the averaged angular dis-
tributions overlapping a large number of elastic scattering in the material with 
finite thickness. The relative scattering intensity at the θ direction is written by

	
( ) ~ sin (0)

(1) (2)

2
I f

f
B

f
B

θ θ θ × + + 	 (8.18)

in which f (0), f (1), f (2) are functions of the reduced angle Θ. Table 8.2 shows 
the numerical values for them given by Bethe. The parameters Θ and B are 
calculated using the electron radius re, the Avogadro constant NA, the den-
sity of material ρ, and the thickness of layer t. For the ith atom in compound 
materials or mixtures, the atomic number, the atomic mass, and the number 
of atoms in a mole are Zi, Ai, and pi, respectively.

	 c B
Θ =

θ
χ

	 (8.19)

	

4 (1 )
c
2 e

2
A S

2

4

r N tZ
A

χ =
π ρ − β

β
	 (8.20)
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TABLE 8.2

Reduced Angles and Parameters for Electron Multiple 
Scattering

Θ f (0) f (1) f (2)

0 2 0.8456 2.4929
0.2 1.9216 0.7038 2.0694
0.4 1.7214 0.3437 1.0488
0.6 1.4094 –0.0777 –0.0044
0.8 1.0546 –0.3981 –0.6068
1 0.7338 –0.5285 –0.6359
1.2 0.4738 –0.4770 –0.3086
1.4 0.2817 –0.3183 0.0525
1.6 0.1546 –0.1396 0.2423
1.8 0.0783 –0.0006 0.2386
2 0.0366 0.0782 0.1316
2.2 0.01581 0.1054 0.0196
2.4 0.00630 0.1008 –0.0467
2.6 0.00232 0.08262 –0.0649
2.8 0.00079 0.06247 –0.0546
3 0.00025 0.0455 –0.03568
3.2 7.3 × 10–5 0.03288 –0.01923
3.4 1.9 × 10–5 0.02402 –0.00847
3.6 4.7 × 10–6 0.01791 –0.00264
3.8 1.1 × 10–6 0.01366 0.00005
4 2.3 × 10–7 0.010638 0.001074
4.5 3 × 10–9 6.14 × 10–3 0.001229
5 0 3.831 × 10–3 8.326 × 10–4

5.5 0 2.527 × 10–3 5.368 × 10–4

6 0 1.739 × 10–3 3.495 × 10–4

7 0 9.080 × 10–4 1.584 × 10–4

8 0 5.211 × 10–4 7.830 × 10–5

9 0 3.208 × 10–4 4.170 × 10–5

10 0 2.084 × 10–4 2.370 × 10–5
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and

	 ln ln 0B B− = 	 (8.21)
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B is obtained solving Equation (8.22) numerically. Moliere’s theory holds 
for electrons of > 10 keV and for the thickness in which elastic scattering 
occurs more than 20 times. Figure  8.4 shows the angular distributions of 
electron multiple scattering in Al for various energies.
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FIGURE 8.4
Angular distributions of electron multiple scattering in Al for various energies.
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EXAMPLE 8.9

Calculate the angular distribution of multiple scattering, I(θ), for 1 MeV 
electrons in Al (ρ = 2.69 g cm–3) setting the step size = 2% and the cutoff 
10 keV for both electrons and photons.

Solution 8.9

Using β = 0.94108, A = 26.98, ZS = 182, ZE = –311.2, and ZX = 6.078 are 
obtained from Equation (8.23).

The thickness of layer, t, can be calculated by t = ΔE/S, in which 
ΔE  =  1,000 × 0.02 = 20 keV and the restricted stopping power S  = 
3,097 keV/cm. Therefore, t = 6.458 × 10–3 cm. From Equations (8.20) and 
(8.22), 0.1662cχ =  and Ω0 = 155.15 are obtained. From Equation (8.21), B = 
6.988 is obtained. Using Equation (8.19) and Table 8.2, the angular distri-
bution is calculated as a function of θ. A part of the results is shown in 
the following table.

