Chapter Il : Electric Potential

2-1 Circulation of the electric field- work of the electrostatic force:

In mechanics, we have defined the elementary work dW of a force F along an

infinitely small path MM ' by the scalar product:
dW =F .dl = F dlcos® A "
E)
The total work is given by following curvilinear e }.J
integral: ",,.-
2. "
. !
Al

In electrostatic the force is electric between.Q and q:

F:KQrfﬁ=qE(M)

the elementary work related to,this force is
- —F - —F
dW = F.dr =q E dr

The total work :
B - —F
Wag =g Edr=gq E.dr
A

Replacing F, we get for thetthe elementary work

=S




We also can write :

B 1
Waig = [ dW = KQgq / —dr
A T

} 1 1
= KQg¢(———)
ra Tm
= q(Va—Vs)

'V, — Vg s known as the difference between points A and B
Va and Vgare the potentials at A and B.

If we choose as reference the potential at infinity is zero, the potential of a point charge
Qis -
KQ

T

V =
The units of the potential is the Volt V

Remarks :

1. This circulation depend on theinitial and the final point.

2. This circulation is conservative: it doesnot depend on the followed path.

3. The circulation of the electrostaticfield on aclosed curve (we return to A) is zero.
4. From the above relationship, along a field line, that is to say for E-di >0

we have V(A)>V(B). The lines of\ electrostatic fields go in the direction of the
decreasing potentials.

2.2 Case of h' charges:

In the presence of several qi charges, the electrostatic field is the sum of the electric
potentials produced by each charge q;:

VM) = SV

i=1

I gq,
— + VY

4.?&.‘“ r

V(M) = z

i=1

Where ri is the distance between the charge gi and the point M.



Example: a 1 uC point charge is located at the origin and a -4

uC point charge 4 meters along the +x axis. Calculate the
electric potential at a point P, 3 meters along the +y axis.

“y
Vp=kzi=k(q—'+q—2J
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2-3 Case of a distribution of charges:

For linear A, surface o and volume p charge distributions; we obtain respectively:

V(M) =— ) -l A = dO/dl
4 e, r
1 prodS
V(M) = c = dQ/dS
4te, ‘Jf r ©
l ™ ff’?} = fV
4te, r
2-4 Relation between field and potential:
Since Edl =—dVv , dl =dxi + ffy__; + (fz_kh
and dV = ﬂdx + ﬂdy + ﬂdz
ax ady oz
We get Ex:_@_;/ Ey=—€—V Ez=—6ﬁV
Ox Oy oz

As a result, the electric field intensity is the gradient of V

E=-gradV




The negative sign shows that the direction of E is opposite to the direction in which V
increases.

2-4-1 Potential Energy:
We have seen that :
B B
W=[F.dl = g[Edl =q(V,~V;)
A

4
WAB ZQ(VA _VB)

The potential energy of a point charge placed in an external field is defined as the
work of the electrostatic force acting on the charge, for a displacement of the latter
from the point M, where it is located and where the potential is Vv, at a reference point
R, where the charge is no longer subject to the action of.the external field.

At this point, the potential is zero: Vr =0, we have:

R
Ep, M) = [ F.dl = jEd = gy — V)
M M
The unit of Epis the Joule [Ep] =J

Example: how much work is required to bring a +3 uC point

charge from infinity to point P?

- 0
Wextemal = q3 (VP _x)
q3 * P
i W, e = 3%107° (—4.2x10°)
P 4m .qv i
4 W, .., =—1.26x107J

The work done by the external force was negative, so the work done by the electric field was
positive. The electric field “pulled” q5 in (keep in mind q, is 4 times as big as q;).
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2-5 Topography of the field and electrical potential
Equipotential surface.

A virtual surface composed of points with the same electric potential is called an
equipotential surface.

The work necessary to carry an electric charge, q, a small distance, dr, on an
equipotential surface is zero from the equation of work.

Since this work is given by q E dr, we have

AV =—E . dl =— E MM'=0

That is, E vector is normal to the equipotential surface. This can also e expressed by
saying that the electric field lines are normal to the equipotential surface.

— =
B, B
1
Example:
positive electric charge pair of positive and negative charges
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2-6 Electrostatic flow-Gauss Law :
2-6-1 Flow of a vector through a surface:

At any point in space the field E is defined, in particular at all points of a surface S.
Where S is A real or fictitious surface can be considered as consisting of a large
number of elementary surfaces ds.

