Chapter 3

Functions of Several Variables

3.1 Basic concepts
We begin by introducing the concept of a norm.

Definition 3.1.1 Let E be a vector space over the field k = R ork = C. A norm ||.|| is
a map ||.|| : E — RY with the following properties :

i) ||z]|=0< x=0g (zero vector),

i) VAek VeeE: |[Ax|]| =|Al |z (homogeneity),

i) Yr,y € B llz+y| < ||z + ||yl (triangular inequality).

Example 3.1.1 Let x = (1,29, -+ ,x,) € R". The space R™ may be equipped with one

of the following norm :

L |lzlly = |oo| + || + -+ |2y .

2. |lzlly = V(@12 + (22)* + -+ + ().

3. Nl oo = max(fa], [za], - - [za]).
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Definition 3.1.2 A multivariable function, also called a function of several variables, is
a mapping that assigns to each ordered n-tuple of real numbers v = (x1,x2,- -+ ,x,) in

D C R" a unique real denoted f(x) = f(x1, 22, ,Zp) :

f: DCR*"—R
r = (21,29, ,xn) — f(x) = f(T1,29, -+ ,Tp).

Example 3.1.2 The functions f and g defined respectively by :

f RT-R g :R¥*—=R

(z,y) = flz,y) =3z -5y + 11, (2,9,2) = g(w,y,2) = gt

are multivariable functions.
Definition 3.1.3 Let f: D C R* — R a multivariable function.

e D is called the domain of definition of f, the set of all x where the function is defined.

o The set Ry = f(D) ={f(x), € D} is called the range of f.

o If I C R, the subset denoted f~Y(F) C D is called the preimage of F under f and
defined by

f(F)={xeD, f(x)eF}

Example 3.1.3 1. The domain of the function f defined by:

f(z,y) =9z — 3y + 1 is D; = R%. To determine the range, let z € R and find

a solution of the equation z = f(x,y) so

9z — 3y +1= 2.

Since this equation has solution for any z € R, for example (x,y) = (%,0).

Hence the range is Ry = f(R) =R.
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D A fi)

-~

2. Let g be the function defined by g(x,y) = In(bx — y). Then the domain of g is :

Dy = {(z,y) € R?, 5z —y >0}
= {(z,y) € R?, 52 >y}

= {(z,y) € R? y < 5z}.

D, is the half-plane located below the line y = bx. To find the range, let = € R and
solve the equation z = g(z,y) i.e. z = 1In(bx —y) which is equivalent to e* = bx — y.

This equation has a solution (for instance (z,y) = (<,0) € D). Thus, the range is

Rg = g(D,) =R.

3. Consider the function h given by h(x,y) = /49 — 22 — y2. Its domain is :

Dy ={(z,y) € R? 49 —2* —y* > 0}

= {(z,y) e R*, 2% +y* < 49}.

since x2 + y? = 49 is the equation of a circle centred at (0,0) and of radius r = T.

The domain Dy, s the interior of this circle, including the circle itself. To find the
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range we observe :

0<z=h(z,y) =49 —-22—y2<7= R, C[0,7].

4. On other hand, for any there exists a solution (z,y) for the equation 49— 2% = x2+y?

(for instance (x,y) = (V49 — 22,0) ) therefore R, = [0, 7].

3.2 Limits

In what follows, R™ is endowed with any of the three equivalent norms ||-||, , |||/, or |||l
Let f: D C R® — R a function defined on a neighborhood of a point. a except possibly

at a, and let [ € R.

Definition 3.2.1 We say that the function f admits | for limit at the point a if :
Ve>0,30>0: |x—a|] <96, |flx)=1]<e,

and we write lim f(z) = 1.

For functions of a single variable, when we let x approaches a, there are only two pos-
sible directions of approach, from the let or from the right. For functions of several
variables the situation isn’t as simple. Indeed, if we note that z = (x1,2s, - ,z,) and
a = (ay,az, - ,a,). By x — a we mean that all coordinates of = approach the correspond-
ing coordinates of a simultaneously and independently. There are infinitely many paths
along which x can tend to a.