θ° Θ f (0) f (1)/B f (2)/B2 I(θ)

1 0.0397 1.9844 0.1170 0.0493 0.0375
3 0.1192 1.9533 0.1089 0.0459 0.1104
5 0.1986 1.9221 0.1009 0.0424 0.1801
7 0.2781 1.8435 0.0806 0.0342 0.2389
9 0.3575 1.7639 0.0601 0.0259 0.2900

11 0.4370 1.6637 0.0380 0.0175 0.3291
13 0.5164 1.5398 0.0141 0.0089 0.3531
15 0.5959 1.4159 −0.0099 0.00036 0.3661
17 0.6753 1.2758 −0.0284 −0.0047 0.3660
19 0.7548 1.1349 −0.0466 −0.0096 0.3544
21 0.8342 0.9997 −0.0602 −0.0125 0.3360
23 0.9137 0.8723 −0.0676 −0.0128 0.3136
25 0.9931 0.7449 −0.0750 −0.0130 0.2821

 

8.6 � Cerenkov Radiation

When a charged particle passes through an insulator at a constant speed 
greater than the speed of light in that medium, a visible blue glow is emit-
ted. This phenomenon is called Cerenkov radiation, which is analogous to 
a shock wave of a supersonic aircraft. As the charged particle travels, it dis-
rupts the local electromagnetic field in the medium. Atomic electrons of the 
medium will be displaced, and the atoms become polarized by the passing 
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electromagnetic field of a charged particle. Photons are emitted as an insu-
lator’s electrons restore themselves to equilibrium after the disruption has 
passed. Assuming the speed of light in vacuum, c, the velocity of a charged 
particle, v = βc, and the refractive index of the medium, n, the speed of light 
becomes c/n. If v > c/n, then Cerenkov radiation is emitted. In Figure 8.5 a 
particle travels the direction from point A to point B. The distance is vt. The 
electromagnetic wave emitted from A reaches C within the time t. Namely, 
AC  becomes (c/n)t. Therefore, the light wave is emitted with the conical pat-
tern having the polar angle θ satisfying

	
cos

AC
AB

( / ) 1
1

c n t
vt n

θ = = =
β

< 	 (8.24)

The threshold kinetic energy that enables emitting of Cerenkov light for 
the particle with the rest mass m is derived using the condition βn > 1 and

	 1 [ /( )]2 2 2mc T mcβ = − +

	 1
12

2
T mc

n
n

=
−

− 	 (8.25)
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FIGURE 8.5
Principle of Cerenkov radiation.



117Interaction of Electrons with Matter

This is called the critical energy. For electrons in water or lucite, those are 
257 and 175 keV, respectively. The contribution of Cerenkov radiation to the 
electron stopping power can be neglected.

8.7 � Summary

	 1.	A charged particle moving in matter affects the electromagnetic 
force on the atomic electron. The particle loses energy by ionizing 
and exciting the atom.

	 2.	The mean energy loss of charged particles per a unit length in 
medium is called the stopping power of the medium for the particles.

	 3.	The total mass stopping power for electrons is the sum of the mass 
collision stopping power and mass radiative stopping power.

	 4.	The electron path is significantly bent by the collision with the atomic 
electron and the multiple scattering with the nucleus. Electrons do 
not move straight forward. However, the range is defined by the con-
tinuous slowing down approximation.

	 5.	The threshold energy of Cerenkov radiation for electrons in water is 
257 keV.

QUESTIONS

	 1.	Calculate the I value of water from those of H and O ( 19.2 eVIH =
and 95 eVIO = ) and comment on the validity of the method.

	 2.	Estimate how many interactions occur along a 1 µm track of a 1 
MeV proton in liquid water, given that the mass stopping power 
for a 1 MeV proton in liquid water is 260.6 MeV cm2 g–1 (NIST). 
How large is the electronic cross section from this estimation?

	 3.	For a 1 cGy dose deposited in a cell layer of 1 µm thick, how 
many electrons of energy 1 MeV need to traverse the cell layer, 
assuming the cell is a water-equivalent cube?

	 4.	How is the collisional stopping power of aluminum compared to 
the corresponding value of lead for 50 MeV electrons?

	 5.	Calculate the thickness of an aluminum shield for a 90Sr/90Y β 
source.

	 6.	β-Electrons with unknown maximum energy are emitted. If at 
least 1 cm plastic with the density of 1.3 g cm–3 is required to stop 
the electrons, calculate the maximum energy.
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	 7.	A 550 keV electron pencil beam travels from the top angle of a 
plastic cone, along the axis of the cone. The cone opening angle is 
40°. Calculate the refractive index of the plastic, if the Cerenkov 
radiation passes through the bottom of the cone parallel to the 
cone axis.

