Chapter I: Classical Mechanics Review

1. Introduction

Mechanics is the science that studies the motion of systems. It is divided into two main
branches:

1 Kinematics: This branch provides apurely descriptive study of motion without
considering its causes. Kinematics involves defining time, reference frames, and
the position, velocity, and acceleration vectors, as well as the transformation
laws of these quantities when changing reference frames.

2 Dynamics: This branch deals with the forces that cause motion and establishes

the relationship between motion and its causes.
Mechanics can also be subdivided based on the type of systems to which it applies:

1 Point Mechanics
2 Solid Mechanics
3 Fluid Mechanics

2. Kinematics of the Point Particle
2.1 Definitions

The position of a point particle with respect to the origin of a coordinate system at a
given time tis given by:

#(t) — OM

To know the movement of the point, it is sufficient to define the time equations:

o The coordinate x(t), the coordinate y(t), and the coordinate z(t) in Cartesian
coordinates, where the position vector is written as: OM (t)=x(t) i"+y(t) j+z(t) k”

e 1(t), O(t), and the coordinate z(t) in cylindrical coordinates, where the position
vector is: OM(t)= r(t) e+z(t) k*

e 1(t), O(t), and ¢(t) in spherical coordinates, where the position vector is:

OM(b)=r(t)é,
§— 900 _ Onf

The velocity vector v’ of the point is defined as: H

J— J—I_} . -
G— 4 — L0 _ Opf

dt=

The acceleration vector a” of the point is defined as:
We also define the momentum p~ of a point particle with mass mmm and velocity v~

by: p_>: mv~

3. Dynamics of the Point Particle
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3.1 Newton's First Law: The Principle of Inertia
also known as the Principle of Inertia, states that a point particle will remain at rest or
continue to move in a straight line at constant velocity unless acted upon by an external
force. This law defines the concept of inertia, which is the tendency of an object to
resist changes in its state of motion.

3.2 Newton's Second Law: The Principle of Dynamics
A point particle is rarely isolated and is typically subjected to forces. These forces
indicate the presence of an actor (the entity exerting the force) and a receiver (the object
experiencing the force). Newton's Second Law establishes that the acceleration of a
point particle is directly proportional to the net force acting upon it and inversely
proportional to its mass. This relationship can be expressed by the equation:

F is the cause, andz—t’f is the effect. A force acts in a certain direction (axis or line of
the force), with a certain sense, intensity, and at a particular point.

We distinguish the following forces:

« Distance interaction forces: gravitational, electromagnetic.
o Contact forces: friction and tension.

3.3 Newton's Third Law: The Principle of Reciprocal Actions
This law, commonly known as the principle of action and reaction, states that if body

A exerts aforce on body B, then body B exerts an equal force on body A. These forces
are equal in magnitude and direction but opposite in sense (see Figure-1).

Fag
Fap= —Fpja ’UBH‘/QA figure-1

3.4 AngularMomentum
Consider a point particle M located in a Galilean reference frame R(O,xy,z). The

angular momentum of point MMM with respect to a fixed point O on the z-axis is
defined as the moment of its linear momentum. It is denoted by:

Errio — OM ~n 5 — OM A (mT)
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L "m0 where is the angular momentum, 1~ is the position vector of point M relative to
O,and p"=mv_ is the linear momentum of the particle, with m being its mass and v’ its
velocity.

3.4.1 Special Case: Curvilinear Motion

Consider the curvilinear motion of a point particle in the XOY plane, in cylindrical
coordinates:

=3 — . . = 7 = — 1 B A = P
Lo = reé; A [m(re. + rleéy + 0€L)] = mr8(&.  €p)
Since €, M\ € — €., we have:

7 D ) =

Lyrio = mr-8é. — I..0€.

where IZ,Z:mrzé is by definition the moment of inertia of the point particle M of mass
m ata distance r from the axis ofrotation Zoz. Angular momentum reflects the tendency
of the point particle to follow a curvilinear motion or deviate from a rectilinear

trajectory. =
3.4.2 Theorem of Angular Momentum
The temporal variation of angular momentum is:

”’E.'..f [=] dr A e R B
" o (@) + 7oA 5 ()

dar

The first term is zero since &= — ¥ is parallel to ¥, thus:
it

where Mo is the moment of the external force relative to point O.