For example in dimension 2, a point (z,y) may tend to (0,0) along infinitely many paths;

for example :
e along the horizontal axis, that is, y = 0 and x — 0,

e along the vertical axis, that is, z = 0 and y — 0,
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e along any curve, for example, the parabola y = 22

Remark 3.2.1 The standard algebraic properties of limits (sum, difference, product, quo-
tient, and composition) that apply to single-variable functions remain valid for multivari-

able functions.
Theorem 3.2.1 If a function has a limit at a point a then this limit is unique.

Proposition 3.2.1 If f(x,y) — Ly as (z,y) — (a,b) along a path Cy and f(z,y) — Lo

as (x,y) — (a,b) along a path Cy, where Ly # Lo, then  lim  f(z,y) does not exist.

(z,y)—(a,b)

Here are some remarks on limits for functions of two variables.

1. The limit of f(x,y) exists when (z,y) tends to (a,b) if it is independent of the path
taken. In other words, if the limit exists, then f(z,y) must approaches the same

limit no matter how (x,y) approaches (a,b).

2. To show that a limit does not exist, it is sufficient to find two different paths that

yield two different values for the limit.

3. Using the substitution y = ma, where m is a real parameter, approaching (0, 0)
becomes equivalent to letting x — 0. If the resulting limit depends on m, then the
limit does not exist. If the limit is independent of m, no definitive conclusion can

be drawn.

4. lim f(z,y) # hm(hmf(x y)) and  lim f(x y) # hm(hrnf(:v y)) in general.

(z,y)—(a,b) z—a¥—b (z,y)—(ab y—bT

5. The change to polar coordinates (x,y) = (rcosf,rsinf), r > 0, 0 € [0,2n[ is a
technique that helps us determine whether a limit exists as (z,y) — (0,0). Indeed,
\/ﬁy2 =1, s0 (x,y) — (0,0) is equivalent to r — 0. If the limit exists, it must

be independent of 6.
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Proposition 3.2.2 Let f : R? — R be a function of two variables defined in a neighbor-
hood of a point (a,b), except possibly at (a,b), and let L € R. Assume that ( l)m% ) f(z,y)
z,y)—(a,

exists and  lim f(:v y) = L. Assume, in addition, that for all x € R, llIIll)f(ZE,y) exists
’y—>

(z,y)—(a,b)

and for all y € R, lim f(x,y) exists then :

lim(limf(z,y)) = L = lim( lim f(z,y)).

r—a y—b y—b T

Example 3.2.1 FEwvaluate the following limit :

, 923y
lim ——.
(2.y)—(0,0) 22 + 2

By converting to polar coordinates
(x,y) = (rcosf,rsinf),r > 0,0 € [0, 2],

we get:
923y . 9r*cos®Osind

1 =lm————= 1im9r? cos® A sin 6 = 0.
(zy)—(00) 22 +y2 =0 r 50

Therefore, the limit exists and is equal to zero.

Example 3.2.2 The limit lim

o does not exist. Indeed, using polar coordinates :
x,y)—

2
OO)CK +y

(x,y) = (rcosf,rsinf),r > 0,0 € [0, 27|,

we get :

6 612 0 sin 6
lim L= ﬁmw = lim6cosfsinf = 6 cosfsinb.
(@y)—00 T +y2 -0 r .

It depends to 0, then the limit does not exist.

4x2 7y2

Example 3.2.3 Calculate  lim el

(z,9)—(0,0)
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Using the substitution y = mx where m is a parameter ((z,y) — (0,0) implies that + — 0)

we obtain that :

4 —y?  da? —mP2?  (A—mP)®  (4—m?)

322+ 12 32+ mPa®  (3+m)a®  (3+m?)

Thus we have if y = mx :

do? —y® L Aa®—mP® (4—m?)

1 —— = -
(z,9)—(0,0) 322 + y? zlg(l) 322 + m2x2 (3 +m2)’

It depends of m then the limit doesn’t exist.

3.3 Continuity

Definition 3.3.1 Let f: D C R" — R be a function in a neighborhood of a point a. We
say that the function f is continuous at the point a if and only if : lim f(x) = f(a) and

18 continuous on D if it is continuous at every point of D.
Elementary functions are continuous on their domains.