For Further Reading

Bethe HA. 1953. Moliere’s theory of multiple scattering. Phys. Rev. 89: 1256–1266.
Turner JE. 1995. Atoms, Radiation, and Radiation Protection, 2nd ed. New York: John 

Wiley & Sons.
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9
Interaction of Heavy Charged 
Particles with Matter

9.1 � Collision Stopping Powers

The mass collision stopping power formula for heavy charged particles was 
derived by H.A. Bethe using relativistic quantum mechanics.
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where β = V/c is the ratio of particle velocity to the velocity of light. This is 
represented, if the mass of particle, M, and the kinetic energy, T, are used, as
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2Mc
T Mc

β = −
+

	 (9.2)

and mc2 = rest energy of an electron, re = e2/mc2 = classical electron radius, z = 
charge of heavy charged particle, Z = atomic number of the target atom, A = 
atomic mass of the target atom, NA = Avogadro constant, and I = mean excita-
tion energy of medium.

The reliability of Bethe’s formula was confirmed in comparison with the 
experimental data. However, that cannot reproduce the experimental data in 
the low-energy region below a few hundred keV. When fast ions slow down 
around the Bragg peak (∼0.3 MeVu–1), interactions involving electron capture 
and loss by the moving ions become an increasingly important component of 
the energy loss process. The effect of charge exchanges is corrected introduc-
ing a parameter called the effective charge. ICRU Report 49 recommends the 
formula adding various correction terms.
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L is called the stopping number. The first term is
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where C and δ represent the shell correction and the density effect, respec-
tively. Qmax is the maximum energy loss at a collision with a free electron.
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This quantity becomes Qmax = 4mT/M at the nonrelativistic limit. The second 
and third terms of Equation (9.4) are called the Barkas correction and Bloch 
correction, respectively. Figure 9.1 shows the linear collision stopping pow-
ers of various materials for protons. Figure 9.2 shows those for α-particles. In 
the low-energy region the term in front of the bracket increases for 0,β→  
while the logarithmic term decreases. Consequently, the maximum stopping 
powers called the Bragg peak appear at around 100 keV for protons and 600 
keV for α-particles.

A relationship between S and z holds for a velocity V regardless of the 
particle type.

	 / constant2S z = 	 (9.7)
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FIGURE 9.1
Linear collision stopping powers of various matters for protons.
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If the stopping power of a particle is known, it is possible to estimate the 
stopping power of a different particle with the same velocity. For instance, it 
is assumed protons and heavy particles are moving with the same velocity 
V. The kinetic energies are given by

	

1
2

,
1
2p p

2
HI HI

2T m V T m V= = 	 (9.8)

Then,

	
HI p

HI

p

T T
m
m

= 	 (9.9)

is obtained. If HI = α-particles, the velocity of 4 MeV α-particles is equal to 
that of 1 MeV protons. From Equation (9.7), Sα is represented using Sp.
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pS S
z
z

S= =α
α 	 (9.10)

Therefore, the collision stopping power of 4 MeV α-particles is equal to four 
times that of 1 MeV protons. This scaling law is effective for the high-energy 
region in which the charge exchange processes can be neglected. The colli-
sion stopping powers for particles other than α-particles are calculable from 
the scaling law, as shown in Table 9.1.
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Linear collision stopping powers of various matters for α-particles.
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EXAMPLE 9.1

Calculate Pb collision stopping power for 1 GeV α-particles (assume I = 
823 eV).

Solution 9.1
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S
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EXAMPLE 9.2

Calculate the maximum energy loss at a collision with a free electron for 
1 GeV α-particles.

TABLE 9.1

Scaling Law for Mass Collision Stopping Powers for Heavy Charged Particles

Proton

Deuteron 3He2+ α 12C6+

T S T S T S T S

Tp Sp Tp × 2 Sp × 1 Tp × 3 Sp × 4 Tp × 4 Sp × 4 Tp × 12 Sp × 36

1 260.6 2 260.6 3 1,042 4 1,042 12 9,382
2 158.5 4 158.5 6 634.0 8 634.0 24 5,706
3 117.1 6 117.1 9 468.4 12 468.4 36 4,216
4 94.0 8 94.0 12 376.0 16 376.0 48 3,384
5 79.1 10 79.1 15 316.4 20 316.4 60 2,848

