Chapter 5

Inverse Functions

In this chapter, we introduce the concept of inverse functions and examine their main
properties. We then study inverse trigonometric functions, followed by hyperbolic and
inverse hyperbolic functions, with particular emphasis on their definitions and fundamental

properties.

5.1 Inverse functions and their properties

Definition 5.1.1 Let f: A — B, g: B — A be two functions. We say that the function

g 1s an inverse of the function f if an only if

fla) =b < g(b) = a,

for every b in the domain of g and every a in the domain of f. We denote g by f~! and

we call it the inverse of f.

In fact, the inverse of the function f is the function that sends each f(a) back to a.

122



Dr. L. Slimane - UDBKM Chapter 5. Inverse Functions

We note that if f~! is an inverse of f then f is an inverse of f.
There is a geometrical relationship between inverse functions. If f and f~! are inverse
functions of each other, then the graph of y = f(x) is the graph of y = f~!(x), reflected

about the line y = z.

Proposition 5.1.1 Suppose that a function f has an inverse. Then the domain of f is

equal to the range of f~1, and the range of f is equal to the domain of f~* and we have

f(fY(y) =y, forally in the range of f.

fYfY2)=x,  for all v in domain of f.

The previous two equations show that when a function has an inverse, the composite of
the function and its inverse in either order is the identity function. Recall that an identity

function is a function that maps each element in its domain onto itself.
Proposition 5.1.2 If a function f admits an inverse, then that inverse is unique.

Definition 5.1.2 We say that a function f is one-to-one, if its graph satisfies the hori-

zontal line test: mo horizontal line intersects the graph more than once.

No horizontal line intersects a graph more than once is equivalent that no y-value on the

graph can come from two different z-values. In fact, f is one-to-one is equivalent to say

that if x; # x5 then f(z1) # f(x2) (or f(z1) = f(x2) implies x; = z3).

Proposition 5.1.3 If the real function f satisfies the horizontal line test, i.e. f is one-

to-one, then f admits an inverse function f=1.

Example 5.1.1 The absolute value function f(z) = |z| is not one-to-one, since

f@)=2=f(-2).

123



Dr. L. Slimane - UDBKM Chapter 5. Inverse Functions

Thus, this function does not have an inverse.

More generally, an even function never has an inverse function, since f(—x) = f(z).

Remark 5.1.1 For a function f, f~* will denote its inverse, and —1 does not mean the

exponent :

We present now the following algorithm for computing the inverse function (when it exists):
1. Form the equation y = f(z).

2. If possible, solve that equation for z as a function of y, x = f~1(y).

3. If z is required as the name of the independent variable, interchange the names x and
y:y=f"()

4. Describe the domain of f~! (which is the range of f).

Example 5.1.2 Find the inverse of the function f : R—{—3} — R defined by f(z) = g;—i

First let us show that f is one-to one. Let x1,x9 € R — {—=3} such that f(x1) = f(x2).

Then

5—131_5—ZE2
3411 3414

= b—-—21)B34+z2) = (5—22)(3+ 21)

= 15— 3$1 + 51’2 — X1T9 = 15+ 51’1 — 3372 — —T1T2

= 1 = T9.

So f is one-to one and f has an inverse f~1. We have

5—=x
y=5, y(3+ ) T

=3y+ry—>5+x=0
=x(l+y)=5-3y

5— 3y
=>x = , —1.
Ty y#
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Then

F i) = reR—{-1}
Definition 5.1.3 A function f is called

1)strictly increasing if for any z, x5 from its domain,
r1 < w2 = f(z1) < f(22).

2)strictly decreasing if for any 1, x5 from its domain,
11 <y = f(21) > f(2).

3) monotonous if it is strictly increasing or strictly decreasing.

Theorem 5.1.1 A monotonous continuous function is one-to-one and admits an inverse.

5.1.1 Derivatives of inverse functions

Proposition 5.1.4 (Derivative of the inverse function)
Let f be a bijection from I to f(I) and let f~ be its inverse function. If f is differentiable
on I and f' does not vanish on I then f~! is differentiable on f(I) and we have

1 1

welD) U W= 5555~ Fay

where y = f(x) which is equivalent to f~'(y) = z.