Example 3.3.1 Let f(z,y) = 32? — Ty + 1 and (a,b) = (1,2).
We have :

lim z,y)= lim 322 —Ty+1=—-10= f(1,2).
(w)q(lyz)f (,9) (@y)—(1,2) Y f1,2)

Then f is continuous at (1,2).

Theorem 3.3.1 1. The sum and the product of two continuous functions on D C R"
to R are continuous on D and their quotient is continuous at any point on D for

which the denominator is different to zero.

2. The composition of continuous function of R™ in R with a continuous function on R

to R is continuous on R™.
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Example 3.3.2 Study the continuity of the function f defined by :

(o) e e £ 00,
0 if (z,y) = (0,0).

We remark that the domain of definition of f is Dy = R2.

1.

The function f is continuous if (x,y) # (0,0) since the function (x,y) — 9x3y is
continuous and the function (v,y) — z* + y* is continuous, hence, their quotient is

continuous.

2. Now we study the case (x,y) = (0,0). The function f is continuous when (x,y) =

(0,0) if :
lim f(x,y) = f(0,0).

(z,y)—(0,0)

We have f(0,0) = 0 and using the example|3.2.1 we have " l)mzo O)xgig =0, thus,

the equality( l)lII% f(x,y) = f(0,0) is satisfied, then f is continuous at (0,0).
@)=

Consequently f is continuous on R2.

Example 3.3.3 Study the continuity of [ defined by :

S if () £ (0,0),
0 if (x,y) = (0,0).

fz) =

The function f is defined on R%. It is continuous when (x,y) # (0,0), since it is a rational

function. When (z,y) = (0,0) the function f is discontinuous (0,0) since from example

3.2.9

the limit  lim
(2,4)—(0,0)

does not exist. Then f is continuous on R*\{(0,0}.

CL’2+2
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3.4 Partial Derivatives

Definition 3.4.1 Let f be a multivariable function defined on D of R". We say that
f admits a first-order partial derivative with respect to the variable x; at the point a =
(ay,ag, -+ ,a,) € D if the single-variable function x; — f(ai, a9, -+, Ti a1, -+~ Q) is

differentiable at a;. In other words, the partial derivative of f with respect to x; at the

point a = (ay,as, -+ ,a,), denoted %(al,ag, <L ay), 18 defined by :
8f(a Qo - - a):hmf(a1>a27“'7ai+haai+1,"'an)_f(a17a27"'>ai7ai+1,"'an>
8337; 1,2, s Un s h

if this limit exists.

In the case of a function of two variables f : D C R?> — R, we have two partial

derivatives (a, ) :

%(a, B) = Illii%f(a +hy ﬁ}i P AGHE) (partial derivative with respect of ),
g—;j(a, B) = }}L%f(a’ b+ h}i —flaf) (partial derivative with respect of y).
They can also be denoted by :
of af .
%:fx:axf and a—y:fy:(?yf

Remark 3.4.1 To evaluate the partial derivative with respect to x;, differentiate f with

respect to x;, treating all other variables as constants.

Example 3.4.1 Let f: R3 — R defined by f(x,y,2) = 2zy> + ysin(z) + z cos(4x).
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Then :
g(m, y,z) = 2y — 4zsin(4x),
gf (1’ Y,z ) - ny2 + SiD(Z),
of

. = 4x).
R (7,9, %) = ycos(z) 4 cos(4x)

Example 3.4.2 Consider the following function:

62y .
)= | 7 if (x,y) # (0,0),
0 if (z,y)=1(0,0).
o If(z,y)#(0,0) then :
of o, bxy . z2 — 92
ax(“” y) = Gx(x2+y ) = —6ym,
of 0, bxy 2 — 92

0y " =y ) T

o If(z,y) =(0,0). To determine whether partial derivatives exist, we use their defini-

tion in terms of limits. That is

of _ 4. SO0+h0)—f(0,00 . 0-0
5 0.0 = fim =0
af(o 0) = fy 0O ZJ0.0) 1y 020
Jy h—0 h h—0

Then the partial derivatives ezist at (0,0) (although f is not continuous at (0,0), as
illustrated in example .

