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[. Differential equation of the wave

We call the 2" order differential equation of
the following form (1D space):

i i

—F(x,t) —a—-—=F(x,t) =0

dx? at?
the wave’s equation, and the function F(x,t)
verifying this equation (solution of the
equation) is called the wave function.
The unit homogeneity implies that:
1 mJ\?2
al|s?.m™2| > —|m?.s7%| = (v [—D
a S

This allows to rewrite the wave’s equation:

One can deduce that v represent the

propagation velocity of the wave.

In 3D space, the wave’s equation can be

generalized:
62

, , vzz at?
d i} d
With: A= —+ —+ —;
dx?  dy* 0z*

AF(x,y,z,t) — F(x,y,z,t) =0

In this case, the propagation velocity could be

given as 3D vector:




[1. Solution of the wave’s equation

Let’s focus on the 1D space equation:
9> 9>

— F(x,t) —a——
dx? (x,0) at?

We can recognize the difference of two squares

F(x,t)=0

identity: (a®?—b?)=(a—b).(a+b) in the

differential operator:

i 102F _(9 10\ (o 10)\_ .
<—‘——) (0 —<a‘;a) (aﬁ‘&) )

Consequently, a variable change could be

performed here.

The following variable change is considered:

X(x,t)zx—nt(_) 2x =X+Y
Y(x,t) = x+ vt 2t =Y — X

Using the fact that:
a dx0 . at 9
X 9Xodx odXat
d 0x 9 . at d
Y odYadx aYat
Which leads to:
d 16_26 a+1a_za
dx vat ~9X 'dx wvat Y

Which leads to the new form of the differential

equation:

d
(2o

Supporting a solution of the type:
F(X,)Y) =AX)+ B(Y)



[1. Solution of the wave’s equation

The wave’s function could be written with
original variables x and t:
F(x,t) = A(x —vt) + B(x + vt)

Indicating that both solutions:
* A: represent propagation in +v direction
* B:represent propagation in —v direction
Besides that, A and B functions should be
periodic functions to satisfy the 2" order
differential equation of the wave:

A(x,t) = aq.sin(x — vt) + a,.cos(x — vt)

B(x,t) = by.sin(x + vt) + b,.cos(x + vt)

The coefficients a; and b; could be determined

by initial and boundary conditions.

In the simplest case of 1D space, the

propagating wave in the +x direction, then

only the function A(x —wvt) is considered

(by = by =0).

Besides that, if we consider att = 0 and x = 0

position we have: A(0,0) = 0, We can deduce

easily that the solution is of the form (a, = 0):
A(x,t) = aq.sin(x — vt)

This corresponds to a sinusoidal function with

an amplitude a,.



[11. Derivation of E.M wave’s equations

Let’s consider the general set of Maxwell’s
equations for a given medium characterized

with an electric permittivity € and magnetic

permeability pu:

(o= P
V.E = = (I)
. - OB

J VAE = 3¢ (I1I)
V.B=0 (11D
o= OE
kVAB = uJ +”£E (IV)

By applying the following rule on (II) and (1V):
A (FAZ) = 0(V.4) - 04

From (II) we get:

VAl —— =V(—)—AE
3 ot £
—> —> —> p —
——(VAB)=V(=)—-AE
at( ) (e
a( - dE\ _/p -
~5e\Wi ey ) = () - aE
T O%E 6_>__V>(p>
- Py ”at]_ £
Since j = oE:
AE O’ aE—lﬁ Eq.3.1



[11. Derivation of E.M wave’s equations

From (1IV) one can also derive the following

equation in the same way:

B B 9B
He9e ~ M99 =

Finally, we will get the following system of 2"

(Eq.3.2)

degree differential equations:

W o 9F =17
oot He o alr e P
pat.var ~——— -
< Propagation Dispersion Source
oot He o iy
pat.var

Propagation Dispersion

In the free space (p = 0, = gy, L = Up):

([ 0%E OF

AE—H,()EO atz — U000 —/— at =0 (Eq33)
$

AB 0’B L =0 Eq.3.4
\ Ho€o 5.7 9t2 — HoO ot (Eq.3.4)

Which shows that we get a 2" degree
differential equations without constant terms
(homogeneous equations).

It should be noticed that 15t degree terms :

OE 9B
Ho0 —- and HoO - came from the presence of

non-null current.



