Chapter 3

Fine Structure

g.l Review of hydrogen atom

The hydrogen atom Hamiltonian is by now familiar to you. You have found the bound state
spectrum in more than one way and learned about the large degeneracy that exists for all
states except the ground state. We will call the hydrogen atom Hamiltonian H(® and it is
given by

2 2

go P < () 1.1)

- 2m r

We take this to be the “known” Hamiltonian, meaning that we know its spectrum. This
Hamiltonian is supplemented with corrections that can be studied in perturbation theory.
That study is the subject of this chapter. We begin, however, with some review and
comiments.

The mass m in H® is the reduced mass of the electron and proton, which we can
accurately set equal to the mass of the electron. If one wishes to consider the case of an an
electron bound to a nucleus with Z protons one lets €2 — Ze? in H©). The Bohr radius is
the length scale build from %, m, and e?

2
a =5 ~ 53 pm. (31.2)

The energy levels are enumerated using a principal quantum number n, an integer that
must be greater or equal to one:
e? 1

Note that H® is a non-relativistic Hamiltonian: the speed of light does not enter in it,
and the kinetic term is that of Newtonian mechanics. The energy scale relevant to the
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bound state spectrum can be better appreciated using the speed of light to consider both
the fine structure constant and the rest energy of the electron. The fine structure constant

is given by
e? 1
@ =5 ¥ e, (31.4)
and the rest energy of the electron is mc?. Then,
e? met mah?c?

This states that the energy scale of hydrogen bound states is a factor of o? smaller than
the rest energy of the electron, that is, about 19000 times smaller. We can thus rewrite the
possible energies as:

1
E%::—%a%ng;ﬁ. (3.1.6)
The typical momentum in the hydrogen atom is

h me? €2
~ — - - ~ 2.
p ~ - . hcmc —  p =~ a(me), (}1.7)

which, written as p ~ m(ac) says that the typical velocity is v ~ ac, which is low enough
that the non-relativistic approximation is fairly accurate. Finally, we note that
h? Rl

ao = = prd
m ohe me o

A
— 1.8
2, 318)
which says that the Bohr radius is over a hundred times bigger than the (reduced) Compton
wavelength of the electron.

The degeneracy of the hydrogen atom spectrum is completely quantified by the relation
n=N+{+1. (3\.1.9)

Here N > 0 is the degree of a polynomial in r that appears in a wavefunction where the
leading dependence on r near the origin is factored out. The quantum number £ > 0 is the
angular momentum of the state. For each fixed n, you can see that the number £ ranges
from zero to n — 1. And for each fixed ¢ the eigenvalue of L, is mh with m ranging from
—{ up to £:

n=1,2 (=0,1,...,n—1
n—1

m=—t, ... ¢ # of states with energy E,, = Z(% +1) =n?
£=0

The states of hydrogen are shown in this energy diagram, which is not drawn to scale,
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n=23 — — —
n=2 — —
N=1 N=0
n=1 —
N=0

The table features the commonly used notation where capital letters are used to denote
the various values of the orbital angular momentum ¢. If we have L denote the generic
capital letter for angular momentum we have L(¢) where

Lt=0)=S, L{l=1)=P, L{t=2 =D, L¢=3)=F,.... (31.10)

Thus, for example, an S state is a state with £ = 0, a P state is a state with £ = 1, and a
D state is a state with ¢ = 2.

Any hydrogen eigenstate specified by the three quantum numbers n, £, m, because, as it
follows from (2.1.9), the value of N is then fixed. The wavefunction takes the form

¢

Ynem(x) =A <L> . <Polynomial in — of degree N> e "0 Yy (0,9), (31.11)
ao ago

where A is a normalization constant and N =n — (£ + 1). If you look at the wavefunction,

the value of n can be read from the exponential factor. The value of ¢ can be read from

the radial prefactor, or from the spherical harmonic. The value of m can be read from

the spherical harmonic. For the ground state n = 1, £ = 0 and m = 0. The normalized

wavefunction is 1
e . (31.12)

Y100(r) =

oW

Ta,

Comments:

1. There are n? degenerate states at any energy level with principal quantum number
n. This degeneracy explained by the existence of a conserved quantum Runge-Lenz
vector. For a given n the states with various ¢’s correspond, in the semiclassical
picture, to orbits of different eccentricity but the same semi-major axis. The orbit
with £ = 0 is the most eccentric one and the orbit with maximum ¢ = n — 1 is the
most circular one.
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2. For each fixed value of ¢, the states have increasing N as we move up in energy. The
number NN is the number of nodes in the solution of the radial equation, that’s why
it is the degree of the polynomial in r that features in the wavefunction (,\_.31.11).