o If the point is in equilibrium (no rotation), then the sum of the moments of the
external forces is zero, and the angular momentum is zero.

e If r and F~ share the same support (parallel or anti-parallel), then
L mio=constant. F~ is called a central force.
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3.5 Work ofa Variable Force

To calculate the work done by a variable force (both in direction and magnitude), the
path from point A to point B is divided into a series of infinitesimally small, straight
elementary displacements dr’, such that the force F~ remains constant over each
segment. On such a straight segment, the elementary work dW is given by::

AWy ap — F - di

To obtain the total work of F~, it is sufficient to sum the elementary works between A

. . Wa . p(F)— ["F.dif
and B. The summation is continuous, thus: a-p(F) =[5 “r

Theorem

The work of a force during a displacement corresponds to the circulation of the force
vector along the path.

Power of a Force

P(t) — 4 — F .48 —

En
)

.L
h

The instantaneous power P(t) is defined by:
3.6 Energy

3.6.1 Variation of Kinetic Energy

During an elementary displacement dr”, the work of F~ is:
dW — F - dF — m% v dt — mv-dv

this: d [%wu-“-}} — F - d¥
Therefore, for a material point of mass m moving at a speed v~ in a Galilean reference

, o
T — imo?

frame R, we attribute a state function called Kkinetic energy:

A material point of mass m rotating around a fixed axis at a distance r from the material
point, rotating atan angular speed 6 around the axis, has a linear speed v=r@, thus:

T — %lfmr‘}wj
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o T = 316°
which is in the form: =

with I=mr? being the moment of inertia of the material point relative to the axis of
rotation.

3.6.2 Kinetic Energy Theorem
In a Galilean reference frame, the change in the Kinetic energy of a material point

subjected to a force F~ between positions r’a and r'p is equal to the work done by F~
over this displacement. This is expressed as:

T, — T, = .ﬁ: F’ - dr

3.6.3 Variation of Potential Energy

It is possible to define a second state function known as potential energy. To achieve
this, it is essential to distinguish between two types of forces:

e Non-Conservative Force:

The work depends on the path taken, such as the solid friction force that constantly
opposes the displacement of an object, which is expressed as:

F — —cti (with @] = 1)
The work on the first segment is:

‘[1—’_.1_;;[13 ) = —¢ J[4 dr — —¢(xy, — x,) < 0(with xp > x,)
The work on the return path, which is a portion of a circle, is:

H-"u__.l[f:_'" ) = —¢ j!' dl = —c(x, — axp) < 0

We note that the work of this force ona closed curve is not zero and is always negative,
and depends on the path taken. This force does not derive from a potential energy.
Generally, it is not possible to define potential energy in the presence of non-
conservative forces.

e Conservative Force:

These are forces whose work does not depend on the path taken, but only on the starting
and ending points, for example, the work of gravity, spring tension force, gravitational
force, and electrostatic force. The work of these forces can be expressed in terms of the
variation of potential energy U or Ep. For reasons of mechanical energy conservation,
we agree that the variation of U is opposed to the work of the conservative force:
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=

Up, — Us, = —Wa_p(F(c)) = J[: F(c) - drf

From this last equation, it is possible to deduce the differential of potential energy by
showing the elementary work:

dU7 — —dW — —F(¢)-di

Moreover, the differential of the state function Uis written as: av = VU .dr

with V" being the gradient operator. From these two equations, we finally arrive at the
local definition of the conservative force: F(e) = —VU

Theorem:

A force field is conservative if and only if. ~ V'xF’(c)=0"

Theorem:

A force field is conservative if and only if the circulation of the vector along a closed
curve is zero.