[11. Derivation of E.M wave’s equations

Indeed, considering free space as non
conducting medium (o = 0), both equations

(3.3) and (3.4) will be reduced to:

[ 92E

AE — uosoﬁ =0 (Eq.3.5)
< -

AB OB _ 0 Eq.3.6
\ Hoéo 9tz (Eq.3.6)

These equations are identical to general
wave’s equation (3D), and by identification we

can find that propagation velocity:

1
V=——

JHE

Application (5min):
in the void (Air), and

Calculate vy = N
0<0

comment your finding.
£=¢g=885x10"1%[c2. N"L.m™?|
p=po=4m X 1077[N.A™?]

We find:

1 m
Vo = =2.99 x 10° [—]
VHo€o S
The first measurements of light speed by

Bradley in 1729 (3.01 x 10%[m/s]), then ‘
Fizeau in 1849 (3.15x10%(m/s]), and o
Foucault in 1862 (2.98 x 108[m/s]).

Maxwell’s treatise in Electricity an

Magnetism was published in 1873!!!



[11. Derivation of E.M wave’s equations

The most important results of Maxwell’s work was the linking between light and
Electromagnetic fields:
“Light is electromagnetic wave propagating in the void with a speed:

c =3 x108[m/s]”

The differential equations (3.5) and (3.6) will support a periodic functions as solutions of the

following form:

With E is the wave vector to be determined.




IV. The general solution of E.M equation wave

Let’s go back to the first system of 2"? differential

equations including 15 order time term (p = 0):

[ I’E aE’
.

AB 0’B L =0 Eq.3.4
\ Ho€o 7,7 912 — Ho0 ot (Eq.3.4)

10min Test: We propose the following form as general

solutions of (3.3) & (3.4). Replace them and deduce the
new differential equations of space phasors é(1) & b(¥) :
EG t) =e[@).et = e(x,y,z).e!t

B t) = b(¥).e'*t = b(x, y, z). e'®*
With: e'®t = cos wt + i.sin wt, i> = —1

We need just to replace both solutions in

equations (3.3) and (3.4):
B (s iwt
A(é(?). eiwt) _ ﬂga (e(arzze ) _ ﬂd%(é(7).eiwt) =0
_ . 8% (b(7). et a .
A(b(¥).e't) — ue ( (art)ze )_ [wa(b(?). el®t) = 0

This will give us the new space-differential
equations:

e'“tAe(¥) + pew?e(@)e't — impoe(¥)e'®t = 0
e'“'Ab(¥) + pew?b(@)e'*t — iwuch(¥)e'®t = 0
To be reduced to (phasor’s equations):

Ae(®) + [new? — iwpale(@) =0

AB(TF) + |pew? — iowpo|b(¥) = 0




IV. The general solution of E.M equation wave

By introducing complex permittivity:
o
e,=e—i—=¢€—ig" &g =¢¢&" =
®
We got: k?* = pe . w? = pw? le — ii] = —y? = (iy)?

wE

g9

Finally, the 2"? order space differential
equations known as Helmholtz equation of

E.M wave could be written :
Ae(r) + k*e(¥) =0 (Eq.3.7)
Ab(#) + K*b(#¥) =0 (Eq.3.8)
Consequently, solutions are of the form:
e(7) = E’Oeiik@ﬁ) _ E’Oeii(?fc))
b(¥) = B,etkG® = B, eti(#k)
E, and By: maximal amplitudes.

Where: k = w\ig\J1 — i%/w: = a + iff
is known as “Wave number’.
And the parameter y is called “propagation

constant”

In the specific case of lossless medium:
c=0-£&"=0

The wave number is purely real and the

propagation is done without loss of the

strength of E.M wave, and we have:

I — _w_Zn_anad
_w\/u__v_vT_ Al m




IV. The general solution of E.M equation wave

Replacing now é(¥) and b(¥) in the general | For instance, if we consider two waves

expression: represented by their electric fields, taken as
EG £) = 8(F). elt = Ezoei(wtﬂz) the real part of complex phasors:
B ©) = b(@). et = Byei(wtirk) E (7, t) = |Eqol. Re [ei(“’ti"-")] u; =0

Since E, and B, are amplitudes at initial | E,(Tt) = |E5|Re [ei(“’tﬁ'kﬂ/ Z)Iﬁ; 02="/5

conditions they could be written:

. . _ 1.04
EO = E(O, 0) = EOﬁE = |E0|e“”01_iE
BO = B(O, 0) = BOﬁB = |Boleup0u3
0-6 >
10

@o: initial phase of the wave (

|
o
192}
T




V. Phasors Maxwell’s equations

One of the important results of the previous
solutions given in complex notation, is the new
form of Maxwell equations. Indeed, let’s take the
following expressions of E.M fields:

E@ t) = e(®).e't

H@ t) = h(¥).el!
When replaced in the Maxwell questions, taking in

consideration that (similarly for H(7,t)) :

IEF t) adle®@). et de't .
(gt )= | (a)t ]= e(r) Pyl iwe(r).e'®t

V.e=20 (D)

< VAe =—iwuh (I

V.h=0 (11D

\V} Ah = iwe @ (V)
With: e, = € — i% as introduced above.

”

V. = g O
lVAe=—iwuh (ID)
V.h=0 (I1D)
VAR =j+iwee (Iv)

Which could be rewritten by taking j = oé,
we get in free space (p = 0 - p =0):




VI. Spherical and Planar waves

According to previous results, both electric and

Spherical

magnetic fields verifying differential equations are Radiating wavefront
of the form: antenna 1
EG t) = EgetiFl)eiot = F eilwttrk) (Eq 3.9) \ P RN /
E(?, t) — ﬁoeii(?ﬁ)eiwt — ﬁoei(wti?jé) (Eq 3. 10) , = \
/
Along positive direction, physical solutions are: I \ “
& . o < L ——
E(F,t) = Eg.Re [T (Eq.3.11) 1 '1 |
3 -
B2 1) — B i(wt-7-F) \ /1
|BG.0) = By %e E | (Eq.3.12) o ,
Such wave is propagating in all directions with the / N - / \
~ -

same intensities, therefore it constitutes a spherical

wave. [



VI. Spherical and Planar waves

A wave produced by a localized source, such as an antenna, expands outwardly in the form of a

spherical wave. Even though an antenna may radiate more energy along some directions than

along others, the spherical wave travels at the same speed in all directions.

To an observer very far away from the source, however,

] Uniform plane wave
the wavefront of the spherical wave appears e

approximately planar, as if it were part of a uniform \'< \\\ \\\
plane wave with identical properties at all points in the L / \\\ \‘ “‘ \'
plane tangent to the wavefront. Plane waves are easily /) ::—» :' E—» ::
described using a Cartesian coordinate system, which is N ," ," ! ’.'
mathematically easier to work with than the spherical ’/,'\I\ l,’l /I

coordinate system needed to describe spherical waves. ’

Aperture

4
1 >= Observer




VII. Uniform plane waves

It the case of plane waves, it is possible to
choose an arbitrary cartesian direction to
point the propagation direction along one of
the XYZ axes. For instance, if we take the +z-
direction, so one can write the wave number
vector: k = ki,

And the scalar product will reduce the spatial
term to: 7.k = (xti, + yi, + zu,). ki, = kz
Thus, the expression of electric field will be:

E'(T_"), t) = é(?) ei“’t = |E0|ei(wt_kz+‘p0)ﬁ)E

U = au, + bu,, + cu,; a, b, c are cosine directors

When replaced in the first Maxwell equation a

free space as propagation medium (p = 0):

—

V. E = V (lEolei(wt_?'E-l_(pO)l_iE) =0

o 8,7 D (4, up) + a,e "k (. )

=0 =0

+ aze_i(kz) (ﬁZﬁE) =0- l_l)z.ﬁE =0
~_~—_————
=—jke~ikz) %0
Which means that c¢ = 0:

i = aii, + bii,



VII. Uniform plane waves

The previous result, will allow us to write the electric field with its XY components:
E(@ t) = |Eg|e @tk2t90) (aui, + bu,)
Now let’s use the second Maxwell equation: VAE=-Zo

a(lBolei(wt_kZ-HpO)l_iB)

i(wt—kz+¢p0)l—i
at 5

= —iw|Bgyle

VA (lEolei(wt—kz+<P0) (al_ix + bﬁy)) —

Performing the curl on the left hand and simplifying similar terms will produce:
kE

—ikE(—bu, + au,) = —iwBug - Up = — (—bu, + ai,)

Consequently, it will be easy to verify that Uy L Uy, which implies that E(7,t) and B(7 t) are

orthogonal.