We call the flow of the electrostatic field E, produced
by a charge, through any elementary surface dS
oriented, is by definition:

dd = E-dS

Where

dS =dS 7

J1  is a unit vector normal to the surface dS.

The total flow is given by: P = f{ff . {TS‘
5

2-6-2 Gauss Law:

The total electric flow is the Integral of the electric field (E) over a closed surface
(S) and equal the total enclosed charge (Q) divided by the permittivity of free space

(€0)-

@:ffE-I;: %

]

-Physical Meaning: The total outward electric flow through any closed surface is
proportional to the net charge enclosed by that surface.

-Gauss' theorem is used to calculate the electric field for charge distributions.
-General method:

-Finding the closed surface.

-Writing the definition of the flow.

Applying the Gauss theory.
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2-6-3 Example :

We consider a sphere with center O and radius R, charged with a surface distribution
of charges o. This distribution having a spherical symmetry

Calculate the resulting electrostatic field and potential in
all space. We take V(«)=0.

draw the graph E(r) and V(r).
Solution:
1-The field :

From the Gauss theory, we have :

O=JpE-dS- 9€£E(F)d5 = E(r)4mr?
A%

Case r<R
Qine =0=E{ =0
Case r>R
dq = ods = Q;,; = 0s = o4mR?

Therefor: cATR2 oRZ
EE 4‘?1-?'2 — = Ez — >
Ep EgT

2-The potential:
Case r<R E‘l =0 = vy = Cl
Case r>R ocR2 oR2 - dr oR2

E, = = v, = — = + C
2 £oT? 2 Eq re EqT 2

Calculating of the constants:
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E(r) 5 ' VO

oR
€0,

Laplace and Poisson equations
Let S be a closed surface containing a yolume density p, from the Gauss theory, we

have :
b — [[ _ [[f dr Oint
(S) £0 'r} €0

This expression constitutes the integral form of Gauss' theorem.
The divergence theorem (Green-Ostrogradsky) also allows us to write:

—_ —
ff . dS = ff div E dr
T

From these relations, we deduce the following local form for Gauss' theorem:

div E = 2
£0

Note: If there is no charge "\:} . E = ().

From'the precedent local form of Gauss' theorem and from the relation between the
field and the potential, £ — —%/ 1/ , we obtain, in the presence of charges, the
Poisson equation:

V- E=pleg = -V -VV=plegg = AV +p/eg=10
In the absence of charges, Laplace's equation:

AV =0
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2-8 Electric Dipole

An electrostatic dipole is a system of two point electric charges, +gq and —q located at
a distance d=2a very small compared to the distance r.

Molecules such as HCL,CO,H20,CO2 constitute examples of electrostatic dipoles.

3%

A Ty

S\

Ai-'— 2B s

(-qy O “(q) z
-—

Definition: we call the electric dipole moment the'quantity p = qd i=2aqi

The unit of the electric dipole moment.is C.m
2.8.1 Potential of a dipole

We h
& nave ViM)=V, (M) + V_ (M)
- ™y
_ _a | U
dne, | 1y r_
/ ™
__4 r- — Iy
Adme, \ 1, 1_ )
With r+ =MA and r- =MB
o a
As: AL A 2;~—|—Ecos6' JMB’"_“’?"—ECGSH

Consequently: MB - M.A ~ },.2

The potentialis given by: g3y _ pcost
4me
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where p=q.d is the magnitude of the electric dipole moment.
2.8.2 Field of a dipole

The relationship between field and potential is,  JJ = — E dl

In polar coordinates :

dV =—(E, dr + E, rdé‘):[aV] dr—!—{a—VJ do

I C

0V 2Kpcos?0

This gives

E, = -
ar 7o
10V Kpsm#f

Ee} = ————
r 06 i

2.8.3. Interaction between an external field and the dipole

If we place a dipole, with electric moment p, in an external uniform field Eo, the
charges, which constitute it, are subjected to equal forces and opposite.

The dipole is subjected to a moment couple

with respect to o. (+q)

The charges, which constitute it, are subject to opposite and equal forces.
Fy = —F5 =qkEy
The dipole then undergoes the action of a torque of magnitude:

L = F.d.sinf
= q.Epd.sinéf
= p.Eg.smné@

In vector form:

This torque rotates the dipole to align it parallel to the external field.
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2-9 Interaction energy:

The potential energy of a dipole, placed in an E field, is calculated by adding the
potential energies of each charge:

E,=q (Vo —V_)=q AV
With :

For 8=0 The energy is minimum —Stable equilibrium position.
For 6=l The energy is maximum — instable equilibrium position.
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