Basic Definitions and Resulis

The axioms for a group are short and natural. . .. Yet somehow hidden
behind these axioms is the monster simple group, a huge and
extraordinary mathematical object, which appears to rely on numerous
bizarre coincidences to exist. The axioms for groups give no obvious hint
that anything like this exists.

Richard Borcherds, in Mathematicians: An Outer View. ...

The one thing I would really like to know before I die is why the monster
group exists.

John Conway, in a 2014 interview on Numberphile.

Group theory is the study of symmetries.

Definitions and examples

DEFINITION 1.1 A group is a set G together with a binary operation
(a,b)—>a*xb:GxG—G

satisfying the following conditions:

G1: (associativity) for all a,b,c € G,
(axb)xc=ax(bx*c);
G2: (existence of a neutral element) there exists an element e € G such that
axe=a=exa (D

foralla € G;
G3: (existence of inverses) for each a € G, there exists an a’ € G such that

axa' =e=a"xa.
We usually abbreviate (G, *) to G. Also, we usually write ab for a b and 1 for e; al-
ternatively, we write a + b for a * b and O for e. In the first case, the group is said to be

multiplicative, and in the second, it is said to be additive.
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8 1. BASIC DEFINITIONS AND RESULTS

1.2 In the following, a, b, ... are elements of a group G.

(a) An element e satisfying (1) is called a neutral element. If ¢’ is a second such element,
then ¢’ = e x ¢’ = e. In fact, e is the unique element of G satisfying x * x = x (apply
G3).

(b) If bxa =e and a *c = e, then

b=bxe=bx(axc)=(bxa)xc=ex*xc=c.

Hence the element a’ in (G3) is uniquely determined by a. We call it the inverse of a,
and denote it a~! (or the negative of a, and denote it —a).

(c) Note that (G1) shows that the product of any ordered triple a;, as, as of elements of
G is unambiguously defined: whether we form aja» first and then (a1az)as, or azas
first and then aq(azas3), the result is the same. In fact, (G1) implies that the product of
any ordered n-tuple ay, as,. .., a, of elements of G is unambiguously defined. We
prove this by induction on z. In one multiplication, we might end up with

(ay---aj)(@j+1--+an) 2

as the final product, whereas in another we might end up with

(ay-+-aj)(aj+1---an). 3)

Note that the expression within each pair of parentheses is well defined because of the
induction hypotheses. Thus, if i = j, (2) equals (3). If i # j, we may suppose i < j.
Then

(a1-+-ai)(@it1--an) = (@1--a;) ((@i1--a;)(@j+1---an))
(a1---aj)(aj+1---an) = ((@1--ai)(@it1--a;)) (@j+1--an)

and the expressions on the right are equal because of (G1).
(d) The inverse of ajas---ay is a;la;_ll -~-a1_1, i.e., the inverse of a product is the
product of the inverses in the reverse order.

(e) (G3) implies that the cancellation laws hold in groups,
ab=ac = b=c, ba=ca = b=c

(multiply on left or right by a=1). Conversely, if G is finite, then the cancellation laws
imply (G3): the map x — ax: G — G is injective, and hence (by counting) bijective;
in particular, e is in the image, and so a has a right inverse; similarly, it has a left
inverse, and the argument in (b) above shows that the two inverses are equal.

Two groups (G, *) and (G, %) are isomorphic if there exists a one-to-one correspon-
dence a <> d’, G <> G', such that (a *b) =a’ %' b’ forall a,b € G.

The order |G| of a group G is its cardinality. A finite group whose order is a power of a
prime p is called a p-group.

For an element a of a group G, define

aa---a n >0 (n copies of a)
a"=14 e n=0
ala7l--.a¥ n<0 (|n]copiesofa=l)
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The usual rules hold:
aa" =a™t" (@™ =a™, allm.n€Z. 4

It follows from (4) that the set
nelZla" =e}

is an ideal in Z, and so equals mZ for some integer m > 0. When m = 0, a” # e unless
n =0, and a is said to have infinite order. When m # 0, it is the smallest integer m > 0
such that a™ = e, and a is said to have finite order m. In this case, a~! = a™!, and

a" =e < mjn.