Remark 3.4.2 [t is well known that if a real function of a single variable is differentiable
at a point, then it is continuous at that point. However, this is not the case for functions

of several variables: the existence of partial derivatives at a point does not imply continuity
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at that point.

Definition 3.4.2 Let U be an open set of R™. The function f: U — R is of class C*(U)

if all its first partial derivatives exist and continuous on U.

Proposition 3.4.1 Let U be an open set of R™. If the function f : U — R 1is of class

CH(U) then it is continuous on U.

3.5 Higher-order partial derivatives

Definition 3.5.1 Let f be a function defined on a domain D of R™. Assume that [ has

a partial derivative with respect of the variable x; at the point a = (a1, a9, - ,a,) € D.

We say that f admits a second partial derivative, denoted %, at a point a with respect

to x; and x; if the partial derivative function % : D — R it itself has a partial derivative

i(ﬂ

5. (52) with respect to x; :
j i

#f _ 0 0
Or;0x; = Ox; Ox;

In the case of a function of two variables we have :

o 8629’; (z,y) = %(g—i(z, y)) we differentiate twice with respect to =,

. 88;8]; (x,y) = 8%(%(3:, y)) we take the partial derivative of the function with respect

to x first, and then differentiate the result with respect to y.

o ;%gy(x, ) = %(g—i(x, y)) we take the partial derivative of the function with respect

to y first, and then differentiate the result with respect to x.

o %(m, y) = %(g—i(x, y)) we differentiate twice with respect to y.

Second-order partial derivatives can be expressed using other notations

° o2f —BQ—f:a;m;f: "

Oz0x ~ 022 zT)
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dx | dx } T ool
o (o). 7
dy lax)  dy ox
‘_’('ﬁ']. o
dx\dy/ ox dy
o (o) ¥
dy\dy!  gy?

2
o O :ayxf: "

Oyox Y’
92f e
® Beoy — oy = fy

o%f _ 9%f _ f=f"
oyoy — oy2 — TyyJs T Jyy-

Remark 3.5.1 We mention that the order in which the derivatives are taken, when we
use the notation % or Oy f, we differentiate first with respect to x then with the respect

of y. In the notation f;, we differentiate first with respect to x then with the respect of y.

Example 3.5.1 Calculate the second partial derivatives of the following function :

f:R* =R,  f(x,y) =sin(z® + 2y).

We have :
of B 9 of _ 5
B (x,y) = (2 + y) cos(z* + xy)  and o (x,y) = zcos(x” + xy).
Then :
0*f 0 0f 0 )
@(%y) = %(%(l’,y)) = %((% +y) cos(z” + zy))

= 2cos(z? + xy) — (27 + y)*sin(2® + 1Y),
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aigx<x’y) - (%(g_i(xay)) = %((Qx + y) cos(x? + zy))

= cos(z® + zy) — 2(2x + y) sin(2? + 2y),

0*f af

S8 = 5o (@) = o cos(a? 4+ )

= cos(z® + xy) — 2(2x + ) sin(z? + y),

and

02 f 9

- (Ty) = o/
oy2 oy

(G 0) = a%(rc cos(a® + 7))

= —a?sin(2® + 2y).

Definition 3.5.2 Let U be an open set in R™. The function f : U — R is of class of

C?(U) if all second-order partial derivative functions exist and are continuous on U.

Theorem 3.5.1 (of Schwarz) Let U be an open set in R™. The function f: U — R is of
class of C*(U) then :

f . _0°f foralli=1,--- nandj=1,---,n such that i # j.

8z;0x; ~  Ox;0z;’

3.6 Differentiability

Definition 3.6.1 1. Let U be an open set, f : U C R* — R a function and a =

(a1,as, -+ ,a,) € U. We say that f is differentiable at a if and only if :

f(a’1+h17"' 7an+hn)_f(a/17”' >an)_zgji<a17"' 7a’n)h'i

lim =1 =0.
(1, ) [[—0 |(Ray - ha)l
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In the case of n = 2, the previous equation is written as :

flay + hy,aa + he) — f(ay,as) — 22: (al, az)h;

lim =0.