VII. Uniform plane waves

Therefore, the plane electromagnetic wave
propagating in the +z-direction, could be
represented by both electric and magnetic
fields lying on XY plane, with a practical
choice (a =1,b = 0):

E@ t) = |Ey|el@t-kz+po)y

B(# t) = IBOIe"(“’t"‘”‘PO)ﬁ’y

Taking the real part of each phasor:

Thus, the plane EXM wave propagating in a

given direction, is represented by two

orthogonal EM fields

lying on the

perpendicular plan of the

propagation

direction given by the wave vector k.

The vectors E, B and k form a direct trihedral.




VIIIL. Relation between E and H: intrinsic impedance

By considering now that both E.M fields are lying on XY-plane and oriented along u, and Tiy,
respectively, the use of the second Maxwell equation will provide the following relation between E

and H (or between E and l_f), called the “intrinsic impedance” of the given medium of propagation:

E\V/m w w . E E

_ _ L s
H[A/m] Kk w\/ (e —ig") n nl°

10min Test: In the case of free space,

where: L = Uy, € = &y, "' = 0, Calculate n,.

Po =4 x1077S.1;e, = 8.85 x 107125,




VIIIL. Relation between E and H: intrinsic impedance

By considering now that both E.M fields are lying on XY-plane and oriented along u, and Tiy,
respectively, the use of the second Maxwell equation will provide the following relation between E

and H (or between E and l_f), called the “intrinsic impedance” of the given medium of propagation:

E\WVW/m w w . E E

_ _ L s
H[A/m] k w\ (e —ig") n Il

The intrinsic impedance of free space:

ow |
wW+/Ro€o €0

10min Test: In the case of free space,

where: L = pg, € = €9, €' = 0, Calculate n,. k = w\pe - no =

41T X 107
8.85 x 1012

~ 377[Q] = 1207[Q]

Ho =4m X 1077S.1;e, = 8.85 x 107128.1 \/




[X. Reminder: Poynting’'s vector

The Poynting’s equation:

§ Endyas = S(;BH).av+ [ S(3BE)+ [ Eja
— . = — | = b. . aAv — | = D. . 4
total E.M power total energy stored Total energy stored Ohmic power

flowing out V through S inmagnetic field in electric field dissipated over V

This theorem gives the time rates of increase of energy stored within the volume V, or the

instantaneous power going to increase the stored energy.

The cross product off and H define the Poynting’s || The measured value of Poynting value is an average

vector, indicating the power density flowing in the || value over a specific time (period) and could be

direction of P at a given point. (homonym “Poynting” || ©btained using general phasors:

and “pointing” is accidentally “True”) (ﬁ) — P — l iRe[E A 17] o7 i EZe 2Pz
2 2[n|

Blw.m 2 =EAH o , _
With: H™ is the conjugate of H




X. Polarization of E.M wave

Let’s consider a non attenuated plane E.M
wave given by its electric and magnetic fields
lying on the plane corresponding to the wave
front, normal to the incidence direction
(using space phasors):

E(Z, t) — E'O .ewt; ﬁ(z, t) - 170 .eiwt

JUA

oy
D\

In general, the electric field (and magnetic
field) did not keep the same orientation on
the wave plane, and it could vary with time
and traces a curve by the tip of the field vector
on the plane.
In such situation, the electric field (similarly
the magnetic field), could be divided into two
components on the wave front plane (x-y in
this case) propagating in +z-direction, :

E(z) = Ex(2)u, + E,(2)u,
And we can set:

E'x(Z) = Exoe_ikz; E'y(Z) = Eyoe_ikz



X. Polarization of E.M wave

Both initial amplitudes E,, and E,, are in general complex numbers and could be written in
exponential form:
Eyo = a,e'?s;E o = a,e'?y
With: a, = |Eo| > 0;a, = |Ey| > 0
Consequently, we can rewrite E (2):
E(z) = a,e *2e'Px2i, + a e *2e'Pyy

y — E(2) = e"*e'%x(a,i, + a,e'u,,)

With: ¢ = @, — @, called the phase difference between E(z) and E ,(z)

For the sake of simplicity, we can choose to take ¢, = 0 - ¢ = @,: E(2) = e **(a,u, + a,e'u,,)

