Chapter 2

Differential Equations

The purpose of this chapter is to introduce several important classes of first and second-
order ordinary differential equations (ODEs) and to develop the principal methods used

to solve them.

2.1 Ordinary Differential Equations

We begin by introducing several definitions and general concepts related to differential

equation.

Definition 2.1.1 An ordinary differential equations (ODE) of order n it is a relation in-
volving an unknown function y(z) of a single real variable z, its derivatives y'(z), y" (x),- - -,

y™ (x) and the independent variable x of the form :

(or, simply, F(x,y,9,y", -+ ,y™) = 0) where F is a continuous function.

e The order n of a differential equation is the order of the highest derivative that

appears in the equation.
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e A differential equation is called ordinary if it involves only a single independent

variable.
e If the function y takes values in R, the equation (F£) is called scalar.
e If the function y takes values in R?, the equation (FE) is called vectorial.
Example 2.1.1 1. 2%y +y*> — 7= 0 is a first-order ordinary differential equation.
2. y" + (52° + 8)y' — by = x is a second-order ordinary differential equation.
3. y® + (Tsinz)y' + 2%y% = 0 is a fourth-order ordinary differential equation.

Definition 2.1.2 A solution of (E) on I, also called an integral of (E) on I, is every
function ¢ defined on the open integral I C R admitting derivatives up to order n and

such that:

Solving (F) on I, is to determine the full set of solutions on I. An ordinary differential

equation may admit infinitely many solutions.

Particular case : iy = f(z) = y = [ f(z)d.

The solutions of this equation are the primitives of the function f.

Definition 2.1.3 Any solution of an ordinary differential equation, whether in explicit
or implicit form, is called an integral curve of the equation. The integral curves of a

differential equation therefore represent the graphs of its solutions.

Example 2.1.2 1. Consider the following ordinary differential equation : y' = 2xy +
4x. The function

y = kexp(z?) — 2

18 indeed a solution on R, for each k € R. In fact, we have :

y = 2kx exp(?)
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On the other hand

27y + 4x = 2x(kexp(a?) — 2) + 4x = 2kx exp(2®) = v/

2. The differential equation x®y" — 2y + 2x = 0 has the function y(z) = kx® + z as a
solution for all k € R. Indeed, y'(x) = 2kx+1 and y"(x) = 2k. Substituting into the
equation

22y — 2y + 2z =0,

we obtain :

2kr? — 2(kr* + ) +2r =04 0=0.

Definition 2.1.4 Two differential equations :

Fl(l’,y(l'),y,(l’),y”(l‘),'~' 7y(n)<$)> =0 and FQ(I7y(ZL‘),y,(I),y”(ZL‘),~" ’y(n)<x)) =0

are said to be equivalent on an open interval I if every solution of one is also a solution

of the other, and vice versa.

It will often happen that, instead of studying a given differential equation directly,

we study another that is equivalent to it.

Definition 2.1.5 Consider the following equation (E) where the function F is continuous
on the domain D C R"™ and let (xo,y0,y; " ,Y,_1) be a point in D NR™. Solving the
initial value problem for the differential equation (E) consists of finding a solution y = ¢(x)

of this equation that satisfies the following conditions:

y(w0) = yo,y' (z0) = y1. -,y (20) = Y1,
called the initial conditions.

21



Dr. L. Slimane - UDBKM Chapter 2. Differential Equations

It can be noted that one must get used to renaming functions and variables. For
example:

a"(t) + (t + 2)2" + (cost)z® =0

it is a second order differential equation where the unknown is the function x, which

depends on the variable .

Remark 2.1.1 The concept of an interval in solving a differential equation is funda-
mental. If the interval changes, the solution can change as well. For example, on I, =
10, 400 the differential equation y' = % has the solution y = Inxz + k. Whereas on the
interval Iy =] — 00,0[, the general solution is y = In(—x) + k. If the interval I is not

specified, it is assumed to be R.

2.2 First-Order Differential Equations

First-Order Differential Equations is an equation of type:

F(ZL‘,y,y/) :Oﬁy,:f(.f,y)

We have the following types :

1. Separable equations :  f(y)y' = g(z).
2. Homogenous equations 3 = f(%).

3. Linear equations : ' + f(z)y = g(x).

4. Bernoulli’s differential equations : ¢ + f(z)y = g(x)y*, « € R —{0,1}.
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2.2.1 Separable Equations

A separable differential equation is one that can be written in the form

W =o) or J) = g).