Poof. By the definition of the inverse function, we have

(@) ==
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Differentiate this identity using the chain rule :

LE @) = o e L) ) =1
-1 . 1
N ) [ Sp—

Example 5.1.3 Use the formula of the derivative of the inverse function to find the de-

rivative of /.
The function Yz is the inverse of the function f(z) = 23 i.e. f71(z) = Yx.

Begin by evaluating f'(x). Thus
f'(x) =322 and f'(f ' (z)) =3 (%)2 =323 £0, ifx € R\{0}.

Finally

5.2 Definition of Inverse Trigonometric Functions

Before presenting the definition of inverse trigonometric functions we recall four facts
about functions and their inverse functions:

1. A function must be bijective in order to have an inverse function.

2. The graph of an inverse function is the reflection of the original function about the line
y=1x.

3. If (z,y) is a point on the graph of the original function, then (y,x) is a point on the
graph of the inverse function.

4. The domain and range of a function and it’s inverse are interchanged.
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We know that the trigonometric functions are periodic so they are one to one and then
they are not bijective. For this each trigonometric function has a restricted domain which

on it the trigonometric functions is bijective i.e. for which an inverse function is defined.

Definition 5.2.1 The inverse function of the restricted sine function on [—%, g] exists
and is denoted by arcsin or sin™'. It is called the inverse sine function or the arcsine
function. We have

sin: [—2,5] — [-1.1] then arcsin: [-1.1] — [-3, %] and

sinz = y & arcsiny = «x, vel-11],ye[-Z,%].
Properties.

1. We have sin(arcsinz) =z, Vr € [—1.1].
2. We have arcsin(siny) =y, Vy € [—%, g} )
3. We have cos(arcsinz) =1 — 22, Vo e [-1.1].

4. The function arcsin is an odd function on [—1.1].

Definition 5.2.2 The inverse function of the restricted cosine function on [0, 7] erxists
and is denoted by arccos or cos™!. It is called the inverse cosine function or the arccosine
function. We have

cos : [0,m] — [~1,1] then arccos: [—1,1] — [0,7] and

cosx =y < arccosy =z, z€[—1.1],y€0,7].
Properties.

1. We have cos(arccosz) =z, Vre[-1,1].
2. We have arccos(cosy) =y, Vy € |[0,7].

3. We have sin(arccosz) =+/1—122 Vze|[-1,1].
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Graphs: y \ =P
y=sinx: y=arcsinx =sin~ x:
ra _.? . -l
-~ T X =~ i 1
\ .
\ 2
.1‘
| N |
| | N
y=tanx: y=arctanx = tan™ x; -
| |
o~ _j: :Jr > X < > X
i i v
I NF I

Definition 5.2.3 The inverse function of the restricted tangent function on }—%, g[ ex-
ists and is denoted by arctan or tan~'. It is called the inverse tangent function or the
arctangent function. We have

tan: [0,m7] = R  then arctan:R — |-Z 2] and

tanx = y & arctany = z, xeR,ye}—g,g[.
Properties.

1. We have tan(arctanx) =1z, Vz € ]—o00,+00].

2. We have arctan(tany) =y, Yy € R.

™

—%, and so the lines are

3. We have lim arctanz = % and lim arctan =

T—+00 r——00

horizontal asymptotes of the graph of arctan.
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Trig Restricted Inverse trig Principle value
function domain function range
: T T el T -7
) =SIx ——<x=— )y = arcsin x ——Lys—
' 2 2 ' 2 72
y=Cosx O<x<nr J =arceos x O<y<rm
T T T T
y=Ttanx —— <X <— y =arctanx —— <y < —
‘ 2 2 ' 2 2

Example 5.2.1 We have :

a) arcsin(l) = I since sin(3) =1 and £ € [-%,2].
b) arcsin(sin 37”) = arcsin(—1) = —F and arcsin(sin 37”) + 37” because 37” ¢ [—%, g] )
c) arccos(0) = 7 since cos(5) =0 and 5 € [0, 7].