Conservation of Mechanical Energy

In the case where the material point of mass m is subjected to a conservative force, we

have: dT — dd f_%'r.rzi?g} — dT — dir — f'lfc] - dr

d(T+U)=0 so T+U is constant between two points A and B, thus:Tp+U(7,)=Ta+Ua (%)
The quantity Em is called mechanical energy and is defined by: Em=T+U
Theorem:

If a particle is subjected to a conservative force, its mechanical energy is conserved
during its motion: Em=T+U=constant

Variation of Mechanical Energy

In the presence of conservative and non-conservative forces, we have:

= =

m%’ -dr = F(¢) -dr + F(nc) - dr

since dr'=dv’dt, then: dT=—dU+F’(nc)-dr” Weobtain:  d(Em)=F (nc)-dr”
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E, — E, — [."F(ne)-dr
Therefore, between two points A and B, we have: m, = J5, Fne) - dr

4. System of N Material Points

The laws of mechanics applicable to a material point or a system that can be modeled
by a material point can be generalized to the case of a system consisting of a set of
material points. However, it is necessary to distinguish between two types of systems:

o Discrete system Continuous system

Hereafter, we consider a system of N material points, each material point of mass mi
being placed at point A; in the space of the system (04, =ry).

4.1 Center of Mass or Center of Inertia:
The total mass of the system is defined by: M=YY m;

Center of Mass (or Barycenter) C: is such that:

: —_—
l:;x' y e C A — o
wihere:
A, — OO+~ A — OC + A

Thus, we hawe:
(l:x 1 'rr;_.-) N — l:x L T O A
We finally obtain:

ﬁ “"«;:"- L T A

- 7

wihere:
B ~L-
e I v T
—_— Erpe=] 0 F %
R T

4.2 System Kinematics
The kinematics of the system reveals:

o A motion of the center of mass (translation or rotation).
« A rotation of the system around axes passing through the center of mass.

Remark:



Chapter I: Classical Mechanics Review

If 14,4,,,] evolves over time, the system can either expand or contract, indicating a
deformable system. For a non-deformable or rigid system: |4,4,,,| =constant

4.2.1 Continuous System

A system of material points with a continuous mass distribution (linear, surface, or
volume distribution) replaces the sum by an integral (single, double, or triple,
depending on the mass distribution). The position vector is:

= e
it

Nadm — 7 g
arnd:

7 — o «Fry o=

Remark:

If the system is in a uniform gravitational field, the center of mass coincides with the
center of gravity.

4.2.2 Kinetic Elements ofa System with N Particles
Consider a Galilean reference frame R(0,0x,0y,0z) associated with the laboratory and

a reference frame R*(0,0x’,0y’,0Z') associated with the center of mass of the system,
with axes parallel to those of R

— —— . . b -
Let v and p; be the velocity and momentum of A4; in %, Since:

AN — —

™ ;\' Qe CA; — O

then

N e — N — — R o =
So gt — 00— 3T e, — 00— 300 pl — 0O
Thus:

— —

s — 0

Using the composition law of position vectors:

2A; — OC + CA;

—_—
*

and differentiating with respect to t (the composition law of velocities): F[:l?;ﬂ;l

where 7. is the velocity vector of C with respect to R.

The total momentum of the system in R is:
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T N et — (SN e ) Ve SN ol
Since:

SN, mi? — O

then:

B MV

Since:

Thus, the total momentum of the system in R is that of a material point (the center of
mass) of mass M moving at velocity ¥, .

4.3 Koenig's Theorem

4.3.1 First Theorem of Koenig: Angular Momentum of a Systemwith N Particles
The angular momentum of the system with N particles relative to R is:

L/o =3 Laio = >; OA; = (miw)) = 32, (OC + CA7) < [mi(Vi + 2]

The second term:

—_— T — —
OCT =< Z:\ L rrge; — 0

(since the total momentum in the center of mass is zero). The third term:

—5

(E-'Y I L.-'Cr::{l ,') NVe = [_j

1

(by the definition of CdM).

The angular momentum simplifies to:

= =4 =4

L.:rl n ()_E:T A {Zf Tﬂ-j]' T'Jl- + 3. (1‘4..1 FAl TfL.I"LT-"H

Py

. Which can be written as:

_.E,} — OC = ( E -r‘n-,;) T E CT__‘-—’l.; =TT UG

:

Which can be written as:

withe

L.jo — OC =< (Mé:) and L. — »  CA; < mds”
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4.3.2 Second Koenig's Theorem: Kinetic Energy of a Systemwith N Particles:

The kinetic energy of the system with N material points in R is:

T — Z = > %{rr;,—fﬁ.—:‘}} — > %wz,—{f‘:- )2

i i

This can be expanded as:

b2 | =

T = % (Z 'r.r.t,-) TS T - Z P FUTIA Z

— —
Up Y .mt; =0

The second term ((since the total momentumin the center of mass

T — % Z r.r.r...-':?:_.z 1 Z %TT! ,:'E",:H2

iszero). Thus, the kineticenergy reducesto:) :

where: T = Tejo + Tayye

1 : 1
Tt — 7;1I'E;_-2 and T4 ,.— E ;'r.rr,,-'t?}"_}

With 2 :
4.4 External and Internal Forces

The forces acting on the points Ai can be decomposed into internal forces from other
points Aj (j#i) in the system, denoted as ﬁ}gmt)and external forces, denoted as F}Eem
coming from sources outside the system.