EXAMPLES

1.3 Let Co be the group (Z, +), and, for an integer m > 1, let Cy, be the group (Z/mZ,+).

1.4 Permutation groups. Let S be a set and let Sym(S) be the set of bijections o: S — S.
We define the product of two elements of Sym(S) to be their composite:

aff =aop.
In other words, (¢f)(s) = a(B(s)) forall s € S. For any o, 8,y € Sym(S) and s € S,
((@op)oy)(s) = (aop)(y(s)) = a(B(y(s)) = (@o(Boy))(s), &)

and so associativity holds. The identity map s > s is an identity element for Sym(S), and
inverses exist because we required the elements of Sym(S) to be bijections. Therefore
Sym(S) is a group, called the group of symmetries of S. For example, the permutation
group on n letters S, is defined to be the group of symmetries of the set {1,...,n} — it has
order n!.

1.5 When G and H are groups, we can construct a new group G x H, called the (direct)
product of G and H. As a set, it is the cartesian product of G and H, and multiplication is
defined by

(g.m)(g". 1)) = (gg'.hl).
1.6 A group G is commutative (or abelian)' if

ab=ba, alla,bed.

In a commutative group, the product of any finite (not necessarily ordered) family S of
elements is well defined, for example, the empty product is e. Usually, we write commutative
groups additively. With this notation, Equation (4) becomes:

ma+na=(m+n)a, mma)=mna.
When G is commutative,

m(a+b) =ma+mb form eZanda,b € G,

l«Abelian group” is more common than “commutative group”, but I prefer to use descriptive names.
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and so the map
(m,ay>ma:ZxG—> G

makes G into a Z-module. In a commutative group G, the elements of finite order form a
subgroup Gyos of G, called the torsion subgroup.

1.7 Let F be a field. The n x n matrices with coefficients in F' and nonzero determinant
form a group GL,, (F) called the general linear group of degree n. For a finite-dimensional
F-vector space V, the F-linear automorphisms of V' form a group GL(V') called the general
linear group of V. Note that if V' has dimension #n, then the choice of a basis determines an
isomorphism GL(V') — GL, (F) sending an automorphism to its matrix with respect to the
basis.

1.8 Let V be a finite-dimensional vector space over a field F'. A bilinear form on V is a
mapping ¢: V x V — F that is linear in each variable. An automorphism of such a ¢ is an
isomorphism «: V' — V' such that

¢(av,aw) = ¢(v,w) forall v,w € V. (6)
The automorphisms of ¢ form a group Aut(¢). Let {e1,...,e,} be a basis for V, and let
P = (¢(ei,ej))1<i,j<n

be the matrix of ¢p. The choice of the basis identifies Aut(¢) with the group of invertible

matrices A such that?
AT.P.A=P. (7

When ¢ is symmetric, i.e.,
¢(v,w) =¢(w,v)allv,weV,

and nondegenerate, Aut(¢) is called the orthogonal group of ¢.
When ¢ is skew-symmetric, i.e.,

o(v,w) =—¢(w,v)allv,w eV,

and nondegenerate, Aut(¢) is called the symplectic group of ¢. In this case, there exists a
basis for V' for which the matrix of ¢ is

(0 Iy _
sz—(_lm 0), 2m =n,

2When we use the basis to identify ¥ with F”, the pairing ¢ becomes

aj by by
(;),(;)H(al ..... an)-P-(;).
an b b

ap aj
If A is the matrix of o with respect to the basis, then « corresponds to the map ( : ) — A ( : ) .Therefore,

an

a.n
(6) becomes the statement that

by by ai by
(at,....an)-AT-P-A-| - | =(@i.....an)-P-| - | forall ) ;)EF".
b.n b.n a.lz b.n

On examining this statement on the standard basis vectors for F”, we see that it is equivalent to (7).
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and the group of invertible matrices A such that
AT TomA = Jom

is called the symplectic group Sp,,,.

REMARK 1.9 A set S together with a binary operation (a,b) +>a-b: S xS — S is called a
magma. When the binary operation is associative, (S, -) is called a semigroup. The product

[MAE ay-ay

of any sequence A = (a;)1<;<n Of elements in a semigroup S is well-defined (see 1.2(c)),
and for any pair A and B of such sequences,

1A ITB) =T1(AUB). (®)

Let @ be the empty sequence, i.e., the sequence of elements in S indexed by the empty set.
What should [ [ @ be? Clearly, we should have

(1914 =TT@uA) =14 =]1(400) = (1A I19).