3. The analysis of H® so far ignored electron spin. Since the electron is a spin one-
half particle there is an extra degeneracy: each of the H(® eigenstates is really two
degenerate states, one with the electron spin up and the other with the electron spin
down. These states are degenerate because H(© has no spin dependence.

4. We will have to supplement H(®) with terms that correspond to corrections that arise
from relativity and from the spin of the electron. This will be the main subject of
the following analysis. It will determine the fine-structure of the hydrogen atom. The
corrections will break much of the degeneracy of the spectrum.

5. In order to understand better the spectrum and the properties of the Hydrogen atom
one can apply an electric field, leading to the Stark effect or a magnetic field, leading
to the Zeeman effect. These external fields are represented by extra terms in the
hydrogen atom Hamiltonian.

Let us now discuss two different choices of basis states for the hydrogen atom, both of
which include the electron spin properly.

Recall that, in general, for a multiplet of angular momentum j, we have states (j,m;),
with m; running from —j to j in integer steps. All states in the multiplet are J? ecigenstates
with eigenvalue h%j(j + 1) and, for each state, im; is the eigenvalue of J..

Because the electron has spin one half, its states are labeled as

(s,ms), with s=3, m,==+3. (5.1.13)

In the hydrogen atom the angular momentum ¢ can take different values, but the spin of
the electron is always one-half. As a result, the label s is often omitted, and we usually only
record the value of mg. For hydrogen basis states we thus have quantum numbers n, £, my,
and mg. To avoid confusion, we have added the ¢ subscript to my, thus emphasizing that
this is the azimuthal quantum number for orbital angular momentum. Since we are not
combining the electron spin to its orbital angular momentum, the states form the “uncoupled
basis”:

Uncoupled basis quantum numbers:  (n, £, mg, ms) . (3.1.14)

The states are completely specified by these quantum numbers. As we let those quantum
numbers run over all possible values we obtain an orthonormal basis of states.

It is often useful to use an alternative basis where the states are eigenstates of J2 and J.,
where the total angular momentum J is obtained by adding the orbital angular momentum
L to the spin angular momentum S:

A

J=1L+S. (31.15)
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When we form ¢ ® s we are tensoring a a full £ multiplet to an s multiplet (here, of course,
s =1/2). All states in £ ® s are eigenstates of L2 and eigenstates of S2, so £ and s are good
(constant) quantum numbers for all j multiplets that arise in the tensor product. Each j
multiplet has states with quantum numbers (j,m;).

The coupled basis is one where states are organized into j multiplets. While states are
no longer L, nor S, eigenstates they are still L2 eigenstates, thus the £ quantum number
survives. The coupled basis quantum numbers are therefore

Coupled basis quantum numbers:  (n, ¥, j,m;). (2.1.16)

The (myg, ms) quantum numbers of the uncoupled basis have been traded for (j,m;) quan-
tum numbers and we have kept the n,f quantum numbers. The coupled states are linear
combinations of uncoupled states that involve different values of my and mg, those combi-
nations that yield the same value of m; = my + m.

To find the list of coupled basis states we must tensor each ¢ multiplet in the hydrogen
atom spectrum with the spin doublet % The rules of addition of angular momentum imply
that we find two j multiplets:

(@t = (G=t+hHe@=t-3). (3.1.17)

For ¢ = 0, we only obtain a j = 1/2 multiplet. We use the notation L; for the coupled
multiplets, with L = S, P, D, F for £ = 0,1,2, and 3 (see (2.1.10). The change of basis is
summarized by the replacements

1
{® 5 - L(e)j:Z—i-% @ L(e)j:g_% (3.1.18)
or more explicitly,
0® % — Sl
2
1ot - Piohl
2 2
(21.19)
2® % — Ds @ Ds 5
2 2
3® % — Fr@Fs
2 2
Thus, by the time we comblne with electron spin, each ¢ = 0 state gives one j = 3 multlplet
each ¢ = 1 state gives j = 5 and j = 5 multlplets each £ = 2 state gives j = 5 and j= §

multiplets, and so on. For hydrogen the principal quantum number is placed ahead to
denote the coupled multiplets by

Coupled basis notation for multiplets: |nL; (x1.20)

Using this notation for coupled basis multiplets the diagram of hydrogen atom energy
eigenstates becomes:
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S P D
{=0 /=1 =2
45,
n=4 2
n=3 3S% 3P% 3D%
(2) (6) 3P% (10) 3D§
n=2| 2% 2Py
PCES
154
n=1 2
(2)

The number of states is indicated in parenthesis.