Remark:

If the internal forces derive from potential energy, this energy is called interaction
potential energy or internal energy.

5. Fundamental Principle of Dynamics for the System

The equation of motion for the material point i is:

B - ™

d; di; — (e - = (irat)

- = T4 - = Fy H i

B L 0 ST
i

J—=1.G+#i

The fundamental principle of dynamics for the system is written as:

N

Z dgr; i i
—_— = T —— —
— i - "t

=1 1

= (ext)
F
1
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6. Theorem of Angular Momentum

The time derivative of the angular momentum with respect to ooo in the Galilean
reference frame is:

= N N

dLo d » d_’ ¢ _’IFI . ~ = (int
g7 —aj (7 % p;) Z{f/?’[; E;( ) ZIZ JXFI _

i j=l.j#i

In the case where Newton's third law is valid (principle of action and reaction), the
internal forces F‘.(mt) are equal and opposite in pairs and are carried by the lines

connecting the partlcles i and jjj. The internal forces in this case are central and
collinear with 7,].

Example:
— = (int) — = |:,l'|'if ) — — __’l:.f.l.'lll — | int )
1 X FJl ra x Fly ' = (r1 —ra) x Fy ' = ro1 X F =
- .
Ao — S7( < B = Aife)
Thus, we obtain: i=1

7. Energy ofa System of N Material Points

The work done by all forces when the system moves from one configuration to another
(each material point in the system moves by d7; is:

z/ Bt am >0 > [T A

i—=1 F=1,7+4

On the other hand:

N 9 _ N 9 9 N
4 i' 1’.‘ 2 @
W — Zl | [1 -”-“‘(;t' - di = Z; | [1 dT; — | /1 dT — T» — T since dT — Zl dT:

In the case of conservative forces:

« Forexternal forces:
N 2 _ : N =) N 2 N
M / Fleo g =% f (—VU;) - dit; = > [ d(—U;) = — > _(U:[7) = —(UIT)
i1 V1 i1 1 i1 Y1 i—=1

Given that
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T.o— 8 For internal forces: they obey the law of action and reaction and are
‘07 central, thus they derive  from a potential  energy

I.-'TJ'JI — IJT{. '.'"..' - I'J' JII.

we then have:

e
FJ" —vj[*g‘}'
plint) &
ij _TJ'L t]
And since
= (int) Slint) =
F3™ + B 0
we have:

fwi=1 Laj=1+1 kL fwi=1 £aj=1,j#1

N =N Jl u_mﬂ dF; — — vV O . (J[l_} ﬁ'r.{jr.j 7+ ﬁjU;j : d'r_"j)
Since

0, — —9,0;
then

Vili; = Vi;Uy

and let dry; = dr; — dr;, we then have:

N —’llur'l — n N 2= T -
2 i L.»_.f; 1\; Jrl i - dry = _Z; Lz; 1.5+ Jrl VijUij - drij
_T\ l/_..-J 1.5 rJ‘ dr"’.}' - _x_ﬂ." ]_Zj 1,774 I—J-'..F.

In summary, if both internal and external forces derive from potential energy, then:
- N or N N -
r— 5" J_E—JJ_EJ;ZJ > U

Pl 1 £wj—1 T

8. Important Case: Rigid Bodies

In the case of a system where relative distances are constant over time, then:
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- - 2l > L - - I'JIF.-. -
rjj = constant = ry;° = constant® = Tij = Tij = constant = Tiit T T 0

then the displacement d'F’,-J is always perpendicular to the internal forces which are proportional to it

So, the displacement 7, is constantly perpendicular to the internal forces, which are

proportional to |71 and thus the work done is zero. Therefore, the internal energy is a
constant.



