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Useful Maths



I. Useful Maths

For the cartesian system we have:

Ԧ𝒊. Ԧ𝒊 = Ԧ𝒋. Ԧ𝒋 = 𝒌. 𝒌 = 𝟏

Ԧ𝒊. Ԧ𝒋 = Ԧ𝒋. 𝒌 = 𝒌. Ԧ𝒊 = 𝟎

Ԧ𝒊 ⋏ Ԧ𝒊 = Ԧ𝒋 ⋏ Ԧ𝒋 = 𝒌 ⋏ 𝒌 = 𝟎

Ԧ𝒊 ⋏ Ԧ𝒋 = 𝒌; Ԧ𝒋 ⋏ 𝒌 = Ԧ𝒊; 𝒌 ⋏ Ԧ𝒊 = Ԧ𝒋

This is an orthonormal system 

Vectors



I. Useful Maths

Let’s define two vectors 𝑨 and 𝑩 in cartesian

referential (𝑶, 𝒙, 𝒚, 𝒛):

𝑨 = 𝑨𝒙Ԧ𝒊 + 𝑨𝒚 Ԧ𝒋 + 𝑨𝒛𝒌

𝑩 = 𝑩𝒙Ԧ𝒊 + 𝑩𝒚 Ԧ𝒋 + 𝑩𝒛𝒌

Both, obey the following rules:

• Constant multiplication: 

𝜶. 𝑨 = 𝜶𝑨𝒙Ԧ𝒊 + 𝜶𝑨𝒚 Ԧ𝒋 + 𝜶𝑨𝒛𝒌

• Sum and difference:

𝑨 ± 𝑩 = 𝑨𝒙 ± 𝑩𝒙 Ԧ𝒊 + 𝑨𝒚 ± 𝑩𝒚 Ԧ𝒋 + 𝑨𝒛 ± 𝑩𝒛 𝒌

• Dot product (Scalar product):

𝑨. 𝑩 = 𝑺 = 𝑨𝒙. 𝑩𝒙 + 𝑨𝒚. 𝑩𝒚 + 𝑨𝒛. 𝑩𝒛

𝑨. 𝑨 = 𝑨𝟐 = 𝑨𝒙
𝟐 + 𝑨𝒚

𝟐 + 𝑨𝒛
𝟐

𝑨 = 𝑨 = 𝑨𝒙
𝟐 + 𝑨𝒚

𝟐 + 𝑨𝒛
𝟐 ∈ ℝ+

𝑨. 𝑩 = 𝑨. 𝑩 𝒄𝒐𝒔( 𝑨𝑩)

Vectors



I. Useful Maths
• Cross product

𝑨 ⋏ 𝑩 = 𝑨 ⊗ 𝑩 = 𝑪 = 𝐀. 𝐁 𝐬𝐢𝐧( 𝑨𝑩)𝒖𝑪

𝑨 ⋏ 𝑩 =
Ԧ𝒊

𝑨𝒙

𝑩𝒙

Ԧ𝒋
𝑨𝒚

𝑩𝒚

𝒌
𝑨𝒛

𝑩𝒛

Vectors

It is important to note that:
• Dot product is commutative

𝑨. 𝑩 = 𝑩. 𝑨

• Dot product is associative

𝑨. 𝑩 ± 𝑪 = 𝑨. 𝑩 ± 𝑨. 𝑪

• Cross product is anti-commutative

𝑨 ⋏ 𝑩 = −𝑩 ⋏ 𝑨

• Cross product is associative

𝑨 ⋏ 𝑩 ± 𝑪 = 𝑨 ⋏ 𝑩 ± 𝑨 ⋏ 𝑪

Following rules are applied too:

• 𝑨. 𝑩 ⋏ 𝑪 = 𝑩. 𝑪 ⋏ 𝑨 = 𝑪. 𝑨 ⋏ 𝑩

• 𝑨 ⋏ 𝑩 ⋏ 𝑪 = 𝑨. 𝑪 𝑩 − 𝑨. 𝑩 𝑪



I. Useful Maths

Other systems of coordinates are also 

useful to express vectors:

• Cylindrical coordinates (3D):

𝒙, 𝒚, 𝒛 → 𝝆, 𝝋, 𝒛 : ቐ
𝒙 = 𝝆. 𝒄𝒐𝒔𝝋
𝒚 = 𝝆. 𝒔𝒊𝒏𝝋
𝒛 

൝ 𝝆 = 𝒙𝟐 + 𝒚𝟐

𝒕𝒂𝒏𝝋 = 𝒚/𝒙 

𝑨 = 𝑨𝝆𝒖𝝆 + 𝑨𝝋𝒖𝝋 + 𝑨𝒛𝒌

With the interval of the azimutal angle: 𝛗 ∈ 𝟎, 𝟐𝛑

Systems of coordinates

Cylindrical coordinates



I. Useful Maths

Other systems of coordinates are also useful 

to express vectors:

• Spherical coordinates (3D): 

𝒙, 𝒚, 𝒛 → 𝒓, 𝝋, 𝜽 : ቐ
𝒙 = 𝒓. 𝒔𝒊𝒏𝜽. 𝒄𝒐𝒔𝝋
𝒚 = 𝒓. 𝒔𝒊𝒏𝜽. 𝒔𝒊𝒏𝝋
𝒛 = 𝒓. 𝒄𝒐𝒔𝜽 

൞
𝒓 = 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 
𝒕𝒂𝒏𝝋 = 𝒚/𝒙 
𝒄𝒐𝒔𝜽 = 𝒛/𝒓 

𝑨 = 𝑨𝒓𝒖𝒓 + 𝑨𝝋𝒖𝝋 + 𝑨𝜽𝒖𝜽

With the interval of the azimutal angle: 𝛗 ∈ 𝟎, 𝟐𝛑

And the interval of polar angle : 𝛉 ∈ 𝟎, 𝛑

Systems of coordinates

Spherical coordinates



I. Useful Maths Systems of coordinates

Conversion rules 

betwwen different 

systems of 

coordinates



I. Useful Maths

❑ Line element:

• Cartesian coordinates: 

𝒅Ԧ𝒍 = 𝒅𝒙Ԧ𝒊 + 𝒅𝒚Ԧ𝒋 + 𝒅𝒛𝒌

• Cylindrical coordinates: 

𝒅Ԧ𝒍 = 𝒅𝝆𝒖𝝆 + 𝝆𝒅𝝋𝒖𝝋 + 𝒅𝒛𝒌

• Spherical coordinates: 

𝒅Ԧ𝒍 = 𝒅𝒓𝒖𝒓 + 𝒓. 𝒔𝒊𝒏𝜽𝒅𝝋𝒖𝝋 + 𝒓𝒅𝜽𝒖𝝋

Elementary measures

❑ Surface element:

• Cartesian coordinates: 

𝑶𝒁:  𝒅𝑺 = 𝒅𝒙. 𝒅𝒚

𝑶𝒀:  𝒅𝑺 = 𝒅𝒙. 𝒅𝐳

𝑶𝑿:  𝒅𝑺 = 𝒅𝒚. 𝒅𝐳

• Cylindrical coordinates: 

𝒓𝒂𝒅𝒊𝒂𝒍:  𝒅𝑺 = 𝝆𝒅𝝋𝒅𝒛

𝒂𝒙𝒊𝒂𝒍:  𝒅𝑺 = 𝝆𝒅𝝋𝒅𝝆

• Spherical coordinates: 

𝒓𝒂𝒅𝒊𝒂𝒍: 𝒅𝑺 = 𝒓𝟐𝒔𝒊𝒏𝜽𝒅𝝋𝒅𝜽



I. Useful Maths

❑ Volume element:

Elementary measures

• Cartesian coordinates: 

𝒅𝑽 = 𝒅𝒙. 𝒅𝒚. 𝒅𝒛

• Cylindrical coordinates: 

𝒅𝑽 = 𝝆𝒅𝝆. 𝒅𝝋. 𝒅𝒛

• Spherical coordinates: 