In other words, [ should be a neutral element. A semigroup with a neutral element
is called a monoid. In a monoid, the product of any finite (possibly empty) sequence of
elements is well-defined, and (8) holds.

ASIDE 1.10 (a) The group conditions (G2,G3) can be replaced by the following weaker conditions
(existence of a left neutral element and left inverses): (G2') there exists an e such that e xa = a for
all a; (G3') for each a € G, there exists an @’ € G such that @’ * a = e. To see that these imply (G2)
and (G3), leta € G, and apply (G3') to find ¢’ and a” such that @’ *a = ¢ and a” *a’ = e. Then

axa' =ex(axa)=(a"xa")x(axa")=a"*((a'xa)xa’) =a"*ad" =e,

whence (G3), and
a=exa=(axd)xa=ax(a xa)=axe,

whence (G2).

(b) A group can be defined to be a set G with a binary operation * satisfying the following
conditions: (gl) * is associative; (g2) G is nonempty; (g3) for each a € G, there exists ana’ € G
such that a’ % a is neutral. As there is at most one neutral element in a set with an associative binary
operation, these conditions obviously imply those in (a). They are minimal in the sense that there
exist sets with a binary operation satisfying any two of them but not the third. For example, (N, 4)
satisfies (g1) and (g2) but not (g3); the empty set satisfies (g1) and (g3) but not (g2); the set of integers
with m xn = m —n satisfies (g2) and (g3) but not (g1).

Multiplication tables

A binary operation on a finite set can be described by its multiplication table:

e a b ¢
ee ea eb ec
ae a* ab ac
be ba b?> bc
ce ca cb c?

o Q8
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The element e is an identity element if and only if the first row and column of the table
simply repeat the elements. Inverses exist if and only if each element occurs exactly once
in each row and in each column (see 1.2¢). If there are n elements, then verifying the
associativity law requires checking n3 equalities.

For the multiplication table of S3, see the front page. Note that each colour occurs
exactly once in each row and and each column.

This suggests an algorithm for finding all groups of a given finite order »n, namely, list
all possible multiplication tables and check the axioms. Except for very small #, this is not
practical! The table has n? positions, and if we allow each position to hold any of the n
elements, then that gives a total of nn’? possible tables very few of which define groups. For
example, there are 8%4 = 6277101 735386680763 835789423207 666416102355 444 464
034512896 binary operations on a set with 8 elements, but only five isomorphism classes of
groups of order 8 (see 4.21).

Subgroups

PROPOSITION 1.11 Let S be a nonempty subset of a group G. If

S1: a,beS — abe S, and
S2: aeS = ales,

then the binary operation on G makes S into a group.

PROOF. (S1) implies that the binary operation on G defines a binary operation S x S — S
on S, which is automatically associative. By assumption .S’ contains at least one element a,
its inverse ¢!, and the product e = aa~!. Finally (S2) shows that the inverses of elements
in S liein S. o

A nonempty subset S satisfying (S1) and (S2) is called a subgroup of G. When S is
finite, condition (S1) implies (S2): let a € S; then {a, az,.. .} C S, and so a has finite order,
say a” =e;nowa ! =a" ! € S. The example (N, 4) C (Z,+) shows that (S1) does not
imply (S2) when S is infinite.

EXAMPLE 1.12 The centre of a group G is the subset
Z(G)={geG|gx=uxgforall x € G}.

It is a subgroup of G.

PROPOSITION 1.13 An intersection of subgroups of G is a subgroup of G.

PROOF. It is nonempty because it contains e, and (S1) and (S2) obviously hold. o

REMARK 1.14 It is generally true that an intersection of subobjects of an algebraic object
is a subobject. For example, an intersection of subrings of a ring is a subring, an intersection
of submodules of a module is a submodule, and so on.

PROPOSITION 1.15 For any subset X of a group G, there is a smallest subgroup of G
containing X . It consists of all finite products of elements of X and their inverses (repetitions
allowed).
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PROOF. The intersection S of all subgroups of G containing X is again a subgroup con-
taining X, and it is evidently the smallest such group. Clearly S contains with X, all finite
products of elements of X and their inverses. But the set of such products satisfies (S1) and
(S2) and hence is a subgroup containing X . It therefore equals S. O

The subgroup S given by the proposition is denoted (X ), and is called the subgroup
generated by X . For example, (@) = {e}. If every element of X has finite order, for example,
if G is finite, then the set of all finite products of elements of X is already a group and so
equals (X).