3.2 The Pauli equation

In the hydrogen atom the spin-orbit coupling arises because the electron is moving in the
electric field of the proton. Since the electron is moving relative to the frame where we have
a static electric field, the electron also sees a magnetic field B. The spin-orbit coupling is
the coupling —u - B of that magnetic field to the magnetic dipole moment g of the electron.
We have discussed before, in the context of the Stern-Gerlach experiment, the value of
the magnetic dipole moment of the electron. Recall the logic we used. In Gaussian units,
the classical magnetic moment of a planar current loop is given by pu = %a, where [ is the
current and a is the area vector associated with the loop. From this one quickly derives
that for a uniformly rotating particle with charge ¢ and mass m the magnetic moment is

q
= —L 2.1
p=5-L, 3-2.1)
where L is the angular momentum due to the rotation. For an elementary particle, this
motivates the following relation between the spin angular momentum operator S and the
magnetic moment
q ~
= g—S8 22.2

Ho=gg (s2.2)
where g is a factor that is added to parameterize our ignorance; after all there is no reason
why the classically motivated formula for the magnetic dipole should hold in the quantum
domain of spin. As it turns out, for an electron one has g = 2. Since ¢ = —e for an electron,
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we have .
—e . eh S eh eh
= 2 S = -2 — = -2 lo = — . 2.3
® 2mec 2mec h 2mec 27 2mec 7 (323)

For numerical applications we note that the Bohr magneton up is defined by

h
L o9omax 107 TE _ 579x 1079 2V
2mec gauss gauss

(for SI values use Tesla = 10 gauss). The coupling of an electron to an external magnetic
field is therefore represented by a Hamiltonian Hp given by

Hy = -pu-B = - 5.8, (3.2.5)
2mec

Our goal now is to show that this coupling, and its associated prediction of ¢ = 2, arises
naturally from the non-relativistic Pauli equation for an electron.
Consider first the time-independent Schrodinger equation for a free particle:

132
> = Ey. 32.6)

Since a spin one-half particle has two degrees of freedom, usually assembled into a column
vector Y, the expected equation for a free spin one-half particle is

~ 2

. X1
~ v = Exy with y= ) 2.7
X X wi X (x) (2.2.7)

One sometimes calls x a Pauli spinor. Note there’s an implicit two-by-two identity matrix

1942 in the Hamiltonian
-2
P
H = —19y5. 2.2.8
9 2x2 (22.8)

We can rewrite this Hamiltonian using Pauli matrices if we recall the identity

(0-a)(c-b) = a-blaxs +io-(axb), (3.2.9)

valid for arbitrary vector operators a and b. Taking a = b = p, with p the momentum
operator, and recognizing that p x p = 0, we have

(0-p)-(0-p) = p*laxs. (32.10)

This means that the Hamiltonian (2,2.8) can be rewritten as

H = o (0-B)-p). (3.2.11)
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So far, this is all just rewriting with no change in physics. But new things happen when we
the particle is charged and we couple it to external electromagnetic fields. The quantum
mechanical rule is that this inclusion can be taken care with the replacement

p - T =p-—-A. (7.2.12)

oI

Here ¢ is the charge of the particle and A is the external vector potential, a function
of position that becomes an operator A(x) since position is an operator. In addition, if
there is a electromagnetic scalar potential ® it contributes an additional term ¢® (%) to the
Hamiltonian.