To solve it we follow the following steps :
step 1. We separate the variables: move all terms involving y to one side and all terms

involving x to the other:

fly)dy = g(x) dx

step 2. Integrate both sides:

/f(y)dy = /g(x)dx-

Example 2.2.1 Consider the following differential equation : /1 — x2y'y? = 1.

This equation is equivalent to :

1

Vi-ayy =1e oy = ——
Yy Y i

2dy 1
i —
dr /1 — 22
1
o yidy = ———dx

V1— 22

which is a separable equation. Integrate both side we find :

1
2d :/—d:c
/y Y V1—22
1

gyg = arcsinz + C'

y = V/3arcsinz + 3C.
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Example 2.2.2 Solve the following differential equation :

p 62

v = 2y +cosy

(2.1)

Then find the solution which satisfies the following initial condition y(1) = 7.
The equation (2.1)) is equivalent to :

(2y + cosy)dy = 6x*dx
/(Zy + cosy)dy = /6m2dx
v +siny = 223 + C.
The solution is given implicitly.

The initial condition is y(1) = m, we replace v = 1 and y = 7 in the above equation, we

find:

P 4sintr=2+C=0C=n7x%-2.

Hence, the solution is implicitly given by:
y* +siny = 22° + 12 — 2.

2.2.2 Homogeneous Equations

Definition 2.2.1 A differential equation is said to be homogeneous if it can be written in

the following form
—
y=rC)

In order to solve this type of equations, we use the substitution

z:y, soy=zx and v =2z + 2.
x
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Therefore :

This differential equation is a separable differential equation.

e

Example 2.2.3 Consider the following homogeneous equation:

To solve it, we integrate :

y=ep(D)+2(B)

Let’s move on to changes of variables :
z:y:>y':z+xz’.
x
We replace in (E) we obtain:
!/ / / 1
z4 a2 =exp(z) + 2z = 22 =exp(z) = 2 exp(—z) = —.
x
By integrating we find :
1
exp(—z2)dz = [ —dr = —exp(—2) =In|z|+ C,
T

which is equivalent to exp(—z) = In % Subsequently

K
), K >0.

y=—zln(ln —
|z]
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2.2.3 Linear differential equations

We are interested here in linear ordinary differential equations.

Definition 2.2.2 A first-order differential equation is said to be linear if it can be written

in the form :

Y + f(x)y = g(x),

(i.e. it is linear with respect to the unknown function y and its derivative y') where f and
g are real functions defined and continuous on an interval I of R.The function g is called

the right-hand side of the equation.

Homogeneous linear differential equations

Definition 2.2.3 Let f be a real continuous function on I of R. A first-order homogeneous

differential equation is a differential equation of the form:

y + f(x)y =0. (Ex)

Remark 2.2.1 The zero function is a solution of a first-order homogeneous differential

equation (Eg).

The set Sy of solutions of the differential equation (Ex) on I is given by:
Sy = {y, suchthat y(z) = Cexp(—F(z)), C € R}

where F is a primitive of f on [ i.e. F(z) = /f(x)dx. So the solution can be written as :

y(x) = Cexp(—/f(x)dx), CeR.
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Example 2.2.4 Consider the first-order homogeneous differential equation :

! =0. E
Y+ (En)
Since f(x) = 1=, we have :
) 5
E / = — = — d
(En) &y Esilad C exp( /1+m2@

&y = Cexp(—barctan ).

Therefore :

Sy ={y, such that y(x)= Cexp(—barctanz), C € R}.

Non-homogeneous linear differential equations

Consider on the interval I the following non-homogeneous linear differential equation

v+ f(@)y = g(x), (E).

which is a linear differential equation in which the right-hand side is not zero i.e. g(x) # 0
is not identically zero on the interval I. The associated homogeneous differential equation
(Eg) to (E) is

Y+ f(x)y =0. (En).-

Proposition 2.2.1 Let yp be a particular solution on I of the linear differential equation
(E) and (ym) the solutions of the differential equation (Ey) on I. The set S of solutions

of the differential equation (E) on I is given by :

S={y, y=1yu +yr}
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Example 2.2.5 Consider the following equation :

Let verify that y, = x> +2 is a particular solution of (E') then deduce the general solutions

of (E'). We have yp = 2x, substituting in (E') we find :
2r — x(2” + 2) = —2°.