(R ha2)[|—0 [ (h1, b)) ||

2. f is differentiable on U if it is differentiable at every point of U.
Definition 3.6.2 Let f : U C R" — R be a function of class C*(U) anda = (ay,az,- -+ ,a,) €

U. The differential of f at a point a is a linear map from R™ to R denoted D f, such that

Dfa:h=(h1,h, -+ hn) = Dfo(h Z

ag, - 7an)hi-

oz,

Theorem 3.6.1 If the function f : U C R" — R is differentiable at a point in U then it

18 continuous at this point.

Remark 3.6.1 The function f can be continuous at a but not differentiable at a.

3.6.1 Higher-order differential

Let f: U C R?* — R be a function of class C™(U), we have :

(m) m m
(m) _f % P 1,PL.M—p of
DM f = [h Stk ay} p;cmh e =

For example :

o of of
Df_haerk:ay
2 2
2 20°f o f 2 0°f
D*f = P55 + 2k o 5 +k;—ay2.
0 f 0 f 0 f B f
3 3 2 2 3
DUf = Wi + 30k o + 3k s + kg
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If f:U CR?®— R is a function of C*(U), we have :

L, o0r L of of
Df =hg kg +ig
and
0% f o0 f o0 f 0 f 0 f o0 f
D*f = h? 2 2 2 2 2 :
f=h 0x? K 0y? ! 0722 + hk@x@y * hl(‘?x(‘?z * klayaz

3.7 Gradient, Divergence and Rotational

The gradient is a vector whose components are the partial derivatives. It plays a fun-
damental role in physics and has numerous geometric applications, as it points in the

direction normal to curves and surfaces.

Definition 3.7.1 If f : D C R" — R s a function of n variables then the gradient of f
at x = (x1, 29, -+ ,x,), denoted grad f or Vf, is the vector function whose components

are the partial derivatives of f i.e. :

grad f(z) = V[(z) = (fo, (%), for (), s fa ().

Remark 3.7.1 1. If f is a function of two variables x and y, then the gradient of f is

grad f(z,y) = Vf(z,y) = (fo(z,9), fy(7,v)).

2. If f is a function of three variables x,y and z, then the gradient of f is

gradf(m,y,z) - Vf(x,y, Z) = (fm(x,y,z), fy(m,y,z),fz(x,y,z)) :
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Example 3.7.1 If f is defined by f(z,y) = xcosyz then

grad f(z,y,2) = Vf(z,y,2) = (fo(z,y, 2), [y(2,9, 2), [:(2,y,2))
= (cosyz, —rzsinyz, —rysinyz) .
At the point (3, T, %) we have

orad f(3. 1, %) VG %) _ (fx(?),w, %),fy(S,ﬂ, %),fZ(S,W, 1))

2
3
= (0,—5,—3w).

Remark 3.7.2 The gradient provides an alternative expression of the differential. If f is

differentiable at x € R™ and if h € R™ then

)
DL = 3 (ar,a,an)h = grad Fx) - (ha, B ),
i=1 """

where - is the symbol of dot product.

Definition 3.7.2 The divergence computes a scalar quantity from a vector multivariable

function by differentiation.

Definition 3.7.3 If f : R? — R3be a function with f = (f1, fo, f3), then its divergence at

any point is
Oh O | s

dwf:%—i—ay 0z’

which can be written div f =V - f = <8 9 g) (f1, f2, f3).

%’3_7;’ z

Example 3.7.2 1) Let f: R? — R3 defined by f(x,y,2) = (x,v, 2) then

oh |, 0f: Ot

)(2,9,2)

—14+1+1=3.
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2) Let f : R3 — R defined by f(z,y,2) = 3z + 2%, sin(xy), yz*) then

0 0 9,
div f(z,y,2) = (a—J;l + a—j; + a—f)(mayvz)

=3+ xcos(zy) + 4y2°.