With the replacement (2.2.12) applied to the Hamiltonian (3.2.11), and the inclusion of
the coupling to the scalar potential, we get the Pauli Hamiltonian:

Hpaui = o (00 7) (0 7) + qd(%) (7.2.13)

1
am ¢

This time, using the identity (.2.9), the second term survives

. . L .
Hpaui = I (- 7)1l +io - (7t x )] + qP(x). (3.2.14)
We have v x 7 # 0 because the various m; do not commute. Note that the replacement
(32.12) applied to the original Hamiltonian (3.2.8) would not have given us the # x 7 term.

To evaluate that term we use
(’fl‘ X ﬁ')k = Eijkﬁ'iﬁ'j = %Eijk[ﬁ'i,ﬁj] . (%.2.15)

The commutator here is

[mi, m5] = pi_%Ai7pj—%Aj:|. (5'2.16)

As usual, the p components can be thought of as derivatives acting on the spatially de-
pendent components of A. Moreover, the A;’s being only functions of position, commute
among themselves and we have

hq ihq

[ﬂ'i, 7'(']'] == —ZE (a,AJ - OJAZ) == T (Z?ZA] - OJAZ) . (3217)
Therefore, back in (2.2.16)
th ih th
(7T X W)k = %EijkTq (Z?ZAJ — OJAZ) = quijkaiAj = Tq (V X A)k s (3218)
leading to the elegant result: .
TXT = Zh—qB. (32.19)

C
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This equation is a bit reminiscent of the equation LxL= z'hf.;, for angular momentum.
Back in the Pauli Hamiltonian (32.14), leaving identity matrices implicit, and setting
q = —e, we find

1 2 ;. 1h
Hos = 2 (p+ CA) 4 2 Mo B o)
2m c 2m c (3220)
1 2 h -
= —<I3+EA> —I—e—a-B—e@(f().
2m c 2me

The second term in this expanded Pauli Hamiltonian gives the coupling of the electron spin
to the magnetic field and agrees precisely with the expected coupling ( 2.5). We thus see
that the Pauli equation predicts the g = 2 value in the electron magnetic moment.

3.3 The Dirac equation

While the Pauli equation incorporates correctly the coupling of the electron spin to electro-
magnetic fields, it is not a relativistic equation. As discovered by Dirac, to include relativity
one has to work with matrices and the Pauli spinor must be upgraded to a four-component
spinor. The analysis begins with the familiar relation between relativistic energies and
momenta

E? —p*? =m?’ — E=/p2c +m2c (33.1)

This suggests that a relativistic Hamiltonian for a free particle could take the form
p2c2 +m2ct, (143.2)

with associated Schrodinger equation

ih@@_f = VD22 + m2ct. (33.3)

It is not clear how to treat the square root so, at least for small velocities p < me, the
Hamiltonian can be expanded:

52 -2 A2\ 2
_ 2 p” 9 P 1/ p
H—mC 1+——mC [1+m_§<m2c2> +]

(33.4)

If we ignore the constant rest mass, the first term is the familiar non-relativistic Hamiltonian,
and the next term is the first nontrivial relativistic correction. For small momenta we will
treat that term as a perturbation.

More elegantly, Dirac wanted to find a Hamiltonian linear in momenta and without
square roots. This would be possible if one could write the relativistic energy as the square
of a linear function of the momentum:

p? +m’c! = (ca - p + fmc®)® = (carpr + casps + cazps + Bmc?)? . (23.5)
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(1.3.6)

Expanding the right-hand side and equating coefficients one finds that the following must

hold
o —a=ai= =1,
o + ooy = {1 =0, i#7],
o+ Ba; = {a;, 8} = 0.
The relations on the second and third lines imply that o’s and 8’s can’t be numbers, because
they would have to be zero. It turns out that a’s and ’s are four-by-four hermitian matrices:
(1.3.7)

(0 o 3= 1 0
*“\e 0) "7 o -1}
Using (¥3.5), the Dirac Hamiltonian is simply the linear function of momentum that is the
square root of ¢>p? + m2c*. We thus have
Hpirae = co-p + Bmc?. (33.8)

(33.9)

The Dirac equation is
ov
iha = (ca-p+ pmc*) ¥,
where W is a Dirac spinor, a four-component column vector that can be thought to be
composed by two two-component Pauli spinors x and #:
X X1 m
\I[ — , — , = . 310
(77) * <><2> ! (772) 3310
The coupling to electromagnetic fields is done as before
ov
’L'FLE = { co - (f)+ EA> + Bmc® + V(r) }\I', (23.11)
c
where the coupling of the electron to the scalar potential ®(r) is included via
2
—ed(r)=——. (33.12)