Then yp is indeed a particular solution of (E').

The associated homogeneous differential equation to (E') is :
y —ay=0 (En)

Its solutions are of the form yg = Cexp(%aﬂ), C eR.

Therefore the solution of (E') are :
2 L,
y=yp+yg =2z —|—2—|—C’exp(§x), C eR.

The method of variation of parameters

We seek for a particular solution of (E) :

y' + f(2)y = g(x) (E)

of the form yp(z) = A(z)) exp(—F(x) were F(x) is a primitive of f(z). Then \(x) must

verify :
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Using the fact that F'(z) = f(z), the precedent equation is equivalent to :

N(z)exp(—F(z)) = g(x) = X(z) = g(z) exp(F(z))

= Az) = / o(z) exp(F(z))da.
Therefore, a particular solution of (E) is given by :
() = exp(~F()) [ o) exp(F(a))da
The general solution of the differential equation (E) is given by :
y(x) = yu(r) +yp(z) = Aexp(—F(x)) + exp(—F(z)) /g(fﬁ) exp(F(x))dr, X €R,

or :

y(@) = yu () + yp(r)

— Nexp(— / f(w)da) + exp(— / F(w)dz) / g() exp( / f(@)dz)dz, AER.

Example 2.2.6 Consider the equation : y =2y+=x (1).
We mention here that f(x) = —2 and g(x) = x. The associated homogeneous equation

y' = 2y whose general solution is :

yu(z) = )\exp(—/f(x)dx) = )\exp(—/(—Q)dx) = Aexp(2z), A e€R.

Let us look for a particular solution in the form:

yp(x) = A(x) exp(—/f(a;)da:) = A\(x) exp(2x).
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Then y,(x) is a solution of (E) on R if and only if :

V(@) exp(~ [ f(@)de) = g(2)

N () exp(2x) = .
We must find an antiderivative \(x) of x exp(—2x).Integrating by parts we find :
L
Mz) = [ zexp(—2x)dr = —2¢ T(2r+1).

Consequently

yolr) = —7 (20 +1).

Thus, the general solution of (F) is :

y(z) = yp(x) + yu(r)

1
=-1 (2z + 1) + Aexp(2z), A eR.
Remark 2.2.2 In the case of linear differential equation of the form :
y +ay=1> a,b € R and a # 0.

The solutions are :

y = Cexp(—ax) + g, C eR.

Example 2.2.7 Consider the equation :
2y +y =5 (1)

We note that f(z) = 3 and g(z) = 3¢**. The associated homogeneous equation is y' = 2y
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whose general solution is :

x

y(x) = )\exp(—/f(x)dm) = )\exp(—/%dx) =)Xe?.
The particular solution y,(x) of (E) on R is given by :
uelz) = Aa)exp(~ [ F(a)da) = Na)eT
and it satisfies that

N(z) exp(~ / f(2)dz) = g(x)
N(z)e?

)
(x)e2 = 56%
5
N(z) = ie%“.
Integrating we find
Az) = e2”
So
yp(z) = Mz)e? =ei%e? =¥

Therefore, the general solution of (E) is :

y(x) = yp(x) +yu(x) = * + e, MNeR.

2.2.4 Bernoulli differential equations

Definition 2.2.4 A differential equation is called a Bernoulli equation if it can be written

i the form:

Y+ fx)y = g(x)y*, ae€R—-{0,1},
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where f and g are continuous functions.
Observe that when a = 0, the Bernoulli equation is simply a non-homogeneous linear

differential equation :

Y + f(x)y = g(x),

and if & = 1 the equation is equivalent to the following homogeneous linear differential

equation :

Y+ (f(z) — g(x))y = 0.

In the cases @ # 0 and « # 1 a Bernoulli equation is not linear, but it can be transformed

into a linear differential equation by an appropriate change of variables.

We have :

Y+ f(@)y = g(x)y® = vy + f@)y' ™" = g(z). (2.2)

/,,—Q

Let us set : z=y'"% Hence 7' =(1-a)yy

Substituting into the equation ([2.2) we get :

24+ (1 —a)f(z)z=(1-a)g().

We observe that the previous equation is linear and can be easily solved using the method

of variation of parameters.

Example 2.2.8 Solve the following Bernoulli equation :

y — xy =z (2.3)

We remark that : f(x) = —x, g(z) = = and o = 3.

