Djilali BOUNAAMA University of Khemis Miliana Acadimic year : 2023 — 24
Faculty of Science and Technology Level : 1% year LMD

Department of Mathematics and computer science Module: Algebra 2

Series 2: Linear maps

Exercise 1. Let f: R* — R3 be the map defined for any v = (x,y, 2,t) € R? by :

flzyy,z,t) = (z+y,z+t,x+y+2z+1)

1. Prove that f is a linear map.
2. Determine a basis of ker(f).
3. Determine a basis of Im(f).

Exercise 2. Let u : R® — R3 the map defined by:
u (1, g, x3) = (=221 + 4oy + 4y, —21 + T3, —211 + 429 + 423)

1. Prove that w is linear.
2. Determine a basis of ker(u) and a basis of Im(u).

3. Do we have ker(u) @ Im(u) = R?® ?

Exercise 3. Let 8 = {ey, €2, e3} be the canonical basis of R?. Let u be an endomorphism of R?
defined by :

u(er) =2e; +ex+3es; u(ea) =ex—3es;  u(ez) = —2eq + 2e;.

1. Let x = (w1, 29, 73) € R® a vector. Determine the image by u of the vector z. (Calculate
2. Let E = {r e R® u(xr) =22} and F = {z € R} u(z) = —x}. Prove that £ and F are
subspaces of R3.

3. Determine a basis of E and a basis of F'.
4. Dowe have E@ F =R3 ?

Exercise 4. Let 8 = {e1, €2, e3} be the canonical basis of R3. Let f: R* — R3 be a linear map
such that :

1 2 2 1
f (61) = _gel + 562 + §€3 = § (—61 + 262 =+ 263) ,
2 1 2 1
fle2) = 561 - 562 + 363 =3 (2e7 — €2 + 2e3) and
2 2 1 1
f (63) = —e1+ =€y — —€3 = — (261 + 262 — 63) .

3 3 3 3
Let £ ={ueR®| f(u) = —u} and E; = {u € R®| f(u) = u}.
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1. Prove that E_; and E; are subspaces of R3.

o

Demonstrate that e; — ey and e; — e3 are belong to £_; and that e; + ey + e3 is belong to
Ey.

What can we deduce about the dimensions of £_; and E; ?

Determine E_; N Ejy.

Do we have E_; @ F; =R3 ?

Calculate f?2 = f o f and deduce that f is bijective and determine f~*.
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Exercise 5. Let 3 = {e1,e2} be the canonical basis of R?. Let u an endomorphism of R? so
that u (e1) = e; + eo with dim(ker(u)) =1

1. Determine u (e2) depending on a parameter a € R.

2. Determine the image of a vector x = (z1,x2) € R depending on a.

3. Determine a basis of the kernel ker(u).

Exercise 6. Let f: R* — R be the map defined for any = = (21, 79, 23, 74) € R? by:

fx) =21+ 22 + 23+ 24

Let 8 = {ey, e, €3, €4} be the canonical basis of R*.
1. Calculate the images of vectors of the canonical basis by f. Deduce the dimension of

m(f).

2. Determine the dimension of ker(f) and give a basis for it.

Exercise 7. Let f: F — F' be a linear map. Prove that:

ker(f) Nim(f) = f (ker (fg)) .

Exercise 8. Let u be an endomorphism of a vector space E on a field k.
1. Prove that ker(u) C ker (u?).
2. Prove that Tm (u?) C Im(u).

Exercise 9. Let u be an endomorphism of a vector space E on a field k.
Show that the following assertions are equivalent
(i) ker(u) Nim(u) = {Og} .
(ii) ker(u) = ker(u o u).