Vir) = -

The great advantage of the Dirac equation (2.3.11) is that the corrections to the hydrogen
Hamiltonian H©) can be derived systematically by finding the appropriate Hamiltonian H
that acts on the Pauli spinor x. The analysis, can be done with A = 0, since the stationary

proton creates no vector potential. The result of the analysis shows that
Hy = Ey, (.3.13)
where:
-2 -4 2
p p 1 14V h 2
H=—"—+V - —— ———S-L + ——=V*V ©.3.14
2m 8m3c2 2m2c2 r dr 8m?2c? ( )
H(O) 6Hre1. 6Hspin—orbit 6HDarwin
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The first correction is the relativistic energy correction anticipated earlier. The second is
the spin-orbit coupling, and the third is the Darwin correction, that as we shall see affects
only ¢ = 0 states.

Recall that the energy scale for H(® eigenstates is a?mec?. We will now see that all the

above energy corrections are of order a*mc? thus smaller by a factor of a? ~ m than the
zeroth-order energies. This suggests that for the hydrogen atom, the role of the unit-free
parameter A of perturbation theory is taken by the fine structure constant: A ~ 2. Of
course, in reality we cannot adjust the value of a? nor we can take it to zero.

For the relativistic correction, recalling that p ~ amc, we indeed have

4
p
5Hrel. = —m ~ —OZ4mC2 . (%315)
For spin-orbit we first rewrite the term, using
1dvVv 1d e? e?
2= 3.16
rdr rdr < r > r3’ (3 )
so that
e 1
5Hspin—orbit = mr_g ‘L. (1;)317)
For an estimate we set S - L ~ k2, r ~ ag, and recall that ay = %é
2 32 2
e h ahc h h \3 5 4 9
5Hspin—orbit ~ W a—g = W a—g = (mca0> mc = o mc . (%318)
We can evaluate the Darwin term using V = —e?/r:
252 2752 252
e“h” _o (1 e“h T e“h

To estimate this correction note that, due to the § function the the integral in the expecta-
tion value will introduce a factor [1(0)|? ~ ag®. We will therefore have
e2h? 9

g ~ atme?, (),3.20)

5HDarwin ~ 53 3
m=c CLO

as this is exactly the same combination of constants that we had for spin orbit above.

.4 Fine structure of hydrogen

The fine structure of hydrogen is the spectrum of the atom once one takes into account the
corrections indicated in (2.3.14). After the partial simplifications considered above we have

) -4 2 272
P p e S-L m el

H=—"—4+V — —— S ——) . £4.21
2m + 8m3c2 2m2c2 3 + 2 m2c2 (r) (ﬁ )
S~—— S~——

H(O) 6Hrel. 6Hspin—orbit 6HDarwin
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We will study each of these terms separately and then combine our results to give the fine
structure of hydrogen. There are further smaller corrections that we will not examine here,
such as hyperfine splitting and Lamb effect.

%.4. 1 Darwin correction

Let us now evaluate the Darwin correction. Since this interaction has a delta function
at the origin, the first order correction to the energy vanishes unless the wavefunction is
non-zero at the origin. This can only happen for nS states. There is no need to use the
apparatus of degenerate perturbation theory. Indeed, for fixed n there are two orthogonal
£ = 0 states, one with electron spin up and one with electron spin down. While these states
are degenerate, the Darwin perturbation commutes with spin and is therefore diagonal in
the two-dimensional subspace. There is no need to include the spin in the calculation and

we have -
1 m e h
Er(LO)O,Darwin = <¢n00|5HDarwin|7pn00> = 5 mQCQ |¢n00(0)|2 . (%422)
As is shown in the homework, the radial equation can be used to determine the value of the
nS wavefunctions at the origin. You will find that

1
2 _
[¥noo(0)]" = Tniad (44.23)
As a result -
(1) _e’h Ly a1
EnOO,Darwin - 2m202 a0n3 = (mc )ﬁ . (3424)

This completes the evaluation of the Darwin correction

The Darwin term in the Hamiltonian arises from the elimination of one of the two two-
component spinors in the Dirac equation. As we will show now such a correction would arise
from a nonlocal correction to the potential energy term. It is as if the electron had grown
from point-like to a ball with radius of order its Compton wavelength miec The potential
energy due to the field of the proton must then be calculated by integrating the varying
electric potential over the charge distribution of the electron. While a simple estimate of
this nonlocal potential energy does reproduce the Darwin correction rather closely, one must
not reach the conclusion that the electron is no longer a point particle. Still the fact remains
that in a relativistic treatment of an electron, its Compton wavelength is relevant and is
physically the shortest distance an electron can be localized.