If we divide by 1® we get :
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Let z = =, then 2/ = —Zy—%,. Therefore, the equation |) becomes :

Y

2+ 22 = 2z (2.4)

The resolution of (2.4) gives :
z:1+C’e_’”2, C eR.

The general solution of (2.3)) is given by :

1 1
:j: -_ = —27 CER
y \/; V1+Ce*

Example 2.2.9 Consider the following equation

1
/ _:w4.
y+3y ey

It is a Bernoulli equation with o = 4. First we divide by y*, we get

1
y—4yl + gy—?) — ex.

Then we multiply by (—3) we find

—3y Yy —y = —3e"

Set z =y~ = y~3 then dz = —3y~*y'. The previous differential equation becomes
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The solution of this last equation is
z=(k—3x)e", keR.

Which implies that

1

3= (k—3z)e", keR R a—
y*=(k—3x)e’, kER or y )

2.3 Second-order linear differential equations with con-
stant coefficients

Definition 2.3.1 A second-order linear differential equation with constant coefficients is

an equation of the form :
ay’ +by +ey=g(x) (E)

where a,b,c € R, a # 0 and g is a continuous function on the interval I.
The equation :

ay” + by +cy =0 (Ep)

is called the associated homogeneous equation of (E).

Theorem 2.3.1 The set of solutions of the homogeneous equation (Ey) is a R-vector space

of dimension 2.
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2.3.1 Solving the homogeneous equation

We are looking for a solution of (Ej) in the form y(x) = ¢ where r € C is a constant to

be determined. We have

ay’ +by +cy=0= (ar® +br +c)e’" =0= ar* +br+c=0.

Definition 2.3.2 The equation ar® + br + ¢ = 0 is called the characteristic equation

associated with (Ey) and A\ = b? — 4ac is called the characteristic discriminant associated

Theorem 2.3.2 1. If A > 0, the characteristic equation has two distinct real roots.r; #

ro and the solutions of (Ey) are :

y(x) = Aexp(riz) + pexp(rax),  where A\ p € R.

2. If A =0, the characteristic equation has a double root ro and the solutions are :

y(z) = (A + px)exp(rox)  where A\, u € R.

3. If A <0, The characteristic equation has two complex conjugate roots.

r =a+if8, ro = a—iff and the solution of (Ey) are :

y(x) = exp(ax)(Acos(Bz) + usin(fx)),  where A\, u € R.

Example 2.3.1 1. Consider the following differential equation :

y" — 5y + 6y = 0.
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The characteristic equation is > —5r+6 = 0 and it has two distinct real roots r; = 2,

ro = 3. Then, for all z € R, the solution is:

y(x) = Nexp(2x) + pexp(3z), where A\, u€R.

2. The characteristic equation of :

y' —6y+9y=0

is 2 — 6r +9 = 0. The discriminant is zero /A = 0 , then we have a double Toot 1

and the solutions are ro = 3 and subsequently the solutions are :

y(x) = (A + px)exp(3z)  where A\ p € R.

3. The characteristic equation of :

y' =2y +5y=0

isr?—2r+5=0. We have A\ < 0, it has two complex conjugate roots ri = 1 + 2i,

ro = 1 — 21 and subsequently the solutions are :

y(x) = exp(z)(Acos(2z) + psin(2z)),  where A\, pu € R.

2.3.2 Equations with right-hand side (nonhomogeneous)

We now consider the case where there is a second member g, which is a continuous function

on an open interval I C R :

ay' +by' +cy=yglx) (E).
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Proposition 2.3.1 The general solutions of the equation (Fy) are obtained by adding
the general solutions of the homogeneous equation to a particular solution of (E). Thus,
it remains to find a particular solution. We now consider two important special cases,

providing a general method:

Second member of type exp(az)P(z) :
If g(z) = exp(ax)P(x), where a € R and P is polynomial, then we look for a particular

solution in the form

yp(z) = 2™ exp(az)Q(),
where () is a polynomial of the same degree as P with :
e y,(z) =exp(ax)Q(x), (m =0) if v is not a root of the characteristic equation.
e y,(z) = rexp(azr)Q(z), (m=1) if aisasimple root of the characteristic equation.

o y,(x) = z?exp(azr)Q(z), (m = 2) if a is a double root of the characteristic

equation."

