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Chapter 01
Usetul Maths




I. Useful Maths

For the cartesian system we have:

This is an orthonormal system

Vectors



I. USEf“l MathS Vectors

Let’s define two vectors 4 and B in cartesian | * Dot product (Scalar product):
referential (0,x,y, z):

A=A+ A+ Ak

B=B,i+B,j+B,k
Both, obey the following rules:
* Constant multiplication:

a.A = ad, i+ aA,j + ad, k

* Sum and difference:

A+B = (A, +B)i+ (A, +B,)j+ (A4, +B)k |



I. Useful Maths

Cross product

AAB=4AQ®

A A

—

B = C = A.B sin(4B)u,

Sl

ig

,l,AxB

It is important to note that:
* Dot product is commutative

AB=B.A

* Dot product is associative

A(B+C)=AB+A.C
* (Cross product is anti-commutative

AANB=-BAA

* Cross product is associative

AN(B+C)=AAB+AAC
Following rules are applied too:
. A(BAC)=B.(CAZ) =C.(AAF)

. AA(BAC)=(A0)B - (A.B)C

Vectors



I. USEful MathS Systems of coordinates

Other systems of coordinates are also

| a (pla (/)la Zl)
useful to express vectors: :

* (Cylindrical coordinates (3D):

X = pP.COSQ — >
(%,5,2) = (p,9,2): 1y = p.sing o P = VX1V
. tanp = y/x

A=Apu,+Ayu, + Ak

With the interval of the azimutal angle: ¢ € [0, 27|

Cylindrical coordinates



I. USEful MathS Systems of coordinates

Other systems of coordinates are also useful
to express vectors: .

* Spherical coordinates (3D): \

X =1.5in6.cos@ r=+x2+ y2 + 72 \
(x, Yy, z) - (r, Q, 0): y =1.5in0.sing < tangp = y/x \\
Z =1r.cos6 cos® = z/r 0 \\

Z — Ar’l_l)r + A(p‘l_l)(p —+ Agl_l)g

With the interval of the azimutal angle: ¢ € [0, 27|

And the interval of polar angle : 0 € [0, ]

Spherical coordinates



I. Useful Maths

Systems of coordinates

Conversion rules
betwwen different
systems of

coordinates

To

Cartesian

Cylindrical

Spherical

Cartesian
rT=2x
y=1y
z2=2z
p=4/z* +y°
= arcta,n(g)
14 &
Z2=2z

?‘Z\/iﬂz-l—yz-l—zz

z

.fmﬁ + yZ
f = arctan

()
@ = arctan| —
x

)

From
Cylindrical Spherical

T = pCcos x = rsinfcosp
Yy = psiny y = rsinfsin ¢
z=2z z = rcosf

p= p=rsinf

$ = p=¢

z = z=rcosf

<
<

r = p2+zz

f = arctan (E) 6=20
z

Y=



I. USEf“l MathS Elementary measures

U Line element: U Surface element:
* Cartesian coordinates: e Cartesian coordinates:

dl = dxi + dyj + dzk 0Z: dS = dx.dy
 Cylindrical coordinates: OY: dS =dx.dz

dl = dpi, + pdou, + dzk OX7 dogeyer

. . * (Cylindrical coordinates:
* Spherical coordinates:

. radial: dS = pdedz
dl = dru, + r.sinfdou, + rdou,
axial: dS = pdedp

* Spherical coordinates:

radial:dS = r*sin0dedo



I. USEf“l MathS Elementary measures

] Volume element:

. Cartesian coordinates: ® Cylindrical coordinates: ° Spherical coordinates:
dv = dx.dy.dz dV = pdp.de.dz dV = r’sinfdr.d¢.do
Volume = dx dy dz B
dx dy dz \\\\\\
P'. \\\\\\
dy dz dx dz A
dx A \
\
dy ‘1 \ dr
g B
NS *~rdf
\\\\\\Il\ \




I. USEf“l MathS Operators

For a given variable x, we recall that partial Similarly, the curl of 4 (Vector) is given by:
derivation noted:

d Py d V/\?l):rot/l:
ax * dx

y=z=t=Cte

l

6
A,
When Nabla operator is applied on scalar function

We define the vector operator Nabla: f(x,y, 2) it gives the gradient of f:

i szgradf—lﬂ+]—f+7€g

dx ’dy = oz 0x TN O

The Nabla operator could be applied twice on the

In such case, when applied on a given vector A4, we .
same operand (scalar or vector function):

obtain the divergent of A (Scalar):
* The scalar function

—_ — — an aAy aAZ 62 2 2
T | 3 [P O
V.A div. A 7 ol ay + e A (V- V)f V2f = Af = axz dy2 + 272

This squared operator is called Laplacian.