The potential energy V(r) of the electron, as a point particle, is the product of the
electron charge (—e) times the electric potential ®(r) created by the proton:

V(r) = (—e)®(r) = (—e) ; (2.4.25)

Let us call ‘7(1') the potential energy when the electron is a charge distribution centered
at a point r with |r| = r (see Figure %1) This energy is obtained by integration over the
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Figure 2.1: A Darwin type correction to the energy arises if the electron charge is smeared over a
region of size comparable to its Compton wavelength. Here the center of the spherically symmetric
electron cloud is at P and the proton is at the origin. The vector u is radial relative to the center
of the electron.

electron distribution. Using the vector u to define position relative to the center P of the
electron, and letting p(u) denote the position dependent charge density, we have

Vi) = / B p(u) B (r + ), (2.4.26)
electron

where, as shown in the Figure, r + u is the position of the integration point, measured

relative to the proton at the origin. It is convenient to write the charge density in terms of

a normalized function pg:

p(u) = —epo(n) — d*upp(u) =1, (2.4.27)
electron

which guarantees that the integral of p over the electron is indeed (—e). Recalling that
—e®(r +u) = V(r + u) we now rewrite (2.4.26) as

Vi) = / & po(W)V (r + ). (2.4.28)
electron

This equation has a clear interpretation: the potential energy is obtained as a weighted

integral of potential due to the proton over the extended electron. If the electron charge

would be perfectly localized, po(u) = §(u) and V(r) would just be equal to V(r). We will

assume that the distribution of charge is spherically symmetric, so that

po (1) = po(u). (2.4.29)
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To evaluate (2.4.31), we first do a Taylor expansion of the potential that enters the integral
about the point u = 0:

Vv (I' -+ u) =V (I‘) -+ Z OZV‘ruZ + % Z aiajV‘ruin 4+ ... (2.4.30)
i ij

All derivatives here are evaluated at the center of the electron. Plugging back into the
integral (2.4.31) and dropping the subscript ‘electron’ we have

Vi) = /d?’upg(u)<V (r)+28ﬂ/

1
rui + B Z 8i8jV‘ruiuj + .. > . (2.4.31)
2Y)

All r dependent functions can be taken out of the integrals. Recalling that the integral of
po over volume is one, we get

V(i) = V(r) + Z@iV‘ /d?’upo () pi + %Zaiajv‘ /d?’upo (u) wjuj+... (2.4.32)
i i ij i
Due to spherical symmetry the first integral vanishes and the second takes the form

/d3up0 (u) uju; = %5ij/d3up0 (u) u?. (2.4.33)

Indeed the integral must vanish for ¢ # j and must take equal values for i = j = 1,2, 3.
Since u? = u? + u3 + u?)), the result follows. Using this we get

V) = Vi) + 2> 0av], %/d3uf(u)p2—|—...

(2.4.34)
= V(r) + %V2V/d3upo(u)u2 + ...
The second term represents the correction dV to the potential energy:
v = %V2V/d3up0 (u) u?. (2.4.35)

To get an estimate, let us assume that the charge is distributed uniformly over a sphere of
radius ug. This means that pg(u) is a constant for u < wug

3 1, u < U,
po(u) = P (2.4.36)
Uy |0, U > ug -
The integral one must evaluate then gives
uo 4, 2d 2 3 ug
/d?’upo(u)u2 = / % = uldu = 2. (2.4.37)
0 3 U Uy Jo
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Therefore,
§V = Lugviv. (2.4.38)

If we choose the radius ug of the charge distribution to be the Compton wavelength % of
the electron we get,

h? 9
10 m2c?
Comparing with (2.3.14) we see that, up to a small correction (% as opposed to 1—10), this
is the Darwin energy shift. The agreement is surprisingly good for what is, admittedly, a
heuristic argument.

