Symmetries and conservation laws

In this section, it will be assumed that the Lagrangian density does not depend explicitly on (x,).
It will also be assumed that the equations of motion (and hence the action) remain unchanged

during an infinitesimal (continuous) transformation defined by,

{ ¥ T X = X 0%y (3.1)
¢(xp) — @ (x) = P(xu) + ¢ (xy)
with,
Xy — position spatio-temporelle (coordonnées)
dx, — variation infinitisimale (deplacement l'espace et dans le temps)
¢(x,) — champ scalaire (variable)
d¢(x,) — variation de phase (dtie a une rotation)
3.1 Example of transformation
3.1.1 Space-time transformation
A space-time transformation is defined by
{ Xy — x;, =xy+a,, (ay=20dxy) (3.2)
P(xu) — ¢ (x,) = p(xu) , (0p(xu) =0)
Where a, represents the quadri-vector displacement in space-time.
According to the infinitesimal transformation given in equation (3.2),
¢ (xy) = ¢ (xu +ay) = ¢(xy) (3.3)
therefore;
¢ (X +ap) = p(xy) (3.4)
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3.1.2 Global phase transformation (¢(x,) # ¢*(x,))

This transformation is given by,

xy—>xl =x,, (0x,=0)
R e (35)
P(xu) — ¢ (x,,) = p(xp) + 0¢(xu) = e W p(xy)
Where theta(x,) is a real scalar.
According to the infinitesimal transformation given in equation (3.5),
¢ (1) = ¢ (1) = 9(xp) + () = e M Wp(y) (3.6)
therefor,
¢ (x) = " (x,) (37)
3.1.3 Local phase transformation (¢(x,) = ¢*(x,))
This transformation is given by,
Plxn) — ¢ (x) = Px) +09(x) = e P p(xy) '
Where theta(x,,) is a real scalar.
According to the infinitesimal transformation given in equation (3.8),
¢ (x,) = ¢ (1) = 9(xy) + () = e~ Wp(y) (3.9)
therefor,
9" (x) = M1 (x,) (3.10)

3.2 Noether’s theorem

3.2.1 Statement

For any continuous transformation of the action S, there is a current ], satisfying the equation

duJu =0 (3.11)
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This implies that there is a self-preserving charge, defined by
Q= / 0 dx (3.12)

3.2.2 Demonstration

The equations of motion are said to be invariant if the action S is stationary.
65=8 —-5~0 (3.13)

We have
5= / B L(¢,0,9) = S = / i L(9,3,0) (3.14)

Given £ = L(¢,9,¢) (Where the Lagrangian density does not have explicit dependence on x,,).

Let us consider infinitesimal transformations of the form,

{ Xy — Xy = X+ 0%y (3.15)
¢(xu) — ¢ (x,) = p(xu) +6¢(xu)
where

5p(x) = ¢ (x') — p(x) (3.16)

The symbol d¢(x,) represents the variation of the field due to both the transformation of the field
(variable) and the transformation of the coordinates (x).
Thus, the change at a specific point in 4-dimensional space is determined by

! !

bop(x) = ¢ (x) — p(x) , pour ¥ = x (3.17)
The relationship between the spacetime derivatives is expressed by
dx' = [1+9,,(6x,)]d*x (3.18)

Let’s now examine the relationship between the field variation at two different points ¢ and the
tield variation at a fixed point é,¢.
The variation of the field at two different points is given by

3p(x) = ¢ (x) —p(x) = ¢ (x) — ¢ (x) +¢ (x) — p(x) (3.19)



5p(x) = ¢ (x) + (0u)oxy — ¢ (x) + Sop(x)

with

/ ! ! !/

¢(x)=¢ (xpt + 5xﬂ) =¢ (xy) + (0v)dx, = (,b/(x) + (dvp)doxy

Therefor,
Sp(x) = So¢p(x) + (vp)dxy

Let us calculate the term 8;44)'

We have
0

!
axy

! ! !

D, (x) = 0,,(¢p + 5p) =

(¢ +6¢)

a axy - a axV
oxy 8x’y (¢+09) = oxy (¢ +99) ax'ﬂ

We have also

!/
X, = Xy +0xy = xy = X, — 0xy

Therefor ,
My 9 (om)
S I
Finally, we get
ox

I3
By substituting the equation (??) into equation (3.23), we obtain
roor, axv

d
ay‘P (x) = ach((PJr(sqb)ax;l

_ (a_‘P + i(a@) (6 — 9u(6%y))

dx, Oxy

= (dvp + v (9)) (5141/ - ay (0xy))

= (81/47)‘5;!1/ - (BV¢>ay(5xV) + aV(&P)(syv - BV((S‘P)aV (6xv)
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(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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0,9 (x) = (3,9) — (3u)2yu(0%,) + . (59) (3.32)

The term 9, (d¢)d, (0x,) is neglected, as it is a higher-order term.
The Lagrangian density does not explicitly depend on x,,, which implies that £ = L(¢,9,¢).
Therefor,

L($,3,9) = L(P+ ¢, (3up) — (2v)Dy(5x,) + 3u(69)) (3.33)
oL oL
= L90u0) + 5000 + 55 5 Pu(09) — (0,2 03] (334)
we get
!/ !/ / a£ aE