𝒅𝑽 = 𝒓𝟐𝒔𝒊𝒏𝜽𝒅𝒓. 𝒅𝝋. 𝒅𝜽



I. Useful Maths

For a given variable 𝒙, we recall that partial

derivation noted:

𝝏

𝝏𝒙
= 𝝏𝒙 = ቤ

𝒅

𝒅𝒙
𝒚=𝒛=𝒕=𝑪𝒕𝒆

We define the vector operator Nabla:

𝛁 = Ԧ𝒊
𝝏

𝝏𝒙
+ Ԧ𝒋

𝝏

𝝏𝒚
+ 𝒌

𝝏

𝝏𝒛

In such case, when applied on a given vector 𝑨, we

obtain the divergent of 𝑨 (Scalar):

𝛁. 𝑨 = 𝒅𝒊𝒗. 𝑨 =
𝝏𝑨𝒙

𝝏𝒙
+

𝝏𝑨𝒚

𝝏𝒚
+

𝝏𝑨𝒛

𝝏𝒛

Similarly, the curl of 𝑨 (Vector) is given by:

𝛁 ⋏ 𝑨 = 𝒓𝒐𝒕𝑨 =
Ԧ𝒊

𝝏𝒙

𝑨𝒙

Ԧ𝒋
𝝏𝒚

𝑨𝒚

𝒌
𝝏𝒛

𝑨𝒛

When Nabla operator is applied on scalar function

𝒇(𝒙, 𝒚, 𝒛) it gives the gradient of 𝒇:

𝛁𝒇 = 𝒈𝒓𝒂𝒅𝒇 = Ԧ𝒊
𝝏𝒇

𝝏𝒙
+ Ԧ𝒋

𝝏𝒇

𝝏𝒚
+ 𝒌

𝝏𝒇

𝝏𝒛

Operators

The Nabla operator could be applied twice on the

same operand (scalar or vector function):

• The scalar function

𝛁. 𝛁 𝒇 = 𝛁𝟐𝒇 = ∆𝒇 =
𝝏𝟐𝒇

𝝏𝒙𝟐
+

𝝏𝟐𝒇

𝝏𝒚𝟐
+

𝝏𝟐𝒇

𝝏𝒛𝟐

This squared operator is called Laplacian.



I. Useful Maths
• The vector function:

𝛁𝟐𝑨 = 𝛁𝟐𝑨𝒙Ԧ𝒊 + 𝛁𝟐𝑨𝒚 Ԧ𝒋 + 𝛁𝟐𝑨𝒛𝒌

Also, given as follows:

𝛁𝟐𝑨 = 𝛁 𝛁. 𝑨 − 𝛁 ⋏ 𝛁 ⋏ 𝑨

When applied with dot or cross product, Nabla 

operator obeys some arithmetic rules:

▪ 𝛁. 𝑨 ± 𝑩 = 𝛁. 𝑨 ± 𝛁. 𝑩

▪ 𝛁 ⋏ 𝑨 ± 𝑩 = 𝛁 ⋏ 𝑨 ± 𝛁 ⋏ 𝑩

▪ 𝛁 𝒇 ± 𝒈 = 𝛁𝒇 ± 𝛁𝒈

▪ 𝛁 𝒇𝑨 = 𝑨. 𝛁𝒇 + 𝒇 𝛁. 𝑨

▪ 𝛁 ⋏ 𝒇𝑨 = 𝛁𝒇 ⋏ 𝑨 + 𝒇 𝛁 ⋏ 𝑨

▪ 𝛁 𝒇𝒈 = 𝒈 𝛁𝒇 + 𝒇 𝛁𝒈

▪ 𝛁. 𝑨 ⋏ 𝑩 = 𝑩. 𝛁 ⋏ 𝑨 − 𝑨. 𝛁 ⋏ 𝑩

▪ 𝛁. 𝑨. 𝑩 = 𝑨. 𝛁 𝑩 + 𝑩. 𝛁 𝑨 + 𝑨 ⋏ 𝛁 ⋏ 𝑩 + 𝑩 ⋏ 𝛁 ⋏ 𝑨

▪ 𝛁 ⋏ 𝑨 ⋏ 𝑩 = 𝑨 𝛁. 𝑩 − 𝑩 𝛁. 𝑨 + 𝑩. 𝛁 𝑨 − 𝑨. 𝛁 𝑩

Operators

Besides that, it is possible to demonstrate that

alternate application of Nabla with dot and cross

product on scalar of vector function will give

always null result:

• 𝛁. 𝛁 ⋏ 𝑨 = 𝟎, ∀𝑨

• 𝛁 ⋏ 𝛁𝒇 = 𝟎, ∀𝒇



I. Useful Maths

The Nabla operator could be written in other

systems of coordinates:

❑ Cylindrical coordinates:

𝛁 = 𝒖𝝆

𝝏

𝝏𝝆
+ 𝒖𝝋

𝟏

𝝆

𝝏

𝝏𝝋
+ 𝒌

𝝏

𝝏𝒛

When applied on a scalar function 𝒇(𝝆, 𝝋, 𝒛):

• Gradient of a scalar:

𝛁𝒇 = 𝒖𝝆

𝝏𝒇

𝝏𝝆
+ 𝒖𝝋

𝟏

𝝆

𝝏𝒇

𝝏𝝋
+ 𝒌

𝝏𝒇

𝝏𝒛

When applied on a vector function (field):

𝑨(𝝆, 𝝋, 𝒛) = 𝑨𝝆𝒖𝝆 + 𝑨𝝋𝒖𝝋 + 𝑨𝒛𝒌

• Dot product (Divergent of 𝑨):

𝛁. 𝑨 = 𝒖𝝆
𝝏

𝝏𝝆
+ 𝒖𝝋

𝟏

𝝆

𝝏

𝝏𝝋
+ 𝒌

𝝏

𝝏𝒛
 𝑨𝒓𝒖𝝆 + 𝑨𝝋𝒖𝝋 + 𝑨𝒛𝒌

And here we should take in consideration that:

𝝏

𝝏𝝋
𝒖𝝆 = 𝒖𝝋;

𝝏

𝝏𝝋
𝒖𝝋 = −𝒖𝝆;

𝝏

𝝏𝝋
𝒌 = 𝟎

𝝏𝝆𝒖𝝆,𝝋,𝒛 = 𝟎; 𝝏𝒛𝒖𝝆,𝝋,𝒛 = 𝟎

We obtain the divergent of 𝑨:

𝛁. 𝑨 =
𝟏

𝝆

𝝏 𝝆𝑨𝝆

𝝏𝝆
+

𝟏

𝝆

𝝏𝑨𝝋

𝝏𝝋
+

𝝏𝑨𝒛

𝝏𝒛

Operators



I. Useful Maths
• Cross product (Curl of 𝑨):

𝛁 ⋏ 𝑨 = 𝒖𝝆
𝝏

𝝏𝝆
+ 𝒖𝝋

𝟏

𝝆

𝝏

𝝏𝝋
+ 𝒌

𝝏

𝝏𝒛
⋏𝑨

In similar way, one can demonstrate that:

𝛁 ⋏ 𝑨 = 𝒖𝝆

𝟏

𝝆

𝝏𝑨𝒛

𝝏𝝋
−

𝝏𝑨𝝋

𝝏𝒛

+𝒖𝝋

𝝏𝑨𝝆

𝝏𝒛
−

𝝏𝑨𝒛

𝝏𝝆
+ 𝒌

𝟏

𝝆

𝝏 𝝆𝑨𝝋

𝝏𝝆
−

𝟏

𝝆

𝝏𝑨𝝆

𝝏𝝋

• Laplacian:

𝛁𝟐 = 𝒖𝝆
𝝏

𝝏𝝆
+ 𝒖𝝋

𝟏

𝝆

𝝏

𝝏𝝋
+ 𝒌

𝝏

𝝏𝒛
. 𝒖𝝆

𝝏

𝝏𝝆
+ 𝒖𝝋

𝟏

𝝆

𝝏

𝝏𝝋
+ 𝒌

𝝏

𝝏𝒛

It gives in the cylindrical coordinates:

𝛁𝟐 = ∆=
𝟏

𝝆

𝝏

𝝏𝝆
𝝆

𝝏

𝝏𝝆
+

𝟏

𝝆𝟐

𝝏𝟐

𝝏𝝋𝟐
+

𝝏𝟐

𝝏𝒛𝟐

Operators

❑ Spherical coordinates:

𝛁 = 𝒖𝒓

𝝏

𝝏𝒓
+ 𝒖𝝋

𝟏

𝒓. 𝒔𝒊𝒏𝜽

𝝏

𝝏𝝋
+ 𝒖𝜽

𝟏

𝒓

𝝏

𝝏𝜽

When applied on a scalar function 𝒇(𝝆, 𝝋, 𝜽):

• Gradient of a scalar:

𝛁𝒇 = 𝒖𝒓

𝝏𝒇

𝝏𝒓
+ 𝒖𝝋

𝟏

𝒓. 𝒔𝒊𝒏𝜽

𝝏𝒇

𝝏𝝋
+ 𝒖𝜽

𝟏

𝒓

𝝏𝒇

𝝏𝜽
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When applied on a vector function (field):

𝑨(𝝆, 𝝋, 𝒛) = 𝑨𝒓𝒖𝒓 + 𝑨𝝋𝒖𝝋 + 𝑨𝜽𝒖𝜽

• Dot product (divergent of 𝑨):

𝛁. 𝑨 =
𝟏

𝒓𝟐

𝝏 𝒓𝟐𝑨𝒓

𝝏𝒓
+

𝟏

𝒓. 𝒔𝒊𝒏𝜽

𝝏𝑨𝝋

𝝏𝝋
+

𝟏

𝒓. 𝒔𝒊𝒏𝜽

𝝏 𝑨𝜽𝒔𝒊𝒏𝜽

𝝏𝜽

• Cross product (Curl of 𝑨):

𝛁 ⋏ 𝑨 = 𝒖𝒓

𝟏

𝒓. 𝒔𝒊𝒏𝜽

𝝏 𝑨𝝋𝒔𝒊𝒏𝜽

𝝏𝜽
−

𝝏𝑨𝜽

𝝏𝝋

+𝒖𝝋

𝟏

𝒓

𝝏 𝒓𝑨𝜽

𝝏𝒓
−

𝝏𝑨𝒓

𝝏𝜽
+ 𝒖𝜽

𝟏

𝒓

𝟏

𝒔𝒊𝒏𝜽

𝝏𝑨𝒓

𝝏𝝋
−

𝝏 𝒓𝑨𝝋

𝝏𝒓

Operators

• Laplacian:

𝛁𝟐 = 𝒖𝒓
𝝏

𝝏𝒓
+ 𝒖𝝋

𝟏

𝒓.𝒔𝒊𝒏𝜽

𝝏

𝝏𝝋
+ 𝒖𝜽

𝟏

𝒓

𝝏

𝝏𝜽
. 𝒖𝒓

𝝏

𝝏𝒓
+ 𝒖𝝋

𝟏

𝒓.𝒔𝒊𝒏𝜽

𝝏

𝝏𝝋
+ 𝒖𝜽

𝟏

𝒓

𝝏

𝝏𝜽

It gives in the cylindrical coordinates:

𝛁𝟐

=
𝟏

𝒓𝟐

𝝏

𝝏𝒓
𝒓𝟐

𝝏

𝝏𝒓
+

𝟏

𝒓𝟐. 𝒔𝒊𝒏𝜽

𝝏

𝝏𝜽
𝒔𝒊𝒏𝜽

𝝏

𝝏𝜽

+
𝟏

𝒓𝟐. 𝒔𝒊𝒏𝟐𝜽

𝝏𝟐

𝝏𝝋𝟐
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