(
d) arccos(3) is undefined because 3 ¢ [—1,1].
Example 5.2.2 Find the domain of definition of the following function:
f(x) = arcsin(z? — 1).

We have

Dy={zeR, -1<z’-1<1}

= {x eR, |z|< \/5}
= [-v2.v2].

:{:L‘E]R, 0<z?2<2

5.2.1 Derivatives of inverse trigonometric functions

In this section we turn our attention to finding derivatives of inverse trigonometric func-

tions. These derivatives will prove invaluable in the study of integration later in this text.
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The derivatives of inverse trigonometric functions are quite surprising in that their deriv-
atives are actually algebraic functions. For the first time, we see that the derivative of a

function need not be of the same type as the original function

Theorem 5.2.1 The derivative of the arcsine is equal to :

1
(arcsinz) = ——, for any v € |-1,1].
1— a2
Poof. The function f(x) = arcsinx, where x € ]—%, g[, has an inverse given by

f'(y) = arcsiny, wherey € ]—1,1].

Using the theorem about derivatives of inverse functions

where y = f(z),we get in our case

(arcsin y)’ 1 1
arcsiny) = =
Y (sinz)  cosz
1
= —— (since cos®z +sin®x = 1 andxe]—z,z[).
1 —sin*xz 272
1 : :
= —F— (since y = sinx).
1—y?
[
Switch to x we find
1
(arcsinx)’ = ——— for any z € |—1,1].

V1—2a?

First we present the following formula which relates arcsin with arccos.
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Lemme 5.2.1 We have the following formula
: T
arcsin y + arccos y = 5 fory e [-1,1].

Poof. Let y = sinx, so x = arcsiny. Since sinz = cos(§ — x), we get

7r m
Yy :COS(§ — I) < arccosy = 5%

7T .
<> arccosy = 5 — arcsmy

. s
< arcsiny + arccosy = 5

Theorem 5.2.2 The derivative of arccosine is given by

1
V1— 22

(arccosx) = — zel-1,1[.

Poof. From the previous lemma we have
) s
arcsinx + arccosr = 5

So

m .
arccosxr = § — arcsimcx.

Differentiate both sides of the equation

/ ™ . !
(arccosx) = (5 — arcsin x)
1
V1—a?
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Theorem 5.2.3 The derivative of the arctangent function is equal to :

1
(arctanx)’ = e for any x € R.

Poof. The function f(x) = tanz, where x € }—%, ) [, has an inverse given by

f'(y) = arctany, wherey € R.

Using the theorem about derivatives of inverse functions

1
I W =5
where y = f(z), we get in our case
(arctany) = L cos®
Y (tanz)’
1 : — 2 1
=T tns (using the identity 1 4 tan®z = o~ x)
1
=11 (since y = arctan x).
Y
Switch to x we get
1
(arctanz)’ = T for any = € R.

Tables of derivatives of inverse trigonometric
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/(@) f(@)
arccos(x) 1_—19[:2
arctan(z) ﬁ
arcsin(x) 11—x2
—u'(z)

arccos(u(x)) 1—u?(z)
- —/(a)

arcsin(u(x)) 1—u2(2)
arctan(u(z)) 115235():5)

Example 5.2.3 Find the derivative of f where f(x) = arctan(5y/x) 4 arccos(ln ).

We have

Gv@)  (mz) s L
14+ (65v2)?  V1-mz 1+252 /1 12

1

2z (1+257) 2V/1-In’z

ot

5.2.2 Integrals leading to inverse trigonometric functions

We have the following integrals

dr = arcsinz +C, |z| <1,

1
/\/1 — 22
= 1arcs.in(z) +C,

1
/\/ﬁdﬂf a a |x\<a, a >0,

1
/ T2 dx = arctan(z) 4+ C,

1 1
/—dm = - arctan(f) +C, a<0.
a? + x? a a
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Example 5.2.4 We have

/( 2z + 5 n 1 )d / 2z d +/ 5 d +/ 1 d
r= | ——dx ——dx ——dzx
16+22  /9— 22 16 + 7 16 + 2 V9 —a?
1
= In(16 + 2?) + Zarctan(%) +3 arcsin(%) +C.