5V = (2.4.39)

2.4.2 Relativistic correction

We now turn to the relativistic correction. The energy shifts of the hydrogen states can
be analyzed among the degenerate states with principal quantum number n. We write
tentatively for the corrections
Eﬁzl,zmzms;rel = _ﬁwjn@mzms ‘p2p2‘¢n£mg> . (2.4.40)

We can use this formula because the uncoupled basis of states at fixed n is good: the
perturbation is diagonal in this basis. This is checked using Remark 3 in section 1.2.2. This
is clear because the perturbing operator p?p? commutes with L2, with L., and with S,.
The first operator guarantees that that the matrix for the perturbation is diagonal in £, the
second guarantees that the perturbation is diagonal in my, and the third guarantees, rather
trivially, that the perturbation is diagonal in m.

To evaluate the matrix element we use the Hermiticity of p? to move one of the factors
into the bra

1 1 2 2
Ey(hzmems;rel = _—8771,302 <I) wan\P wn5m> , (2441)
where in the right-hand side we evaluated the trivial expectation value for the spin degrees
of freedom. To simplify the evaluation we use the Schrodinger equation, which tells us that

p2

<% + V) T;Z)nﬁm = E1(10)¢n€m — p27pn€m = Zm(Ef(LO) - V)¢ném . (2442)

Using this both for the bra and the ket:
W _ ! (B vy ‘( B~ V)huim ) (2.4.43)
n.fmymgirel 22 n ném n ntm | - .

The operator Eﬁlo) — V is also Hermitian and can be moved from the bra to the ket, giving

1
E1(11,Zmlms;rel = = 22 <wn€m‘( (E7(LO))2 - 2VE7(LO) + V2)‘ wn€m>
) (2.4.44)

T 2me [(ET(LO))z — 2En(V)nem + <V2>n£m} .
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The problem has been reduced to the computation of the expectation value of V(r) and
V2(r) in the 9ye, state. The expectation value of V (r) is obtained from the virial theorem

that states that (V) = 2. For V2(r) we have

1 1 ez 1 2 4n 4n
vy = AL\ _ ( __> (B2, ) 2.4.45
< > e<7’2> ea%rﬁ’(ﬁ—k%) 2&()712 f—l—% ( " ) E—F% ( )
Back into (2.4.44) we find
) _ _(Ego))g[ an _3] _ _1 4(m62)[4_n_3] (2.4.46)
ntmyms;rel T ome2 Lo+ % = T8¢ n4 {+ % ) o

The complete degeneracy of ¢ multiplets for a given n has been broken. That degeneracy
of H® was explained by the conserved Runge-Lenz vector. It is clear that the relativistic
correction has broken that symmetry.

We have computed the above correction using the uncoupled basis

Eszmlms;ml = (ndmmg|0 HyelIndmmyg) = f(n,?0). (2.4.47)
Here we added the extra equality to emphasize that the matrix elements depend only on n
and /. We have already seen that in the full degenerate subspace with principal quantum
number n the matrix for 0 H,q is diagonal in the uncoupled basis. But now we see that in
each degenerate subspace of fixed n and ¢, d Hyq is in fact a multiple of the identity matrix,
since the matrix elements are independent of m and mg (the L, and S,) eigenvalues. A
matrix equal to a multiple of the identity is invariant under any orthonormal change of
basis. For any E@% multiplet, the resulting j multiplets provide an alternative orthonormal
basis. The invariance of a matrix proportional to the identity implies that

g (nljm;|6Hyel|nljm;) = f(n,?). (2.4.48)

nfjm;,rel =

with the same function f(n,¢) as in (2.4.47), and the perturbation is diagonal in this coupled
basis too. This is clear anyway because the perturbation commutes with L2, J% and J, and
and any two degenerate states in the coupled basis differ either in £, j or j,.

The preservation of the matrix elements can also be argued more explicitly. Indeed,
any state in the coupled basis is a superposition of orthonormal uncoupled basis states with
constant coefficients ¢;:

ntjm;) = Y cilntmml), with > |e* =1, (2.4.49)

i

because the state on the left-hand side must also have unit norm. Therefore, using the
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diagonal nature of the matrix elements in the uncoupled basis we get, as claimed

(nljm;|6Hye|nljm;) = Zc;kck(nﬁmémi\&Hml\nﬁmlgm@
ik

= > e (nmim|6 Hya|ndmjm?) (2.4.50)

= Z|Ci|2f(n,f) = f(n,0).