Second member of type exp(ax)(P;(z) cos(fz) + Po(x)sin(fx)) :
If

g(x) = exp(ax)(Pi(z) cos(Bx) + Py(x)sin(fz)), o, B € R

where Py, P, are two polynomials, then we look for a particular solution y, in the form:

e If o+ if is not a root of the characteristic equation then:

yp(w) = exp(ax)(Qu(x) cos(Br) + Qo(x) sin(fz)),

e If o +if is a root of the characteristic equation then:

yp(2) = x exp(ax)(Q1(r) cos(fz) + Q2(z) sin(fz)).
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In the both cases @1, Q2 are two polynomials of degree n = max{deg P, deg P;}.

Method of variation of parameters

If {41, y2} is a basis of solutions of the homogeneous equation (Ey), we look for a particular

solution y, in the form ¥y, = A\y; + py, where A and p are two functions such that :

Ny + py2 =0
(S)

Nyp + plypy = 242,

a

Indeed, if y, = Ay1 + pys is a function which satisfies (5), we have :

Yy = N1+ 1'ya + Ay + pyh = Ayy + pys.

Then :
” " " g(x) " "
Yp = N1+ WYy T Yy Yy = =AYy g
Substituting into equation (F) and using the fact that y; and y. are solutions of the
homogeneous equation (FEy), we find :

g9()

ayly + by, + cy, = af + Ay + 1yy) + DO+ iyh) + (A + )
= g(2) + Nay! + by, + cyr) + p(ayh + byh + cyz)

= g(x).

Then y, is indeed a particular solution of (£). The system (.5) is easily solved, in fact we

find X', i/ then \ and p by integration.

Example 2.3.2 Solve the following differential equation on the interval | — 7, 5[:

i ]‘
vty = :
COS X
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The solution of the associated homogeneous equation y" +y =0 are :

y=Acosx + pusinz, A\ puecR.

We now look for a particular solution of the original equation in the form:

yp = A(z) cosz + p(z) sinz,

where are two functions to be determined and which satisfy the following system

Ny + p'ya =0
Nyh + plyh = 42,
Then :
Ncosz+ p/sine =0

1
cosx’

—Nsinx 4 ¢/ cosz =

Multiplying the first equation by sin x and the second one cos x, we obtain :

Nsinzcosz + p'sin® x = 0

—XNsinzcosz + p' cos’z = 1.

By addition, we obtain p'(x) = 1. Then u(x) = x. From the first row of the system we get

N(z)=— sin @ = \(z) = In(cos z).

COsS T

Thus the particular solution s :

Yp(z) = In(cosz) cosz + wsin z.
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Therefore the general solution is :

y(x) = Acosx + pusinz + In(cosz) cosz + zsinz, A\, pu € R,

2.4 Incomplete second-order differential equations

2.4.1 Equations in which the function appears only through its
derivatives

In this case the differential equation can be written as F'(z,y’,y"”) = 0 (The absence of y).
The method used here is to set z = 3/, which is equivalent to F(x, z, 2') = 0, which is a first
order differential equation. We first start by solving F(z, z,2') = 0, we get z = g(z,¢1)

then we solve 3 = z, which allows us to find y = G(z, C}) + Cs.

Example 2.4.1 Let us consider the equation :
(2 + 1)y" + 229/ = 0.

We notice the absence of the function y. We then set z = v/'.

Therefore we get

(22 + 1)y + 22y =0 (22 + 1) + 202 =0

dz__ 2x
2 x2+1
eh(z)=-nE*+1)+C
=z = CI
o241
4
sy =—
Y 2+ 1

&y = C arctan(z) + Cb.
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2.4.2 Equations where only the second derivative of the function

appears

Under these conditions, the equations can be written as F'(x,y”) = 0 (absence of y and
y')-

To solve them, we first find y”, and then integrate twice to obtain .

Example 2.4.2 If we have the following differential equation :
(1+2%)y" —7=0.

Then :

" 7
V=1 =1y = Tarctanz + C.

By integration by parts we obtain : y = 7(xarctanz — %ln(l +2?%)) + Cz + C.
Example 2.4.3 Consider the following equation :

/"

ry —3 =0, x> 0.

Which is equivalent to :

/"

8w

Then :

Yy =3Inzx.