5.3 Hyperbolic Functions

In this section we introduce the four main hyperbolic functions. The hyperbolic functions
are defined in terms of the exponential function. We also discuss some identities relating
these functions, and mention their inverse functions (reciprocal) functions. We will see
some connections with trigonometric functions and we show how they can be used to

evaluate certain integrals that cannot be solved without the use of hyperbolic functions.

5.3.1 Definitions

a) The hyperbolic functions cosh z and sinh x are defined using the exponential function
e”. In fact, the hyperbolic cosine function is defined by the relation

coshz = %, for all z € R.
We remark that the function cosh satisfies the conditions cosh0 = 1 and coshx =
cosh(—x), for all x € R. The function cosh is even, so its graph is symmetric with
respect to the y-axis. In addition, the graph of cosh is always above the graphs of e*/2

and e~*/2.

b) The hyperbolic sine function is defined by the relation

sinhx = %, for all z € R.

The function sinh satisfies the conditions sinh0 = 0 and sinh(—xz) = —sinhz, for all
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fix)
f(x) =cosh(x)

f(x) =sinh(x)

x € R. Thus, the sinh function is odd and its graph is symmetric about the origin.

¢) The hyperbolic tangent function is defined as the quotient of the hyperbolic sine and
hyperbolic cosine :
sinhz e —e™®

tanh x = = , for all z € R.
coshr e*+e®

The hyperbolic tangent is an odd function (tanh0 = 0 and tanh(—z) = — tanh z, for all
z € R) that takes real values between —1 and 1, and its graph is symmetric with respect
to the origin.
d) The hyperbolic cotangent function is defined as the quotient of the hyperbolic cosine
and hyperbolic sine :

coshz e —e™®

the = = for all R —{0}.
O Githr e e orallve {0}

The hyperbolic cotangent is an odd function, coth(—xz) = —cothz, for all x € R, that

takes real values in | — oo, —1[U]1, +00].

135



Dr. L. Slimane - UDBKM

Chapter 5. Inverse Functions

flx),

f(x) =tanh(x)
1 -+
X
_________ l—-l——________
Domain Range
cosh R [1, 4+00]
sinh R R
tanh R | —1,1]
coth | R — {0} | ] — oo, —1[U]1, +00.

Example 5.3.1 Solve in R the equation : e

We have

2

* — coshz — sinhz = 6.

T —x T _ -
ezx—coshx—sinhx:6<:)e2x—<e te )_(e ¢ ):6

o 2e% — (ew + e_"”) — (e‘” - e_w) =12

Sot=e*=3=2=1n3.

& 202 — 20" —

12=0

St2—t—6=0

& t=3, ort=—2 (not admissible).
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5.3.2 Properties of hyperbolic functions
Proposition 5.3.1 For all x € R, we have the following identities :
1. coshz + sinhx = 1.
2. cosh®z — sinh?*z = 1.

3. 1—tanh®’z = —1L

cosh?z”

Proof.
1. We have
coshz + sinhz = <i> + <l>
2 2
= ",
2. We have
o\ 2 o\ 2
2 2
_ (623: +2+6—2z> (6255 +2+6—2a:)
N 4 4
1 1
= -+ - =1.
2 + 2
3. We have

Now we present the main summation (addition) formulas for hyperbolic functions.

Proposition 5.3.2 For all z,y € R, we have :
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1. sinh(z 4 y) = sinh x cosh y + sinh y cosh z.
2. sinh(z — y) = sinh z cosh y — sinh y cosh .
3. sinh(2z) = 2sinh  cosh z.

4. cosh(z + y) = cosh x cosh y 4 sinh z sinh y.
5. cosh(x — y) = cosh x coshy — sinh z sinh y.

6. cosh(2x) = cosh?z + sinh® z.

__ tanhz4tanhy __ 2tanhz
7. tanh(a: + y) ~ l1+4tanhztanhy’ tanh(?:v) " 1+tanh®z”

. __ tanhz—tanhy
8. tanh(:v y) " l1—tanhztanhy"

The following proposition presents some remarkable limits for hyperbolic functions which

are very similar to trigonometric ones.