Definition 3.7.4 Let f : R? — R3 be a function with f = (fi, f2, f3). The curl (or

rotational) is a vector operator defined by

V x f=curl(f) = 2 a% 2

h o fs

(%o 0h), (2 2k), (50
- \dy 0z oz oz )? or Oy
_ (8f3 ofy 0fi  Ofs 0fs O fl) |

oy 90z 0z Ox dxr Oy

Example 3.7.3 Let f: R3 — R3 defined by f(x,y,2) = (0,0, 2%*y?) then
V x f = curl(f) = (22%y, 22y, 0)

3.8 Exercises

Exercise 3.8.1 Determine the domain of the following functions :

a) f(z,y) = Y, b gla.y) = 4L ) hlny) =P =2y

Solution.
a) Dy ={(z,y) € R? —y+2*>0andy >0} ={(z,y) €R? y<az?andy > 0}.
b) Dg = {(z,y) €eR?, z >yand y > 0}.

&) Dh = {(a,y) € B2, 2~ 29> 0) = {(z,) € B, y < 2}
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Exercise 3.8.2 Let f be the function defined on R?\ {(0,0)} by :

zln(l+ 23)
f(Iay) - y(l‘2 4 yg) .
Calculate the limit of [ when (z,y) approaches (0,0).

zln(14+23) _ In(14a3) T
ma3(1+m2) — 23 m(1+m?2)

Solution. For m # 0,we have f(x, mz) = approaches 0 when

x approaches 0.

But

flz,2?) = rln(l1+23) In(l1+2%) 1

r2(22 4+ 24) x3 (1+ 22)

and it approaches 1 when x approaches 0. So the limit does not exist.

Exercise 3.8.3 Show that the ( l)irrzo ) ;zggi does not exist.
x?y - I

Solution. Set f(x,y) = iz;zi First let’s approach along the z-axis. Then y = 0 gives
f(z,0) = i—i =1,Vx # 0. So f(z,y) — 1 as (z,y) — (0,0) along the z-axis. We now
-y _

approach along the yy-axis by putting x = 0. Then f(0,y) = - = L Yy # 0. So

f(z,y) — =1 as (x,y) — (0,0) along the y-axis. since f has two different limits along two

different lines, the given limit does not exist.

Exercise 3.8.4 If f(z,y) = Try/(z* + y?). Does ( l)m% )f(:c,y) exist?
z,y)—(0,0

Solution. If y = 0, then f(z,0) = 0/2® = 0. Therefore, f(x,y) — 0 as (z,y) — (0,0)
along the z-axis.

if z = 0, then f(0,y) = 0/y*> = 0. Therefore, f(z,y) — 0 as (z,y) — (0,0) along the
y-axis. We remark that we obtained identical limits along the axes, but that does not
show that the given limit exists and is 0. Let’s approach (0,0) along another line, say

z2
242

y=u. Foralz #0, f(z,y) = :. Therefore f(z,y) — % as (z,y) — (0,0) along
T =y. Then%;«éo.

so the limit doesn’t exists.
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Exercise 3.8.5 Consider the following function

G if (z,y) #(0,0),
0 if (z,y)=(0,0).

flz,y) =

For what values of a the function f will be continuous at the origin.

Solution. Note that D(f) = R% Suppose that a > 1. Then, we have

li = = .
(m,:p)EI%O,O)f(I7 x) g2(a=1) oo

Therefore, f is discontinuous at (0,0) when « > 1. Suppose that « € ]0, 1] and using the
fact that

—(2®+9) <zy < (P +97), Va,yeR,

we get that :

g <)

Thus, by the squeeze theorem we obtain :

. Ty . 2 2\ 1—« . 2 2\ 1—«a
lim ——5= lim (—(z°+ = lim x°+ =0
(@) —(0,0) (2% + y?) <x7y>~<0,o>( ( v) ) (@,9)—(0,0) ( V)

= f(0,0).

So f is continuous at (0,0) when « € ]0,1[. Assume a < 0, it follows that f is continuous

at (0,0) since

. xy ) s o a
lim ————== lim ay(2°+ = 0= £(0,0).
co00 (@ T2 @a00) (= +v) 1(0,0)

Consequently, f is continuous at (0,0) when a < 1.
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Exercise 3.8.6 Fualuate the second-order partial derivatives of the following function :

f(z,y) = cos(3x) — x%e™ + Ty°.