By integration by parts we find :

y=3xlnxr—3x+C, C eR.
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2.5 Exercises

Exercise 2.5.1 Verify that each given function is a solution of the corresponding differ-

ential equation

1. 2y —y = a2, y(z) = 3z + 22
2. 222" + 3xy —y =0, y(zr) =z, =>0.
2 2 t 2
3.y =2ty =1, y(t) =€ + ¢ / e %" ds.
0
Solution.
1. We have

y(r) = 3z + 22 = ¢/(v) = 3 + 2z.

2

By substituting into the equation xy’ — y = 2* we obtain :

(3 +21) — 3z +2%) =27 = 2* = 2%

2. Since

1 - -1 -
y(@) = Ve =y/(a) = ga7 =y'(a) = a7

By substituting into the equation: 2z%y” + 32y’ — y = 0, we find :

-1 _ 1 - -1 3
2x2(zx73) +3x(§$71) —Vz = 7\/5+ 5\/5— Vz=0=0=0.

¢
3. If y(t) = e’ + etz/ e~5"ds then :
0

t
2

y'(t) = 2te” +2te” [ e ds+ e e

— ote!” + oet” | e~ ds + 1.

I
|
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By substituting into the equation: 3y’ — 2ty = 1, we get :
t t
(2te’” + 2tet2/ e ds+1) — 2t(e"” + etZ/ eds)=1=1=1,
0 0

Therefore, the given function is indeed a solution of the differential equation 3’ —

2ty = 1.
Exercise 2.5.2 Solve the following differential equations :

1.y —y=(x+1)e", for xeR.

2.y — (tanx)y =sinx,  for x€]—-7, 7

3. (1+e*)y =ye* for z€R.

4. 22y = 2% + 9 for x e R.
Solution.

1. It is a first order equation with f(z) = —1 and g(z) = (z + 1)e*. The solution of the

associated homogenous equation : iy’ —y = 0 are:
yu(r) = e J@ie _ o= [nie _ xe’, A eR.

The right-hand side is the function g(z) = (z + 1)e”.
Since e” appears in the solutions of the homogeneous equation, we seek a particular solution
of the form:

yp(r) = (ax® + bz + c)e”.

We have :

yp(z) — yp(x) = (x + 1)e® = (2ax + b)e” = (x + 1)e”.
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By comparing coefficients, we obtain:

The solutions of our initial differential equations are :
1, -
?J:yH‘i‘?JP:(Ex +x+Ne", zeR, AekR

2. The associated homogenous equation is : ¢’ — tanz y = 0.

A Primitive of :
sin

f(z) = —tanx = — :
cos

is :

F(z) = [f(z)dx =In|cosz| = In(cosz) since x €] —

bo | 3
bo| 3

So a general solution of the homogenous equation is :

C

y(x) = Cexp(—F(z)) = Cexp(—In(cosz)) = p

We now look for a particular solution yp which verifies :

yp(x) — tan zyp(z) = sin z.

Using the method of variation of parameters we have:
yp(x) = C(x) exp(—F(z)) with C(z) primitive of sin x exp(F(z)) = cosx sin z.

Therefore we find:

1 1 sin?

C(r) = =sin’x and yp(z) = C(x) =

2 cosr 2cosx
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The general solution is:

C sin? sin?x + C'
cosr 2coszx 2cosx

3. The zero function (y = 0) is a solution of (1 + ¢*)y’ = ye” for © € R. Suppose that

y # 0, thus, the previous equation is equivalent to a separable differential equation

/ T

y e
y 1+4er’
where :
1 xr
/—dy:/ C _dr
Yy 1+4+e®
Then :

Inlyl=In(1+e")+K=y=C(l+e"), CcR*

The general solution is :

y=C(l+¢€"), CeR

4. For x # 0, the equation
2%y =22+  (F)
is equivalent to :
2/ =1+ (2)",

which is homogenous equation. Set z = £ then :
y=zx =y =2(z+z2").
Substituting in (E), we find :

1+ 22 =2(z+22)

1+ 2% =22 =217 = (1 —2)* =227,
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Then we find :
22 1 2 1 2
(1 —2)2 x:>/(1—z)22 /xx:(l—z) nCe
It then follows that :
-2 Ly a 2 Gith Cr e RT\{1)
= mez VT e M o )

Exercise 2.5.3 Solve the following differential equations by finding a particular solution

using the method of variation of the parameters :

1. z(1+1In’z)y +2ylnz =1, on]0,+ol.