10 45.6 20 45.6 30 182.4 40 182.4 120 1,642

Note:	 T = energy (MeV), S = mass collision stopping power for liquid water (MeVcm2g–1).
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Solution 9.2
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9.2 � Nuclear Stopping Powers

Energy loss due to the elastic scattering of heavy charged particles with a 
nucleus in the energy range lower than 10 keV cannot be ignored. This is 
called nuclear stopping powers, which means the recoil energy of the target 
nucleus derived from the kinematical relationship. Putting the differential 
cross section for elastic scattering as dσel/dΩ, the mass nuclear stopping 
power Snuc/ρ is represented by
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	 (9.11)

where W(θ, T) is the recoil energy, which depends on the scattering angle, θ, 
and the kinetic energy of the charged particle, T. Using the mass of the par-
ticle, M, and the mass of the target atom, Mt, W(θ, T) is given by
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The elastic scattering cross section for a high-energy region above a few 
MeV is described by the Rutherford cross section:
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in which the momentum of the heavy charged particle, p, is given by
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Since the radiative stopping power can be neglected for heavy charged par-
ticles, the total stopping power is the sum of collision loss and nuclear loss.

	

tot col nucS S S
ρ

=
ρ

+
ρ

	 (9.15)

The contribution of nuclear stopping power to the total stopping power is 
negligible for the energy region greater than 10 keV; however, it increases as 
the energy is lowered. That amounts to about 30% at 1 keV.

EXAMPLE 9.3

	 1.	What is the probability of carbon ions scattering through 45°, 
given that the density of lead is 11.3 g/cm3?

	 2.	What is the counting rate of carbon ions scattered through this 
angle, given that the flux, Ψ, of incident ions is 1011 per second on 
the foil? The lead target is 0.5 mm thick and a detector of detect-
ing area, Δ a, 1 cm2 is placed 150 cm away from the collision center.

	 3.	What is the energy loss of the incident ions in such a collision?

Solution 9.3

	 1.	The probability per unit thickness of the target is
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	 The differential cross section is calculated from
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	 from Equation (9.14) the relative velocity can be calculated:
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	 where the momentum of the carbon ion is given by
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	 therefore,
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	 2.	From the relationship 2 sin ,
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	 where t is the lead’s thickness and (45 )R ϒ  is the counting rate 
at 45°.
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	 2.9% of the incident energy.

In the low-energy region below 100 keV, Equation (9.13) cannot be used 
because of the increase of the screening effect due to the orbital electrons 
of an atom. A calculation method taking into account the screening effect 
is needed. In that case, the interaction of the incident particle with the target 
is represented by the screened Coulomb potential such as

	
( ) ( / )

2

s sV r
zZe
r

F r r= 	 (9.16)

in which Fs(r/rs) is a function taking into account the screening, and rs is 
a parameter representing the degree of screening. The differential cross 
section is obtained using the classical mechanics trajectory calculation. 
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The solution is obtainable not analytically but numerically. Figure 9.3 shows 
the nuclear stopping powers of water for protons and α-particles.

9.3 � Ranges

For heavy charged particles, unlike electrons, the effect of multiple scat-
tering is not considered. It is approximated those continuously slow 
down nearly on a straight line. Originally, the continuous slowing down 
approximation (CSDA) was defined for heavy particles. The CSDA range 
R(T) is obtained by

	
( ) ( ) ( ) d
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R T S T S T T

T

∫ [ ]= +
−

	 (9.17)

Figure  9.4 shows the ranges, in cm, of protons in various materials. 
Figure  9.5 shows the ranges of α-particles in air (ρ = 1.205 × 10–3 g cm–3) 
under the standard condition. If the range of a kind of particle is known, the 
range of another kind of particle can be obtained. A relationship between 
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Linear nuclear stopping powers of water for protons and α-particles.
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the ranges of different types of two particles with the same initial velocity is 
represented by
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Assuming the range of the proton as particle 2 is known, the range R of the 
other particle becomes

	
R

M
z

R( ) ( )
2 pβ = β 	 (9.19)

EXAMPLE 9.4

Estimate the range of an 8 MeV α-particle in water using Figure 9.4 for 
the proton range.

Solution 9.4

The kinetic energy of a proton with the same speed as an 8 MeV α-particle 
is 2 MeV from Equation (9.9). Therefore, .4

2 p p2R R R= =α  Using Figure 9.4, 
Rα = 7.5 × 10–3 cm is obtained.

