1. Maxwell Equations

Scalar and Vector Potentials

1. Scalar electric potential:
Let’'s consider the case of the positive point ¢
present in uniform electric field: E=-E 7.

The presence of the electric field will exert a force

on the point charge, called Coulomb force given by:
F. = qE = —qEj

To move the charge g in opposite direction with a
constant speed (2. E = 0), one needs to apply an

external force F,,, = —F, = qEj

This is equivalent to do a work (spend an energy)
over the distance element dI:

dWw = F)ext. dl = —qE. dl = qE.dy

4 Fext
dyT
q
E E l E E
Fe
- X

One can change the point charge by another one q’
and the expression of the executed work take the
same form:

dW' = q'E.dy
And so on:

dW' = q"E.dy
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Scalar and Vector Potentials

1. Scalar electric potential:

This means that the spent work by unit of charge:
aw dw’ B dw" J/Cl = = e
q ql qll "

Will depend only on the scalar expression:

dV = —E.dl = E.dy

Called “differential electric potential” (or differential
voltage)

The minus sign means that this physical quantity

decrease when electric field increase and vice-versa.

The unit of V is the Volt [V] with 1V = 1] /C

The potential difference corresponding to moving a
point charge from point P4to point P, is obtained by
integrating the last expression along any path

between them:

AV=V21=V2—V1= dV=—j Edl
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1. Maxwell Equations

Scalar and Vector Potentials

1. Scalar electric potential:

From the following law:

AV=V21=V2—V1=j dV:_j Edl
Pq P4

We should note that:
- Wehave:V, - PyandV, - P,
* Kirchhofflaw: For P, = P,

P1 - —> -
AV =0 E.dl=% E.dl=0
P4 C

+ IfPi >0 oV, =0-V=—[ Edi

 The null potential is a referential value (not

absolute) , and it is called “ground”

If we use the Stokes’s theorem to convert a surface

integral into a line integral to, for any vector field a:

f (VAA).dS = 35 A.dl
S c
Where Cis a closed contour surrounding S.
Thus, we can obtain the differential form from this
integral expression:
VAE =0
Any vector field verifying that its line integral along
any closed path is zero, is called conservative or

irrotational field.

Hence, the electrostatic field E is conservative.
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Scalar and Vector Potentials

1. Scalar electric potential:

We should recall that for any scalar f we have:
l_7>/\(_|7>f) =0

If we take the former differential equation of
electric field:

VAE =0
By identification, we can conclude that electric field
should be derived from a scalar function, which is
the scalar electric potential (f = V)

E=-VV
This can also derived from the equation:

dV = —E. dl

Indeed, if we use the decomposition of any
differentiation of a given function V(x,y,z) on the
coordinates basis according to partial derivation,

and considering an electric field:
E=E,jd+Ej+Ek
Over a distance element: dl = dxi + dyj + dzk

av av av
dv =adx+$dy+adz =—Ey.dx—E,dy—E,dz

After identification:

v v v

— =—E;—=-E;—=—E
dx oy Y 0z 3

Which equivalent to:

—

E=-VV
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2. Electric potential of point charges

Knowing that an electric field created in free space

by a point charge q could be given by the

expression:

1 gq

E =
A1tE) T2

U,

Through a radial line di = d¥ = dri,
We can calculate the electric potential between two

points:

r
V=—Jf.d?= ! -y

dr  q 11"
dmey ) 2 4me,

4
r r
00

By using the former result of the electric potential
resulting from one point charge, we can generalize
it for N discrete point charges present at different
locations 7{; 7,; 73 ... Ty, the electric potential in free
these charge at the

space resulting from

measurement point M located by 7 is:

N
V == L L
tot — — —
*~ 4me Zl IF =7

Z“
M

A 4

F-
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3. Electric potential of continuous distributions of charge

To obtain expressions for the electric potential V due to continuous charge distributions over a
volume v, over a surface §, or along a line [, we replace in the former equation, the point charges
q; by dq = pdv = 6dS = Adl and convert the summation by the integral:

 Volume distribution:

1 dv
.
4mtey ), T

e Surface distribution:

1 j odS
V= =
ATEy Jg, T

o 1 J Ad
C4mey ), T

e Linear distribution:
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4. Gauss’s law and Poisson’s equation: Total charge

nov

The Gauss law states that for any enclosed charge inside a surface

S’, one can find the electric field resulting from this charge by D-ds

calculating its flux:

#E.d§=g<—> D.dS =Q
. €o & Gaussian surface §

Where: D = &E is electric flux density [C. m™2| CRCIOSIIE VOIUIC

A good choice of the Gaussian surface will conduct to a simple

R calculation of the electric field generated by the point charge q:
g R . 3 2 q
“‘N # E.dS=— o (P E . r*’sin0d0de = Errzj sinfdl | de =—
D (3 Sy 0 0 €0
Gaussian surface™ Err24n- = 1 - E, 1 1

o 4'71'80 1‘2
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4. Gauss’s law and Poisson’s equation:

The Gauss law for a number of discrete charges
could also obtained as a generalization of the former

law, when the surface S is enclosing N charges Q;:

N
- - 1
E.dS=—ZQl

€ 4

S i=1

- Linear distribution: {f, E. .
0

» surface distribution: ¢, E. ds = — J;, odS
d

* volume distribution: ¢p. E. .
0

It is interesting to see that for any vector field 4, the
divergence theorem allows us to convert a surface

integral into a volume integral:
# 4.ds = f (7. 4). dv
S 4
Thus, it is possible to rewrite the left-hand term of

the Gauss law with the volume distribution case:

1

#E.df h j (V.B).dv=—
v/

pdv
3 €0 Jyr

By identification, we get the differential form of

Gauss law (divergent of f):

7E=L
€o
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4. Gauss’s law and Poisson’s equation:

Now, using both equations:

E=-VV.....»1
—_ —> p

= — .. ... .2
Vv o (2)

And, by replacing (1) into (2), we obtain:

VE) = —E}. (E)V) = —VZV = —AV = gﬁ
0

Which could be rewritten as:

This a second degree differential equation with

source term is known as “Poisson’s equation’. |

The special case of absence of electric charges in the
free space, the Poisson’s equation will be reduced to
homogeneous differential equation:

AV = V2V =0

Known as “Laplace’s equation’.

In rectangular coordinates:
i R A Ll A L 4
dx? A dy? L 0z*
In cylindrical coordinates:

19 ( av) 1 azv+azv_0
pap\Pap) " p2ag? " 9z =
In spherical coordinates:

10
r2 or i

VY, 1 e . V) 1 %V
or r2.sinf 00 = 00 r2.sin20 d¢p?
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5. Gauss law for magnetism:

By considering the flux of magnetic field lines
through a given surface enclosing totally or
partially these lines, it comes intuitively, due
to the nature of the magnetic dipole
(permanent or induced) that the same amount
of field lines will enter and then exit from that

surface. This will imply:

#E.cﬁ:o

S
This is the equivalent Gauss law for magnetic

field in its integral form.

The differential form will be deduced in similar way by

using the conversion of surface integral to a volume one:

(V.B).dv=0-V.B=0

v/
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6. Vector magnetic potential:
Now let’s exploit the fact that for any vector field A

we have always: V. (V/\Zl)) =0

By identification with the former law giving the
divergent of magnetic field : V.B=0

It comes directly that magnetic field could be

derived as a curl of a vector field, called “Vector

Magnetic Potential”:

—

B=VAA
Since the magnetic field unit in S.1 is Tesla :

1[T] = 1{Weber.m 2| = 1|Wb.m™2|
Consequently the S.I unit for the vector magnetic potential

will be : Wb.m™1 = %2

If now we rewrite the Ampere law of magnetic field

induced by a set of currents:

¢ K

Passing from summation to integral and using

surface density of current:

jﬂ §’.d2=u0j j.ds
C S

If we use the Stokes’s theorem to convert a line

integral into a surface integral:
f (VAB).dS = 7‘> B.dl
S C
We get by identification:
VAB = toJ
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7. Vector Poisson’s equation:

In the same way as we achieve it for electric field,

let’s exploit both equations:

=

B=VAA..... 3)

—_ —

VAB = uyj ... ... ... (4)
And replace (3) into (4):

VAB = VA(V/\X) = Woj
We know (chapter 01) that for any vector A, the
Laplacian of A obeys the vector identity given by:
V2A=V(V.A) -V A (V AA)
This implies:

T(7.2) - V74 = poj

An appropriate and simplest choice about the term
V.4 is to take (Coulomb gauge):
V.A=0

To avoid any conflicting with the requirement of
equation (3).
Using this choice leads to the “Vector Poisson’s
equation”:

VZA = —pof
Which is very similar to the Poisson’s equation for

the scalar electric potential:

7 e
€o
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7. Vector Poisson’s equation:

Using the definition for sz, the vector Poisson’s
equation can be decomposed into three scalar Pois

son’s equations

(924,

oD —HoJ sx
9%A

d%A4,

As for Poisson’s equation for scalar potential, it is
possible to get back into vector potential

components:

a, =t Iszge
4 ), T

Similar solutions could be found for the remain
components y and z:

Volume density:

Surface density:

A=—=[ =ds
a4 )g, T
Linear density:
— I
A=20[ Zai
4 );, r

The vector magnetic potential provides a 3rd
approach for computing the magnetic field due to
current-carrying conductors in addition to the

methods suggested by Biot-Savart and Ampere law.



1. Maxwell Equations

Maxwell equations

1. Electro-magnetostatics laws:

According to previous sections we could gather all
the differential and integral equations of both

electric and magnetic fields:

r
fﬁ.cﬁzq
f—>—> p
V.E = — (ST — - |
£o Nl =12 3@ D.di=0
{VAE=0 o{VAD=0 /¢
W AB =l A
j@ H.dli=1I
\ YC

Where: D = SE; B = uﬁ

in the case of free space: € = €y, it = U

Both fields are derived from potentials:

* Scalar electric potential:

Vz—jf.diﬁfz—VV

* Vector magnetic potential:

e

Volume density:

Surface density:

Linear density:
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