Proposition 5.3.3 We have the following limits :

. sinhz . tanhz . 1 —-coshz -1
lim =1, lim =1, lim——m—— = —.
z—0 I z—0 €T z—0 2 2

5.3.3 Inverse hyperbolic functions

a) The hyperbolic sine is a one-to-one function and therefore it has an inverse and is

denoted by sinh ™! or argsinh. We have sinh : R — R and sinh™ : R — R with :

y=sinhz @z =sinh 'y =z, Vaz,yeR.

The inverse hyperbolic sine function, sinh ™ , is also an odd function.

b) The hyperbolic cosine function is not one-to-one. In order to find its inverse function

we need to restrict its domain into x > 0. Then the function coshx : [0, +oo[— [1, +00[
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I i sl Y i

v o= smh™
[x i v)

» = ¢osh x,
=0 vV = 1
e
.-"l- ’
v
— 3y = cosh 1x

{1 = cosh y. vy = ()
| |

= e R Y R e e
I

L
1 2 3

has an inverse, denoted cosh™' or argcosh, where cosh™ x : [1, +-00[— [0, +-00[ and

y = coshz < 2 = cosh™ 'y = z,

c) The hyperbolic tangent is a bijective function and thus it admits an inverse and is

denoted by tanh™' or argtanh. We have tanh : R —] — 1,1[ and tanh™' ;] — 1,1[— R

with :

y=tanhz < z =tanh 'y = z,

We mention that the inverse hyperbolic tangent function, tanh™' , is an odd function.

[ | l
45 6 7

> X

[ )

VeeR, ye]—1,1[
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d) The hyperbolic cotangent is a bijective function and thus it admits an inverse and
is denoted by coth™ or argcoth. We have coth : R — {0} —] — 0o, —1[U]1, +00[ and

coth™ :] — 0o, —1[U]1, +00[— R — {0} with :
y =cothr & coth ™'y =2, VreR, y¢c]— oo —1[U]l,+o0].

We mention that the inverse hyperbolic tangent function coth™ is an odd function.

Using the logharithmic form, the previous inverse hyperbolic functions can be written as :

sinh ™'z =In(z + Va2 +1), x€R,

cosh'z=In(z+Va2-1), z>1,

1 1+z

tanh o = =1 <1

an x 2 n(l—ZE), |x| )
1 1—2z

th™tz==1 > 1.

5.3.4 Derivatives and integrals for hyperbolic functions

The four hyperbolic functions presented above, being rational combinations of the differ-
entiable functions e” and e™*, have derivatives at every point at which they are defined.

The derivatives of hyperbolic functions are as follows:

cosh’(z) = sinh(z), sinh’(z) = cosh(z),
1 1

tanh'(z) = ——— th'(z) = ———.

anh () cosh?(z)’ cotht () sinh?(z)

Again, there are similarities with trigonometric functions. Applying the chain rule, we get

the following formulas, where u is a function of x:

cosh’(u) = u' sinh(u), sinh’(u) = ' cosh(u),
u u

tanh’(u) = — thu) = ——~

anhy (u) cosh?(u)’ coth(u) sinh?(u)
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Example 5.3.2 a) If f(x) = sinh(2? + 7x) then

f'(z) = (2" + 72) cosh(a* + Tz) = (42° + 7) cosh(a* + Tz).

b) If g(x) = tanh(v/2? 4+ 1) + cosh(e3* — 5z) then

1)

"(x) = (Ve + (€ — 52) sinh(e%® — 5z

gl cosh?(v/x3 + 1) ( ) ( )
R

+ (3¢ — 5) sinh(e* — 5x).

