1. Maxwell Equations

Maxwell equations

5. Maxwell correction of Ampere law:

Let's consider again the electrodynamics set of
equations:
f—) — p /
E=— I(Gauss's law)
€0
_ - 0B
SVAE = — II(Faraday's Law)
V.B=0 III(Gauss Law for magnetism)
ﬁ AB = pn,J IV(Ampere's Law)

When applying the divergent of equations II and 1V,

we will find:

~ .~ - =( OB o —
V.(V A_)E) =V. <_E> = —E(V.B)= 0
=0VE =0 (I1T)
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Now, when applying the same action on equation IV:
=0,vB ?

In fact, the quantity V.j does not vanish for all j,

only for special cases corresponding to e / a0t = 0,
according to charge continuity equation.
To prevent this, Maxwell proposed
to add a term which could cancel
the divergent of the current density:
]_’> = i + G in such a way that:

V) =VJj+V.G6=0
This will give the following result:

. . James C. Maxwell
7L 8= S ot 1831- 1897, UK



1. Maxwell Equations

5. Maxwell correction of Ampere law:

This new term, will ingeniously ensure the complete
relationship (in both senses) between electric and
magnetic fields.

According to Gauss’s law: V.E = £ (Eq I), the Maxwell

condition could be rewritten as:

g R ap 0D _ 3(eoV.E) ( aE)
V.G=-V.] = =3 = T = V. €057
This implies that:
. OE
G =g 7

Finally, we get:

Maxwell equations

Consequently, the new version of eq. IV:

oE
VAB = pof —ﬂo]‘Hlofoa

And, when applying the divergent :

V.(VAB)=V. (Ilo]) = 1oV.J' = poV.J + o&V. T
=0,vB =0 (charge continuity)

The term G, known also as “Maxwell correction’, is

called the “displacement current”. The reduced

form of the equation IV, using both H and D fields:

oD
ot
The new set of electrodynamics equations could be

VAH=] +—

now completed and finalized, as Maxwell’s

Equations.



1. Maxwell Equations

Maxwell equations

6. Maxwell’s equations:

The electromagnetism now are well described by the set of Maxwell’s equations:

f—) —
VN — gﬂ I(Maxwell — Gauss law)
0
_ _, 0B
) VAE = — T3 II(Maxwell — Faraday Law)
V.B=0 III(Gauss Law for magnetism)
| | N O
\VAB = poJ + HoEo 47

3¢ IV (Maxwell — Ampere Law)

These equations are also known as Maxwell equations for time-varying fields E(t) and §(t)



1. Maxwell Equations

6. Maxwell’s equations:

The compact form without electromagnetic

constants, by introducing density current D and

magnetic field H:

(V.D = p I(Maxwell — Gauss law)
VAE =— T II(Maxwell — Faraday Law)

< — —
V.B=0 III(Gauss Law for magnetism)
. — ., aD

LV ANH =] + T IV (Maxwell — Ampere Law)

Maxwell equations

The integral forms of previous equations of

Maxwell are given in compact expressions:

in.cﬁ:Q (D
<5£Cmi:_js P as
iﬁ.ﬁ:o an
§ =] (1+2).as av



1. Maxwell Equations

Maxwell equations

7. Electromagnetic potential:
Let’s now examine the implication of Maxwell’s

equations on both scalar electric potential V and

vector magnetic potential A.

We know that in static case, Faraday’s law reduces

to: VAE = 0; which states that electric field E is
conservative, and it could be expressed as the
derivative of a scalar function (potential V):

E=-VV

Whereas, in the dynamic case, Faraday’s law
becomes:

Since B is derived from a vector potential A as:

—

B=VAA
Consequently, the former equation of Faraday’s

law can be expressed as:
Faf=-2B__2 Gaa)
- ot ot

Which could be rewritten as:

A+~ (VAA) —w(m"’z) g
at m at)
This is equivalent to write:

4. _, ., 04
VAE =0:E =F +—
ot

We should remember that: V A (VV) = 0, vV

Which leads also to write: E; = —VV



II. Maxwell Equations Maxwell equations

7. Electromagnetic potential:

—

Substituting E =E+ % in E' = —VV, will give the following equation allowing to derive the electric

field from a generalized potential (Electromagnetic potential) in the dynamic case:

This means, that if the scalar potential V and the vector potential A are known, it is possible to obtain the

electric field from the given equation above, while the magnetic field is obtained from the equation:

AA

<l

B =



1. Maxwell Equations

Maxwell equations

8. Lorenz gauge:
If we replace the general expression of electric
field derived from electromagnetic potential, in

the 1st equation from Maxwell’s set, we obtain:

VE=V|-V/W-——]|=—
at 80

Jd - p
V2V +—(V.A) = —— 8
+6t( ) 80 ()

An other equation could be obtained from:

—

VA(VAA) =V(V.A) - A

—

Knowing that B =VAA4 we get:

Besides that, according to the last Maxwell’s

equation: VAB = uof + Uo&o %, which gives:
OF

o + Mo€o T = V(V.4) — M
04

And again, replacing Eby —VV — .

2 (—ov—28) 1 4 = ¥(9.2) -

SN 0E0ia s — V| Hogg o, T V-A| = —Ho] (9)



1. Maxwell Equations

8. Lorenz gauge:

Now, both equations are second degree coupled

differential equations (V and Z)):

( 0 - - p

2 + 2 gy
V2V + at(V' A) - (8)
\AA — Mogo 57 — Voo T V.A| = —poJ (9)

To decouple these equations, Lorenz sets the
following gauge (condition) in dynamics::

aV — —

Equivalent to:

V.A = —ﬂogoa

Maxwell equations

This will lead to a decoupled differential

equations:
[ %V p
V2V — — = —— 11
< Ho€o 912 €0 (11)
AA ofn 12
\ Moo 57 = Kol (12)
Which could be rewritten in terms of
d’Alembertian operator as:
( D p
V=—-— (11)
3 €0

In absence of charge and current, these equations
are reduced to:

[(lv=0;[]A=0
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