,0 ,0 5 u(d Ay )9y (dxy 3.35

By substituting the equation (3.18) into the equatlon (3.13), one arrives at the following result
5S = / iy L(g,9,9) - / dx L(,3,) ~ 0 (3.36)
_ / [1+ 3, (3x,)]d*x £(¢, ), /d4x£ $,dup) 0 (3.37)
5S = / £(9,9,9)) — L($,3u) + u(5x,) L]d*x = 0 (3.38)

Let us calculate the following term: £(¢, 8ﬂ<p ) — L(¢,0,9)

A 8£ oL oL

L9 9u) = £(9,0u9) = L{P,9up) + 5500 + 3 300,4) " Iu(69) — (u¢)( v$)0u(0xy) — L(¢, )

N oL oL oL

L(¢,0,¢)— L($,0up) = % ¢+Way(5¢) 30 ”4))( v) 0y (0xy) (3.39)

According to the Euler-Lagrange equations,

oL oL
oy =0
a (a(a;@))

oL oL
5%~ (55.9) (3.40)

then
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We have also

s (559 525 ) g

o (0u¢) (9ugp)

Therefor ar ar ar
=0,y (0p) =0y | =0 | — 0, [ ==~ )0 3.41
3(0,9) 107 = 21 (a@wp) ) -2, (a<au¢>> ¢ (34D

By replacing equations (3.40) and (3.41) in equation (3.39), we obtain

! ! !/

20604~ 203000 =34 (555 ) 9930 (555190) =20 (5597 ) 20 5357 B30l

uP) W) 9(9ue 9(9ue)
! ! ! - a;C aﬁ x

(‘P aycp) (4)/8144)) - a ( ( H‘P)5¢) ( V‘P)( V‘P) (5 1/) (3~42)

We have
0 = 6o + (0vp)dxy
Then
oL oL
o (a5,77%) =2 (33 o0 + G105
oL

o (525 00) =5 (2 00) 13, (2 o) o

Let us calculate the term 9, ( ( $) (5x1,)>

e [ ac ey 0L %)+ —2F x
0, (50506 ) =3 (5057 ) Gt (om) + 5355 (0u) (65 + 5 250,909, 5

By neglecting higher order terms, one can find

oL

2n (33,07 @0 (Ex0) ) =00 (5557 ) G0 + 555

v oxy 3.44
(9 A )( ¢)ou (6xv) (3.44)

Therefor

Q)

% (a(‘;f@w)za ((af¢)5o¢) (5 )(av¢><5xv>+(?,f¢)<avq>)ay (6v,)  (3.45)



By inserting equation (3.45) into equation (3.42), we get

!/ ! !

oL oL
£, 3,9) — £(p0up) = (( 4,)5q>) gy Pu)2uln)

Y oL BV ek
=0 (35, + 2 (3,97 0050 + 550500030 030 — 505 G

oy d(du

So,

/! ! !

L0000~ L0 20) = 0 (555500 )+ (555 ) @) (ex)

Calculating the term 0, ( 30,9) ) (0vp) (Oxy):

S (W) Qug)(E30) = 50 (Qup)(0) = 5 =5 15 o,
oL Oxy oL _
= o, 90w, 0% = o, w0y = Ok 0%y

Finally, we get

/ ! !

oL
L¢,9.0) — L(9,3u) = 2y (Ww) £ 9,L 6%,

The variation of the action in the equation (3.38) becomes

oL
5S = / [a ( 5 ;4<P)5°¢> +3,L 5%, + 9y (m)c] dix ~ 0

We have

55:/{8 ( (a‘fq)) ¢>+ay(£5xy)} dx =~ 0

65 = [ 9, [( )+£5x4d4x~o

oL
= o [8( o)

Then,

o¢+£5xV:| =0
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(6xy)

(3.46)



The final equation can be expressed in the following form

with
oL

U TEND

== 00¢ + L x, — Courant de Noether

3.3 Energy-Momentum Tensor of the scalar field
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Since the Lagrangian density £ does not explicitly depend on the four-position vector x,, its

derivative with respect to x, is as follows

Therefor

oL

We have,
oL oL o¢ oL 9(dy¢)

9x, 0P dx,  0(d,9) 0x,

According to the Euler-Lagrange equation, we have

%_a<ac ):0 _ L a<a£> pour  H—v
ap " \9(d,9) 9 " \9(3,9)

aﬁ oL oL
a"(a<av¢>) WP F 3,9y 1 (09)

ay (dvp) = 9y (aH‘P)

0L =

Therefor,

By setting,

we found that,

9,L =2, <a(?9f4>)) 0ud + (a£¢) (9up) = 9y (E)(g—ib)a”qb)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)



The expression 9, L can also be represented in the following way:

o _acox,

ayﬁ_ﬁ_ 9xy 9xy,

= (L) b = 9y (L)

Comparing equations (3.53) and (3.54), we can see that

0,L =09y (a(?)—z))aw) =9y (L)
Therefor,
dy (%awp - E(SPV) =0
Now, if we replace v by u
oy (%a@ — Eéw) =0

The letter can be rewritten in the following form,

oL
I3

The tensor Ty, denotes the energy-momentum tensor of the scalar field.
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(3.54)

(3.55)

(3.56)

(3.57)

(3.58)