N 2v/x3 + 1 cosh?(va3 + 1)

The derivatives of inverse hyperbolic functions are given as follows:

%(sinh_1 x) = %(ln(x +Vr2 1)) = a:21+ = € R,
%(coshlx = %(111(37 + Va2 —1)) = xgl_ 7" > 1
%(tanh_lx = %(%ln(iji)) = 1_;:62, |z < 1,
eoth = SO = o el >

Using the derivative formulas, we derive the following integral expressions:

/sinh(m)dm = cosh(z) + C, /cosh(a:)dx = sinh(z)dz + C,
/ L i = tanh(z) 4+ C / L4z = coth(z) + C
—————dx = tanh(z — | ———dz = coth(z
cosh?(x) ’ sinh?(z) ’
1 1
dr =sinh 'z + C, / dz =cosh 'z +C,
/\/:L‘2+1 Va?—1

where C' is a constant in R.

Example 5.3.3 1) For then integral H = [ x coshbxdr we use integration by parts with
L.
u=z, du=dx, dv=coshbrdr, v= R sinh 5x.
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Substituting in the formula of integration by parts

H:/udv:uv—/vdu

/x cosh bxdx = %x sinh bz — % /sinh Saxdx

1 1
= gm cosh bz — % sinh 5z + C.

2) We have

tanh z

h2
K:/COS xdx:1n|tanhx|+0.

5.3.5 Integrals leading to inverse hyperbolic functions

Inverse hyperbolic functions appear when the integrand involves expressions like

Va?+a?,Va? —a?,a® — 2. Using a the substitution u = £ we can deduce the following

integrals :

1 .1,
/\/ﬁdfﬁ = sinh (a) + O, a > 07
1 1,
/\/ﬁd:v:cosh (a)—i-C, x>a>0,
1 1
/—daz = —tanh_l(g) +C, if 2?2 <d?

a? — x2 a a

1 1
/—da: == cothfl(f) +C, ifa?>ad’

a? — x2 a a

Example 5.3.4 Fuvaluate the following integral

1
/ Adx
J V3 + 422

Solution. Letu =2z and a = \/3, then du = 2dx and when x = 0 then u = 0 and when
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z =1 then u = 2. We have

1 2
/ 4dx B / 2du
V3 4 422 va? + u?
0 0

5.4 Exercises
Exercise 5.4.1 Find the domain of definition of the following functions:

1. f(x) = arcsin(z? — 1),

2. g(x) = meenfesd)

3. h(r) = 2eonlad),

Solution.

Exercise 5.4.2 Find the derivative of the following functions:
1. f(x) = arctan(5/x),
2. f(t) = [e" + arcsin(t4)]”
3. f(t) = arccos(e?).

Solution.
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1. We have
fiw) = 14558;_13/)%)2 - 2\/5(15+ 251)
2. We have
F1(8) = (¢ + arcsin(t*))' [¢! + arcsin(t*)]*
— (et + \/%) [¢ + arcsin(th)]*.
3. We have

Exercise 5.4.3 Fuvaluate the following integrals

diL‘, K — f (arctan(3z))® dr.

_ dzx
I = dx, 11052

49422

J=[ 7=

Solution. The first integral is equal to

dx 1 T
I:/4g+$2dx = ?arctan <?> + C.

For the second one, we have
1 (€3x)l

631‘
J= | ——dr == | —————
/ Vi—em o 3) T (e
1

=3 arcsin(e®”) + C.

dx

Concerning the last integral, we have

[ (arctan(3z))® 1/ , 6
K = / 15 022 dx = 3 (arctan x)’(arctan(3z))°dx

1 7
= i(arctan(?)x)) +C.
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Exercise 5.4.4 Solve the following equations :

a) coshz =2, b) sinhz =3,

¢) pbae — £ d)(coshz +7) (3coshaz — 1) = 0.

Solution. a) We know that coshz € [1,400[. Since 2 € [1,+o0[, then the equation

cosh x = 2 has solutions. We have

T —T

cosha::2<:>¥:2<:>ex+exz4

sS4 1=4e". (1)

Let t=¢€% >0, then (1) becomes t* — 4t + 1 = 0. Sot=2++3 or t=2-—+/3>0.
Therefore t = ¢* = 2 = Int so v = In(2 + v/3) or z = In(2 — /3).

3

b) To solve the equation sinhz = 3.

We use the identity cosh? z = sinh? z + 1 and coshz > 0, then

/ 2
coshz = Vsinh?z +1 = 1+<é§l) :g.