We say that X generates G if G = (X)), i.e., if every element of G can be written as a
finite product of elements from X and their inverses. Note that the order of an element a of
a group is the order of the subgroup (a) it generates.

EXAMPLES

1.16 The cyclic groups. A group is said to be cyclic if it is generated by a single element,
i.e.,if G = (r) for some r € G. If r has finite order n, then

G={err?. . .rmYaC, ri<i modn,

and G can be thought of as the group of rotational symmetries about the centre of a regular
polygon with n-sides. If r has infinite order, then

G={..rt . riter..r . aCsx r <i.

Thus, up to isomorphism, there is exactly one cyclic group of order n for each n < co. In
future, we shall loosely use C;, to denote any cyclic group of order n (not necessarily Z/nZ
or 7).

1.17 The dihedral groups D,.> For n > 3, D, is the group of symmetries of a regular
polygon with n-sides.* Number the vertices 1,...,n in the counterclockwise direction. Let r
be the rotation through 277 /n about the centre of polygon (soi +—i +1 modn), and let s
be the reflection in the line (= rotation about the line) through the vertex 1 and the centre of
the polygon (soi +—n +2—i mod n). For example, the pictures

N N s

i)

r
r Lo 1 11
s = 7 <3 s=2 2«4

33

r=l=2-3-1 r=1-2->3->4->1

|
|
|
|
|
|
®
|
|
|
|
|
|
|
|

3This group is denoted D5, or D, depending on whether the author is viewing it abstractly or concretely as
the symmetries of an n-polygon (or perhaps on whether the author is a group theorist or not; see mo48434).

4More formally, D, can be defined to be the subgroup of S, generated by r:i > i + 1 (mod 1) and
s:i = n+2—1i (mod n). Then all the statements concerning D, can proved without appealing to geometry.
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illustrate the groups D3 and D4. In the general case
M=e; s2=e; srs=r"1 (sosr=r""lg).

These equalites imply that

Dy ={e.r,...r" s rs,...r" s},
and it is clear from the geometry that the elements of the set are distinct, and so |D,| = 2n.
Let ¢ be the reflection in the line through the midpoint of the side joining the vertices 1
and 2 and the centre of the polygon (soi +— n +3—i modn). Then r = ts, because

P> n42—i ri>n+3—(n—|—2—i)=i—|—l mod 7.

Hence D, = (s,t) and

s2=e, t>’=e, (ts)"=e=(s1)".

We define Dy to be C; = {1,r} and D5 to be C, x C; = {1,r,s,rs}. The group D,
is also called the Klein Vierergruppe or, more simply, the 4-group and denoted V or Vj.
Note that D3 is the full group of permutations of {1,2,3}. It is the smallest noncommutative
group.

By adding a tick at each vertex of a regular polygon, we can reduce its symmetry group
from D, to C,. By adding a line from the centre of the polygon to the vertex 1, we reduce
its symmetry group to (s). Physicist like to say that we have “broken the symmetry”.

1.18 The quaternion group Q: Leta = (\/0_;1 “T) and b = (_‘1) (1)) Then

a*=e, a*>=0b% bab ' =a3 (soba =d’b).
The subgroup of GL,(C) generated by a and b is
0= {e,a,az,a3,b,ab,a2b,a3b}.

The group Q can also be described as the subset {41, +i, %+ j, £k} of the quaternion algebra
H. Recall that
H=RI®Ri®Rj ®Rk

with the multiplication determined by

The map i — a, j — b extends uniquely to a homomorphism H — M, (C) of R-algebras,
which maps the group (i, j ) isomorphically onto {a,b).

1.19 Recall that S, is the permutation group on {1,2,...,n}. A transposition is a permu-
tation that interchanges two elements and leaves all other elements unchanged. It is not
difficult to see that S, is generated by transpositions (see (4.26) below for a more precise
statement).
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Groups of small order

[For] n = 6, there are three (sic) groups, a group
Ce, and two groups Co x C3 and Ss.
Cayley, American J. Math. 1 (1878), p. 51.