9.4 � Straggling of Energy Loss and Range

When charged particles pass through the material, statistical fluctuation in 
the number of collision and the energy loss arises. Consequently, many par-
ticles started under the same condition show fluctuation in (1) the energy 
after traveling a given depth and (2) the pass length until stopping. The for-
mer phenomenon is called the energy loss straggling and the latter the range 
straggling. The distribution of the energy straggling becomes a Gaussian 
shape for the case of a large number of collisions between the charged par-
ticles and the absorber atoms. In this case, the whole energy loss is much 
greater than the maximum energy loss in a single collision. On the contrary, 
the distribution becomes asymmetrical for the case of a small number of col-
lisions; in other words, for a short track segment.

The range straggling for heavy charged particles can be measured using 
the absorber and the counter. A monochromatic energy beam hits the 
absorber consisting of a variable thickness. Figure 9.6 shows the counting 
rate as a function of the absorber thickness. At a thin thickness, the number 
of particles is kept constant until the particle range increase leads to energy 
degradation. Then, the count number decreases abruptly. The reason for 
the shape is due to the range straggling. The thickness of the absorber at 
half of the total count is defined as the mean range. The extrapolated range 
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is determined by the point of intersection of the extrapolated line with the 
abscissa. The range straggling is not large; for example, for 100 MeV protons 
in biological material it is ∼1%. The ionization current is measured using an 
ionization chamber. The variation of the current per unit thickness as a func-
tion of the absorber depth is called the Bragg curve. The energy deposition 
near the end of the range enhances and forms the sharp peak called the 
Bragg peak, which is characteristic of heavy charged particles. Heavy ion 
cancer therapy utilizes this feature of heavy charged particles.

9.5 � Summary

	 1.	All particles with 26 ≥ Z ≥ 1 are called heavy particles.
	 2.	A heavy charged particle moving in matter affects the electromag-

netic force on the atomic electron. The particle loses energy by ion-
izing and exciting the atom.

	 3.	Collision stopping powers for heavy charged particles are evaluated 
using Bethe’s formula. Nuclear stopping powers are evaluated using 
the classical mechanics trajectory calculations.

	 4.	Total mass stopping power for heavy charged particles is the sum of 
mass collision stopping power and mass nuclear stopping power.

	 5.	Heavy charged particles travel almost straightforward in matter. 
Ranges are obtained by the continuous slowing down approximation.

	 6.	The energy deposition of heavy charged particles enhances just 
before stopping in matter. This phenomenon, called the Bragg peak, 
is utilized in the heavy ion cancer therapy.
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FIGURE 9.6
Measurement of heavy particle range (Uehara 2002).
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QUESTIONS

	 1.	What is the difference between the terms CSDA range and pen-
etration distance?

	 2.	On average, what percentages of the energy lost by a heavy ion 
track are by primary particle and d electrons?

	 3.	Approximately, in a proton therapy beam, how much of the 
energy lost is in the Bragg peak area?

	 4.	What is the difference between the terms linear stopping power 
and linear energy transfer?

	 5.	What is the current definition of the term LET?

References

ICRU. 1993. Stopping Powers and Ranges for Protons and Alpha Particles. ICRU Report 37.
Uehara S. 2002. Radiation Physics, 4th ed. Tokyo: Nanzando Publishing (in Japanese).

For Further Reading

Turner JE. 1995. Atoms, Radiation, and Radiation Protection, 2nd ed. New York: John 
Wiley & Sons.



131

10
δ-Ray, Restricted Stopping Power, and LET

10.1 � δ-Ray

Electrons and heavy charged particles moving in materials often cause emis-
sion of secondary electrons having enough energy to separate from the path 
of the initial particle. These electrons, called the δ-rays, make distinct track 
branches themselves. Figure 10.1 shows the projected tracks of a 10 MeV pro-
ton in water generated by Monte Carlo simulation. Some δ-rays emitted from 
the path of a proton are seen. In the figure, almost all secondary electrons are 
ejected vertically in the direction from the path of the heavy particles. This is 
explained from the kinematical relationship of the collision between a heavy 
particle and a free electron. The emission angle is given by

	
cos

4
HIm
m Te

θ =
ε

	 (10.1)

EXAMPLE 10.1

What is the energy of electrons emitted from a 12 MeV carbon ion path 
through an angle 45° relative to the projectile’s path?