2. (x+ 1)y —2zy+1=0, y0)=2, on ]—1,4o0|
Solution.

1) Since the coefficient 3 does not vanish on ]0, +-o00[, the equation can be written :

2lnz 1

/
+ = .
Y z(1 + In? x)y z(1 +1In’z)

The general solution of the associated homogeneous equation :

- 2lnx B
Y x(l—i—anx)y_

is : y = Cexp(—F(x)) where F(z) is primitive of f(z) = —-22Z - and C' € R. We can

T z(1+1n% )
take F(z) = In(1 + In*z). Then :
= Cexp(—1In(1 +1In*z)) = _ ¢
i = P C14+In%a

We use the method of variation of constants to find a particular solution of the non-

homogeneous equation. Let us define y, = HCI(Tx)I with C' a differential function. Let

2(z) = m, then : y, = C(z)z(x).
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Differentiating and substituting into the original equation, and noting that z(z) satisfies

the homogeneous equation, we obtain:

, 1 C'(z) 1 , 1
C = = C'(z) = —.
()z(z) z(1 +1In’z) ! +1In*z  z(1+In2) = Cla) x

Inzx

Thus we an take C(z) =Inx i.e. y, = T

The general solution of our problem is:

C Inz
=y +vy, = + , CeR, z€|0,+o0].
y=yrT Y 1+In’z 1+1nz ] [

2) The differential equation (z + 1)y’ — zy + 1 = 0 is equivalent to :

This is a first-order linear non-homogeneous differential equation with :

T 1 1
= — = —1 d = — .
f(x) e i and g(7) P

a primitive of f is:
/f(x)dx:1n|x+1| —zrz=h(z+1)—=z
The general solution of the associated homogeneous equation 3’ — sy =01s:

yu () = Aexp(— /f )dz) —AeXp(—ln($+1)+x))‘e;(Ijr(1)

This time we will directly use the formula for the particular solution given in the lecture:

ur(e) = expl~ [ f)dn)( [gta)exp( [ fla)da)da)
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Since :

/g(x) exp(/ f(z)dz)dx :/ L ootl dx = /—exp(—x)dx = exp(—1).

o+ lexp(z)
So :
_ exp(x) oy 1
yp(x) = ——exp(—2) = ——
The general solution :
exp(x) 1
p— pr— A .
y(@) =yn(z) typle) = A"+ ——

Since :

y(0)=2=A4+1=2=A=1.

The solution is :

_exp(z)+1
o z+1l

Exercise 2.5.4 Solve the following differential equation with initial condition :

, 32 +4x 42

20y—1) ==t

Y

Solution.

The equation is equivalent to :

2(y — 1)dy = (32° + 4a + 2) dz
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which is an equation with separable variables. Integrating :

/2(y —1)dy = / (32” + 4z + 2) du,

we get :

v =2y =2 +222 +20 +C (9).

To determine the solution that satisfies the initial condition, y(0) = —1. We substitute
r=0and y=—11in (5) we get C' = 3.

Thus, the solution to the problem is given implicitly by :
y? —2y =2 + 22> + 20 + 3.

To find the solution in an explicit form, we proceed as follows:

VP—2y=a3+22+20+3=> ¥ —2y+1=2a>+22%+ 22+ 4.

Then we obtain:

y=1+ V1342224 2z + 4.

But since y(0) = —1 the solution is :

y=1—Va34+2224+22+4
which is well defined if z > —2 (since -2 is the only real root of x® + 222 + 2x + 4).
Exercise 2.5.5 Solve on R the following differential equations :
1. y"(x) —y(z) = 0.
2. y"(x) 4+ 6y'(x) + 9y(z) = 0.

3. y"(z) + 4y'(z) + 13y(x) = 0.
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Solution.

1. The characteristic equation of y”(z) — y(z) = 0is 1> — 1 = 0, then A = 4 > 0,

sor; = —1 and 7y = +1.

Thus, we have two distinct real roots. Consequently, the general solution is given
by:

y(x) = Nexp(—x) + pexp(z), ze€R, A\peR.

2. The characteristic equation of y”(x) + 6y'(z) + 9y(z) = 0 is 72 + 6r + 9 = 0, then

A=0,s0ryg=—3.

Since we have a double real root, the general solution is in the form

y(x) = AN+ zp)exp(—3z), z€R, \pueR.