For each prime p, there is only one group of order p, namely Cj (see 1.28 below). In the
following table, ¢ +n = ¢ means that there are ¢ commutative groups and » noncommutative
groups (up to isomorphism, of course).

|G| | c+n=t Groups Ref.
41240=2 Cyq, CyxCy 4.18
6| 1+1=2 Cs; S3 4.23
8134+2=5 Cs, CoxCyq,CoxCyxCy; Q, Dy 4.21
91240=2 Cy, C3xC3 4.18
10| 1+1=2 Cio; Ds 5.14
12 243=5 C12, C2 xCg; C2 x S3, Ag, C4 X C3 5.16
4| 1+1=2 Ci4; D7 5.14
15/140=1 Cis 5.14

16 | 5+9 =14 | See Wild 2005

18 24+3=5 C18, C3xCg; Do, S3xC3, (C3xC3)xCy

20 | 243=5 | C29,C2xC10; D10,C5xCy,{a,b|a’® = b* =c? =abc)
21 | 1+1=2 Cr1;{a.b|a®>=b" =1, ba = ab?)

22 | 1+1=2 Cr; D11 5.14

24 | 3+12=15 | groupprops.subwiki.org/wiki/Groups_of _order_24

Here (a,b|a’® = b? = c¢? = abc) is the group with generators a and b and relations a° =

b? = ¢? = abc (see Chapter 2). It is the dicyclic group.
Roughly speaking, the more high powers of primes divide #, the more groups of order n
there should be. In fact, if f(#) is the number of isomorphism classes of groups of order #,

then
f(n) < nGrro@em?,

where e(n) is the largest exponent of a prime dividing #» and o(1) — 0 as e(n) — oo (see
Pyber 1993).

By 2001, a complete irredundant list of groups of order < 2000 had been found — up to
isomorphism, there are exactly 49,910,529,484 (Besche et al. 2001).°

SIn fact Besche et al. did not construct the groups of order 1024 individually, but it is known that there are
49487365422 groups of that order. The remaining 423164062 groups of order up to 2000 (of which 408641062
have order 1536) are available as libraries in GAP and Magma. I would guess that 2048 is the smallest number
such that the exact number of groups of that order is unknown (Derek Holt, mo46855; Nov 21, 2010).
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Homomorphisms

DEFINITION 1.20 A homomorphism from a group G to a second G’ is amap «: G — G’
such that «(ab) = a(a)a(b) for all a,b € G. Anisomorphism is a bijective homomorphism.

For example, the determinant map det: GL,,(F) — F* is a homomorphism.

1.21 Let @ be a homomorphism. For any elements ay,...,a;; of G,

a(ar---am) =alai(az---am))
=a(ap)a(az--am)

= a(ar) o (am).
and so homomorphisms preserve all products. In particular, for m > 1,
a(@™) =a(a)™. )
Moreover a(e) = a(ee) = a(e)a(e), and so a(e) = e (apply 1.2a). Also
1

aa '=e=0a"'a = a(@)a@ ) =e=a@ Ha(a),

and so a(a~1) = a(a) L. It follows that (9) holds for all m € Z, and so a homomorphism of
commutative groups is also a homomorphism of Z-modules.

As we noted above, each row of the multiplication table of a group is a permutation of
the elements of the group. As Cayley pointed out, this allows one to realize the group as a
group of permutations.

THEOREM 1.22 (CAYLEY) There is a canonical injective homomorphism

a:G — Sym(G).

PROOF. For a € G, define ay,: G — G to be the map x +— ax (left multiplication by a). For
x €qG,
(apobr)(x) =ar(br(x)) =ar(bx) = abx = (ab)r(x),

and so (ab);, = ap oby. As ep = id, this implies that
apo(@ My =id=(a""poayr,

and so ar is a bijection, i.e., a; € Sym(G). Hence a — ay, is a homomorphism G —
Sym(G), and it is injective because of the cancellation law. o

COROLLARY 1.23 A finite group of order n can be realized as a subgroup of Sy,.

PROOF. List the elements of the group as ay,...,a,. O

Unfortunately, unless n is small, Sy, is too large to be manageable. We shall see later
(4.22) that G can often be embedded in a permutation group of much smaller order than n!.
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