I. Useful Maths

Operators

* The vector function:
V2A = V*A,i+ V*A,j + V*Ak
Also, given as follows:

VZA=V(V.A) -V A(VAA)

Besides that, it is possible to demonstrate that
alternate application of Nabla with dot and cross
product on scalar of vector function will give

always null result:
+ V.(VAA)=0,v4

« VA(Vf) =0,vf

When applied with dot or cross product, Nabla

operator obeys some arithmetic rules:

V(f4) = 4.(Vf) + f(V. 4)
VA(fA) = (VF) LA+ f(VAA)
V(rg) = g(f) + f(Vg)

—

V.(AAB)=B.VAA—-AVAB

V.(4.B) = (AV)B + (B.V)A+ A A (VAB) + B A (VAA)

VA(AAB)=A(V.B) - B(V.4) + (B.V)4 - (AV)B



I. Useful Maths

Operators

The Nabla operator could be written in other

systems of coordinates:

 Cylindrical coordinates:
D 10

— d

V=i, —+d,——+k—

vap  "“epag

When applied on a scalar function f(p, @, z):

* Gradient of a scalar:

., of 19f
Vf=u +U,—=—+k
4 Pap’ ?pag

0z

_>6f
9z

When applied on a vector function (field):
A(p,@,z) = Au, + Ayu, + Ak

* Dot product (Divergent of Z):

= — 10 - 0
V.A = (upap+u(p;£+k ) rup+A(pu(p+Ak
And here we should take in consideration that:
d Jd _, o= k 0
— U, = Uy — U, = —Uy; —
a(p P Y a(p ®Q P a(p

AUy, =00,u,,,=0

We obtain the divergent of A:

1 a(pA,,) + 104, . 0A,

V.A=
p Odp pop 0z




I. Useful Maths

Operators
* Cross product (Curl of A): Q Spherical coordinates:
VAA= ( pom iUyt Ko )
ap poyp v) A 0 b = 1 d - 10
= U, — u Up——
In similar way, one can demonstrate that: "or Yr.sinfade 916

VAA =

patp 0z
vz (940 945\ o 19(pA,) 104,
“\az ap p 0p pag
* Laplacian:
2_ o 10 == — li 7 0
v (pap+u"’p0<p+k )( pap+ "’parp+kaz

It gives in the cylindrical coordinates:

2 o L8 Tohi o
~ 5 pap\Pop) T prag? T oz

)

When applied on a scalar function f(p, ¢, 0):

* Gradient of a scalar:

—>

5 9, . 1
=t or Uy r.sin@ @

16f
100




I. USEf“l MathS Operators

When applied on a vector function (field): * Laplacian:

V2 = (ot ity o+ li).(a 2,2 gl
— = — N or ? r.sind dg 01 a6 T ar ? r.sing de Y
A(p,@,z) = A, u, + Ay,uy, + Agug

It gives in the cylindrical coordinates:

* Dot product (divergent of Z):

VZ
- 19(r*4 1 0A 1 3(A,sind 10 d 1 7, 7,
V.A=— ( '")+ : o , SRSV ) ==—|[|r:—|+ : sinf —
r: or r.sinf d¢ r.sin6 30 r2dr\ 9r) 1r2.sin@ a0 00
. 2
* Cross product (Curl of A): + 1 0
' r2.sin20 d >
S Gz L d(A,sin8) Ay
— Y sino a0 dp

_, 1(d(rdg) 084, _ 1( 1 84, 0d(rA,)
+u(p— — +u9— . o
r or a0 r\sinf d¢ or
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