Solution 10.1

From Equation (10.1):

	

4
cos

4 5.486 10 u 12 MeV
12 u

cos 45 1.097 keV2
4

2m T
m

e

HI

ε = θ =
⋅ ⋅ ⋅

° =
−

in which mHI and T are the mass and kinetic energy for a heavy particle, 
and me and ε for an electron, respectively. For 1 MeV protons, the average 
energy of secondary electrons is ∼60 eV. Therefore, θ ∼ 80° is obtained. This 
is understood by the momentum conservation law. The momentum of heavy 
particles does not change largely before and after the collision; therefore, 
the momentum component along the particle path for secondary electrons 
becomes nearly zero. There is not an accurate criterion to classify δ-rays.
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The absorbed dose of radiation is defined as the energy absorbed per unit 
mass of irradiated material. The stopping power means the energy lost by 
charged particles in the material. This quantity is not necessarily equal to 
the absorbed energy by the target. Above all, a problem occurs for the target 
smaller than the range of secondary electrons. Such a microscopic concept in 
dosimetry, called microdosimetry, plays an important role to understand the 
radiation effect on cells (∼μm range) or DNA (at ∼nm range).

10.2 � Restricted Stopping Power

The concept of restricted stopping power was introduced to relate the 
energy loss in the target with that actually absorbed energy in the target. 
The restricted collision stopping power, (d /d ) ,E x−  is defined as the energy 
loss just by a collision in which the energy transfer does not exceed a value 
Δ, which is called the cutoff. Replacing Qmax in Equation (7.3) by Δ,

	

d
d

( )d
min

E
x

QW Q Q
Q∫− = 	 (10.2)

is obtained. The explicit formula of mass restricted collision stopping power 
for heavy charged particles is given by
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For electrons,
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FIGURE 10.1
δ-Rays generated by a 10 MeV proton in water. Dots represent the energy deposition points.
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where τ = T/mc2, η = Δ/T, and G is a function of τ and η as follows:

	
1 ln[4 (1 )]

1
1

(1 )
2

(2 1)ln(1 )2 2
2 2

G = − − β + η − η +
− η

+ − β
τ η

+ τ + − η 	 (10.5)

Table 10.1 shows the mass restricted collision stopping powers of water for 
various Δ for protons. Unrestricted stopping power is represented by .= ∞  
For protons below 0.05 MeV, collision transfer energy greater than 100 eV 
does not contribute to the stopping power. In fact, Qmax is 109 eV at 0.05 MeV 
protons. For 0.1 MeV protons, the restricted stopping power at Δ = 1 keV is 
much greater than that at Δ = 100 eV because Qmax = 220 eV. It is found that the 
energy transfer greater than 10 keV is scarce at 1 MeV. For 10 MeV protons, 
about 8% of the stopping power comes from the transfers greater than 10 keV. 
Table 10.2 shows the mass restricted collision stopping powers of water for 
electrons.

The value of Δ is chosen in accordance with the objective of the subject. 
We refer Monte Carlo simulation of electron transport as an example. If 
–(dE/dx)1eV is assumed, the secondary electron having an energy greater 
than 1 keV is treated as independent electron tracks or δ-rays. The sec-
ondary electrons having smaller energies than 1 keV are lumped in the 
restricted collision stopping powers. The restricted radiative stopping 
power is treated in the same manner. Bremsstrahlung photon energy less 
than Δ is included in the restricted radiative stopping power. On the other 
hand, photons having energies higher than Δ are traced as individual 
photons.

EXAMPLE 10.2

Estimate the dose deposited by a plane-parallel monoenergetic electron 
beam of 1 MeV in a water target that has a cylindrical shape with the 
length and radius equal to the range of 10 keV electrons. The cylindrical 
axis is centered on the particle’s path and the electron fluence is 1010 cm–2.

TABLE 10.1

Restricted Mass Stopping Powers of Water for Protons 
(MeV cm2 g–1)

Energy 
(MeV)

E
x

dd
dd

eeVV100

−
ρ

E
x

dd
dd

kkeeVV1

−
ρ

E
x

dd
dd

kkeeVV10

−
ρ

E
x

dd
dd

−
ρ

∞

0.05 910.0 910.0 910.0 910.0
0.10 711.0 910.0 910.0 910.0
0.50 249.0 424.0 428.0 428.0
1.0 146.0 238.0 270.0 270.0

10.0 24.8 33.5 42.2 45.9
100.0 3.92 4.94 5.97 7.28
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Solution 10.2

Dose can be estimated from
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EXAMPLE 10.3

What should be the cutoff energy for the dose calculation for a cylindri-
cal water target of radius 2.5 µm?