3. The characteristic equation of 3’ (z)+4y'(x)+13y(x) = 0 is given by r*+4r+13 = 0.

Then A = -36<0,s0 1 =—2+3i and ry = —2 — 3.

We have two complex conjugate roots. The general solution in this case is

y(x) = (Acos3x + psin3z)exp(—2x), z € R, A\ pueR.

Exercise 2.5.6 Solve the following differential equation:

y"(x) + y(x) = cos z. (E)

Solution.
The given equation is a second-order non-homogeneous equation. Its associated homogen-

eous equation is:

y'(x) +y(z) = 0.
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The characteristic equation is 72 — 1 =0. Then A= —-4<0, r; =¢ and ry = —i.

We have two complex conjugate roots. Thus the general solution is:

yu(z) = (Acosz + pusinz), z€R, A\pueR.

The second member is g(z) = cos z. We use the method of variation of constants and look

for a particular solution of the form

yp(x) = Ci(x)yr + Co(x)y,  with y; =cosz and yp =sinz,

which verify :

Ci(@)yr + Co(x)ya =0 and  Ci(z)yy + Cy(x)yy = g(z). ()

Replacing with :

yp(z) = C1(x) cosz + Cy(x) sinx

in (5) and solving the system we find :

2 in 2
Cola) = cos2z 4 Cola) = sin2z  x
4 4
A particular solution is :
( ) Ccos 2x +(Sin2x+x) . cosx+x .
= cos —)s = —sinz.
Yp(z 1 x 1 5)sinT 1 5 SinT
Then, the general solution is given by :
y(@) = yu(z) +yp()
:Acosx+(u+g)sinx, reR, \pueR.

51



Dr. L. Slimane - UDBKM Chapter 2. Differential Equations

Exercise 2.5.7 Using the change of variable x = €', solve the following differential equa-

tions :
L 2*y'+2y +y=0 on 10,400l
2. 2% +y=0 on 10, +o0].
Solution.

Since we are looking for a function of x €]0, +00[, we can take z = ¢’ and z(t) = y(e').

Then we have :

and

1 1
y'(x) = —Pz'(lnx) + ﬁz"(ln r) = —e 2 (t) + e ().

1. In the first case, we find :
2% +xy +y=0 on ]0,+oo[& 2"(t) +2(t) =0, on R.
The characteristic equation is:
P?4+1=0=r=+4i.
Therefore, this last differential equation has the following general solution:
z(t) = Acost + usint, teR, A\peR.

We conclude that the solution to our problem is :

y(x) = z(Inz) = Acos(Inzx) + psin(lnz), x €]0,+oo[, A peR.
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2. The equation z%y” + y = 0 becomes :

7% +y=0 on ]0,+oo[& 2"(t) — Z(t)+ 2(t) =0, on R.
The characteristic equation is: :

V3

P l=0m =Y
B 20 27

The solution of 2 (t) — 2/(t) + z(t) = 0 are :

t
z(t) = exp(i)()\ cos ?t + psin ?t), teR, M\NpelR.

Subsequently, the solution to our initial problem :
y(x) = z(Inz) = (\/E/\COS(? Inx) + ,usin(?lnx)), x €]0,+00[, A peR.

Exercise 2.5.8 Determine the value of the real constant r for which the given differential

equation has a solution of the form: y =1t" pourt > 0 :
1. t2y" + 4ty + 2y = 0.
2. t2y" — 4ty + 4y = 0.

Solution.

1. We have :

Y= t = y/ = Ttril = y// = T(?” — 1)257472.
We substitute into the equation t2y” + 4ty’ + 2y = 0 we get :

r(r— D22 At M+ 2" =0 = r(r — )t +4rt" +2t" =0
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which is equivalent to (r? + 3r + 2)t" = 0.

Consequently 12 +3r +2 =01ie r=—1orr = —2. Then y,(t) = * and 1(t) = &

t 2

are the solutions of the given equation.

2. Using the same method as in the previous question, we obtain

y=t" =y =rt" =y =r@r— 1)t

We substitute into t2y” — 4ty + 4y = 0 we obtain :

r(r— D22 —drt" M 4T =0 = r(r — 1)t" —drt” + 4t = 0.

Which is equivalent to : (r* — 5r +4)t" = 0.

Subsequently : 7> —5r +4 =04d.e. 7 =1 or r = 4. Then y,(t) = t and yo(t) = t*.
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