Solution. We begin by computing the first-order partial derivatives :

af o . 5y
%(x, y) = —3sin(3z) — 2z,
8f _ 2 5y 4
o (r,y) = —bx“e™ + 35y°.

We now proceed to compute the second-order partial derivatives :

2
%(z, y) = —9cos(3x) — 2,
0 f
a—y2(a:, y) = —252%e” + 140y,
0 f o f B 5

Exercise 3.8.7 Fuvaluate the second-order partial derivatives of the following function :

f(z,y)

= yarctanz — z2e%.

Solution. First, we compute the first-order partial derivatives :

g - Yy _ 3y
oz (#.9) = 2 +1 2z,
of

—(z,y) = arctanz — 32%e%.

dy

We now proceed to compute the second-order partial derivatives :
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0*f . —2xy 3y
022 Y = G R
2

() = —oae

2

ot 1 — 6z,

8x8y($7y) T 2241

Exercise 3.8.8 Consider the following function f :

S if (z, 0,0),
feg) =1 T f (z,y) # (0,0)
0 if (z,y)=(0,0).

1) Prove that f has first-order partial derivatives everywhere on R2.

2) Find aamgy((] 0) and aayg;(O 0). What can you deduce ?

Solution. If (z,y) # (0,0) the function f is the composition of functions that are infinitely
differentiable, hence f has a first-order partial derivatives at (z,y). Then if (z,y) # (0,0)

we have :

d 3(y? — a? d 322 4 42
OF (g = LW =) 2>' O (4, y) = ayp 1Y) 2)
Ox (22 +y2) Oy (22 +y2)
and If (z,y) = (0,0) then
of _ o f(0+£,0) = £(0,0) 0-0
200 = h =m0
of - f0,04+h)— f(0,0) . 0—0
a0 =T e Y

f has first-order partial derivatives everywhere on R2.

2) We have

02 f _ %L(h,0) = %L (0,0) 0-0
axay(o’ 0) = A h B Ilzli%T =0

[6)
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and

% f 9(0,h) — 8L(0,0) h—0

(93/8:1:(0’0) N ilzli% h 111111%— =L
We remark that Bxay £(0,0) # 8y61‘( 0). Therefore, Schwarz’s theorem implies that the
mixed second-order partial derivatives 88 afy and 2 ayaa; are not continuous at (0,0).

Exercise 3.8.9 Calculate the gradient of the following functions :

CL)f(iU,y) = $4y + y2€z, b) g(w, Y, Z) = zsinz + y2 - TYz,, C) h’(x7y7 Z) = cosay + 28,

Solution. a) grad f = (%L (z,y), a—y(x y)) = (4z3y + y?e®, 2ye” + z*),
b) gradg(x,y, ) (gg(m Y,z )7 %(35;3/7 )7 gZ(x Y,z )) = (ZCOS'T - yza2y - xz,sinx - 'Ty) )

¢) grad h(z,y,2) = (Fh(2,9,2), §2(x,y, 2), §2(2,y, 2)) = (~ysinxy, —wsinzy, 32%).

Exercise 3.8.10 Calculate the divergence and the curl (rotational) of the following func-

tions :

a) f(z,y,2) = (zvy, v + 2, zy), b) g(x,y,2) = (z +y,y% 3zz).

Solution. a) We have f = (f1, f2, f3) then

. ofv [ 0f2  Ofs
divf=(=—+—=—"+4+—2
=y+0+y=2y.
and
i j k i k
= o o o |=|o o 0
V x f=curl(f) = 2L il=1Z 2 2
fi 2 f3 Ty Ttz ozy
=(z—1,0,1—1x)
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b) We have g(xa Y, Z) = <g17g27g3) then

dy 0
=142y + 3.
and
i j k i j k
— _|loa o8 o |=| 2 o 0
V x f=curl(f) = A T Al - 2 2
a9 9 vty y* 3z
= (0,—3z,—1).

7
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