Solution 10.3

2.5 µm is about the range of 10 keV electrons in liquid water. Therefore, 
the restricted stopping power with cutoff energy Δ ≥ 10 keV should be 
used for the dose calculation.

TABLE 10.2

Restricted Mass Stopping Powers of Water for Electrons (MeV cm2 g–1)

Energy 
(MeV)

E
x

dd
dd

eeVV100

−
ρ

E
x

dd
dd

kkeeVV1

−
ρ

E
x

dd
dd

kkeeVV10

−
ρ

E
x

dd
dd

kkeeVV100

−
ρ

E
x

dd
dd

−
ρ

∞

0.01 15.3 20.2 23.2 23.2 23.2
0.02 8.63 11.2 13.5 13.5 13.5
0.03 6.22 8.02 9.62 9.88 9.88
0.05 4.18 5.32 6.38 6.75 6.75
0.07 3.25 4.12 4.94 5.31 5.31
0.1 2.54 3.19 3.82 4.20 4.20
0.2 1.69 2.09 2.49 2.84 2.84
0.3 1.41 1.73 2.05 2.35 2.39
0.5 1.19 1.46 1.72 1.97 2.06
0.7 1.11 1.34 1.58 1.81 1.94
1.0 1.05 1.27 1.49 1.71 1.86
2.0 1.02 1.22 1.42 1.63 1.84
3.0 1.02 1.22 1.42 1.62 1.87
5.0 1.03 1.22 1.42 1.62 1.92
7.0 1.03 1.23 1.43 1.63 1.95

10.0 1.04 1.24 1.44 1.63 1.99
20.0 1.05 1.25 1.44 1.64 2.06
30.0 1.05 1.25 1.45 1.64 2.10
50.0 1.05 1.25 1.45 1.64 2.14
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10.3 � LET

LET stands for linear energy transfer. The concept of LET is defined by ICRU 
Report 16 (1970). It is denoted by LΔ, which is the same as the restricted stop-
ping power for the energy transfer less than Δ.

	

d
d

L
E
l

= 	 (10.6)

in which dl is the path length of the particle, and dE is the mean energy loss 
less than the cutoff energy Δ. The L∞ means the ordinary stopping power. 
L without ∞ means L∞. Although not included in the present definition, 
another LET, Lr, other than LΔ has been considered that restricts the position 
of energy deposition. This quantity is defined as the energy deposited in a 
cylinder with the radius r and the length dl centered on the particle path.

	

d
dr

r

L
E
l

= 	 (10.7)

It is easy to evaluate LΔ using the analytical equations ((10.3) and (10.4)); 
however, it is difficult to measure it directly. Figure 10.2 shows the ratio of 
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FIGURE 10.2
Ratio of energy restricted stopping power LΔ to unrestricted stopping power L∞ for the proton 
energies 1, 10, and 100 MeV as a function of cutoff energy D.
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LΔ to L∞ as a function of Δ for various energies of protons. Analytical calcula-
tions are difficult for Lr, but the measurement is basically possible by putting 
the cylindrical gas ionization chamber in place. Further analyses are given in 
Section 18.5.

10.4 � Summary

	 1.	Some of the secondary electrons generated by ionization are energetic. 
Those called δ-rays form an independent track of the primary electron.

	 2.	The concept of macroscopic and averaged stopping powers cannot 
be applied to the absorbed dose in the target the size of μm or nm.

	 3.	Restricted collision stopping powers are defined as the energy trans-
fer caused collision not exceeding the cutoff Δ.

	 4.	Linear energy transfer (LET) is the same as the restricted stopping 
power. The notation is LΔ.

QUESTIONS

	 1.	What is the condition for normal ejection of secondary electrons 
from a high-energy ion’s path?

	 2.	Explain why the restricted stopping powers for a 50 keV proton are 
the same for the cutoff energy Δ = 100 eV, 1 keV, 10 keV, and ∞. Why 
does the difference become larger when the proton energy increases?

	 3.	What is the condition of using d
d
E
x( )ρ  for dose calculations in a target 

volume?
	 4.	Give reasons why absorbed dose calculated using the approach 

given in Question 3 deviates from the measured value.
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