Using the formula cosh x + sinhx = e*, we get % + % =x =¢€" So e* =2, then z = In2.
(We can solve it in the same way as question a)).

¢) We have

sinh 2x 1
- - _=9sinh2r =1 h?2
1+ cosh 2z 5 sinh 2x + cosh 2x

2x —2z
= —_ — 1
e e + B

= 2(e* —e ) =24+ ¥ 4 e,
Multiplying by €** we get e!® —2¢** —3 =0 (2). Let t = €2* > 0, (2) becomes
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t?—2t—3 =0 thent = 3 and t = —1 (is not admissible). Therefore the solution is z = 1n73,

since t = ** = 3.
d) (coshz +7) (3coshz —1) = 0 = coshz = —7 (not admissible) or coshz = z(not

admissible also because cosh z > 1). So our problem hasn’t a solution.
Exercise 5.4.5 Find the derivative of the following functions :

1. f(x) = sinh*(z7 4 32),

2. g(x) = V/4z + cosh® 5z,

3. h(z) = tanh /23 + 1,

4. I(z) = arg sinh(z®).
Solution.

1. For the derivative of the first function we have

f/(z) =4 (sinh(2" + 33:))/ sinh® (2" 4 3x)
= 4(2" + 3z) cosh(z” + 3z) sinh®(2” + 32)

= 4(72° + 3) cosh(z” + 37) sinh® (2" + 3z).

2. The derivative of the function g is given by :

!/
J(z) = (\/ 4x + cosh® 5;v>
B (4:U + cosh? 53:)/

B 2v/4x + cosh? 5z
B 4 4+ 10 sinh 5z cosh 5x

2v/4zx + cosh? 5z

B 2 4+ 5sinh 5x cosh bz

\V4x + cosh? 5z
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3. For the function h we have :

( x3 + 1), 322

(cosh Vs + 1)2 N 2vx3 + 1 (cosh Vs + 1)2'

h'(z) =

4. The derivative of the function [ is :

62°

l'(z) = (arg sinh(mﬁ))l =

Exercise 5.4.6 Fuvaluate the following integrals :

H = [xsinh3zdx, I = [tanh(bz)dz, J = [ cosh(3z + 1)dx,
1
K = /( )Gtanhxdl‘.

cosh? &

Solution.

1) For H = [ xsinh 3zdx we use integration by parts with
) 1
u=ux du=dzx, dv = sinhxdx, v = 3 cosh 3.

Substituting in the formula of integration by parts

H:/udv:uv—/vdu
1

/m sinh 3zdx = gx cosh 3z — % /cosh 3xdx

1 1
= 51’ coshz — 9 sinh 3z + C.
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2) For the second integral we have

I = /tanh(5a:)da: = /%gi))dx

1 [5sinh(5z) , 1 [ (cosh(bz))’
B 5/ cosh(5z) do = S/ cosh(5z) d

= In |cosh(5z)| + C.
3) To evaluate J, we use substitution method. Let z = 3x + 1 then dz = dz. We have

1
J = /Cosh(?)x + 1)dx = 3 /coshzdz

1 1
4) We have
1
K = /(—Q)Qtanhxdx _ /(tanhm)’etanhxdx _ etanhaz +C.
cosh” x

Exercise 5.4.7 Find / dx.

1
Vx24+2z+5

Solution. Completing the square : 22 + 2z +5 = (z + 1)® + 4.

We use the following substitution : w =z + 1, du = dx. Then :

1 1
—_— dr = | ——dx
/\/ZEQ+2$+5 /\/u2+4
= sinhfl(g) +C
x+1
2

— sinh™(

)+ C.

dr, with (x4 2)? < 3.

Exercise 5.4.8 FEuvaluate the following integral : / m
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Completing the square on z? + 4x + 4. We have
P +dr+1l=a*+4dr+4-3=(z+2)>*-3.

Then

/:p2+ia7+1dx:/(x+ig)€2—3
dx
:/<x+2>2—<ﬁ>2
dx
:_/(\/5)2—u2

= —\/gtanh_l(%

T+ 2

V3

)+ C

— —V/3tanh™( )+ C.
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