Taking the real part of the phasor, we will get the instantaneous electric field:

E(zt) = a,.cos(wt — kz) U, + a,.cos(wt — kz + @) U,



X. Polarization of E.M wave

The specific cases of the E.M wave polarization
could be discussed upon the values of phase

difference ¢, by analyzing the amplitude of
E(z, t) and its direction:
The amplitude is given by:

E@z,t)| = [E(z,t) + E2(z,0)]"*

= |aZcos?*(wt — kz) + a%cos*(wt — kz + (p)]l/2

The direction is dictated by the inclination angle:

~ Ey(z, t)
P(z,t) = tan™! <Ex(Z, t))

a. Linear polarization ¢ = 0 or m:

For ¢ = 0 (in-phase):
E(z t) = cos(wt — kz + ¢)(ay. U, + a,.u,)

E(z,t)| = a2 + a? V2| cos(wt — kz)|
y
a,

Y(z,t) = tan™! <a_>

X
The amplitude is indeed function of z and t,

whereas the direction is not (fixed direction).

A

v




X. Polarization of E.M wave

The specific cases of the E.M wave polarization
could be discussed upon the values of phase

difference ¢, by analyzing the amplitude of
E(z, t) and its direction:
The amplitude is given by:

E@zt)| = [E(z,t) + E2(z,0)]"*

= |aZcos*(wt — kz) + ajcos*(wt — kz + (p)]l/2

The direction is dictated by the inclination angle:

~ Ey(z, t)
P(z,t) = tan™! <Ex(z, t))

a. Linear polarization ¢ = 0 or m:

For ¢ = m (out-phase):
E(z t) = cos(wt — kz + ¢)(ay. U, — a,.u,)

|E(z,t)| = [a? + af,]l/zlcos(wt — k2)|
—a
Y(z,t) = tan‘1< y)
ax
The amplitude is indeed function of z and t,
whereas the direction is not (fixed direction).

A

v




X. Polarization of E.M wave

The specific cases of the E.M wave polarization b. Circular polarizationp = +7/,,a, =a, =a

could be discussed upon the values of phase | For ¢ = 7/, (Left Circular Polarization):
difference ¢, by analyzing the amplitude of | F(; ) = a(cos(wt — kz)u, — sin(wt — kz)1,)

E(z t) and its direction: |E(z D =a

—a.sin(wt — kz)
a.cos(wt — kz)

The amplitude is given by:

Y = tan~1 ( = —(wt — kz)

Ezt)| = [E(z,t) + E2(z,£)]"*

The direction is tracing a circular movement
1/2

= |aZcos?(wt — kz) + a%cos?*(wt — kz + )| in counter-clockwise direction.

The direction is dictated by the inclination angle:

~ Ey(z, t)
YP(z,t) = tan™! (Ex(z, t))

v




X. Polarization of E.M wave

The specific cases of the E.M wave polarization
could be discussed upon the values of phase

difference ¢, by analyzing the amplitude of
E(z, t) and its direction:
The amplitude is given by:

E@z,t)| = [E(z,t) + E2(z,0)]"*

= |aZcos?*(wt — kz) + a%cos?(wt — kz + (p)]l/2

The direction is dictated by the inclination angle:

B . (Ey(z, )
P(z,t) = tan™! <Ex(z, t))

b. Circular polarizationp = +%/,,a, =a, = a

For ¢ = —™/, (Right Circular Polarization):
E(z t) = a(cos(wt — k2)1, + sin(wt — kz)u,)

|E(Z, t)| =a
a.sin(wt — kz)

Y = tan™! ( > = (wt — kz)

a.cos(wt — kz)

The direction is tracing a circular movement

in counter-clockwise direction.

A

v




X. Polarization of E.M wave

The specific cases of the E.M wave polarization b. Elliptical polarization
could be discussed upon the values of phase 0<@p< ”/Z,ax * a,

difference ¢, by analyzing the amplitude of
E(z, t) and its direction: 4
The amplitude is given by:

Ez,t)| = [E2(z,t) + E2(z,0)]*

= |aZcos?(wt — kz) + a%cos?(wt — kz + (p)]1/2

The direction is dictated by the inclination angle:

B . (Ey(z,t)
YP(z,t) = tan™! (Ex(z, t))

v
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