2.4.3 Spin orbit coupling

The spin-orbit contribution to the Hamiltonian is

2
< lg.n. (2.4.51)

5Hspin—0rbit = Wﬁ :

Note that 0 Hgpin-orbit commutes with L2 because L? commutes with any L; and any S;.
Moreover, dHgpin-orbit commutes with J? and with J, since, in fact, [J;, S-L] = 0 for
any 4; S - L is a scalar operator for J. It follows that d Hgpin-orbit is diagonal in the level
n degenerate subspace in the coupled basis [nfjm; ). In fact, as we will see, the matrix
elements are m-independent. This is a nontrivial consequence of 6 Hgpin-orbit being a scalar
under J. To compute the matrix elements we recall that J =S 4+ L and

e? 1 ,
fllé)jmj;spin—orbit = m <n€]mj‘r—38 . L‘nf]mj>
2 h2 o . 1 '
_ —272%2 5 G+ 1) e +1) -] <n£gmj‘r—3‘n@mj> L (24.52)

We need the expectation value of 1/73 in these states. It is known that

1 1
ném ‘—‘nfm > = . 2.4.53
< S n3adl ((+ 1) (0+1) (2.4.53)
Because of the my independence of this expectation value (and its obvious mg independence)
the operator 1/r3 is a multiple of the identity matrix in each /® % multiplet. It follows that
it is the same multiple of the identity in the coupled basis description. Therefore

RS 1
<”€Jmﬂ‘ﬁ‘”£]mﬂ> T omdadt(e+ D) (e+1) (2.4.54)

Using this in (2.4.52)
(1) e [j(G+1)—e+1)—2] (2.4.55)

nfjm;; spin-orbit = 4Am2c2 n3a8€ (E + %) (E + 1)
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)

Working out the constants in terms of Ey(L0 and rest energies we get

(0)y2 (7 3

) (B2 n i +1) -0 +1) - 3]
EY) L o= , L#£0. 2.4.56
nfjm;;spin-orbit mec2 /¢ (@ + %) (@ + 1) 7& ( )

Since L vanishes identically acting on any ¢ = 0 state, it is physically reasonable, as we will
do, to assume that the spin-orbit correction vanishes for ¢ = 0 states. On the other hand
the limit of the above formula as ¢ — 0, while somewhat ambiguous, is nonzero. We set
j=L+ % (the other possibility j = ¢ — % does not apply for £ = 0) and then take the limit
as £ — 0. Indeed,

(1) CED2R[+ 5+ - +1) -3
nfjm; spin-orbit il - mec? 00+ 1 /41
T (t+3) +1) (2.4.57)
( 1(10))2 n
ome ((+ e+’
and now taking the limit:
(0)y2
. 1) _ (En”) — A2 L
%1_1)1}) EMjmj;spin_Orbit jeed = i (2n) = o mec 53 (2.4.58)

We see that this limit is in fact identical to the Darwin shift (2.4.24) of the n.S states. This
is a bit surprising and will play a technical role below.

2.4.4 Combining results

For ¢ # 0 states we can add the energy shifts from spin-orbit and from the relativistic
correction, both of them expressed as expectation values in the coupled basis. The result,
therefore will give the shifts of the coupled states. Collecting our results (2.4.46) and (2.4.56)
we have

<7”L€jmj‘5Hrel + 5Hspin—0rbit né]m]>

_ @ [, an 2G4 -0t 1) — ]
-~ 2mc? (t+3) Ce+3)(0+1)

(0)
:(E" )2{3+2n }

2mc?
These are the fine structure energy shifts for all states in the spectrum of hydrogen. The
states in a coupled multiplet are characterized by ¢, j and m; and each multiplet as a whole
is shifted according to the above formula. The degeneracy within the multiplet is unbroken
because the formula has no m; dependence. This formula, as written, hides some additional
degeneracies. We uncover those next.

(2.4.59)

G +1) =30 +1) -3
Ce+3)(0+1)
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In the above formula there are two cases to consider for any fized value of j: the multiplet
can have { = j — % or the multiplet can have ¢ = j + % We will now see something rather
surprising. In both of these cases the shift is the same, meaning that the shift is in fact ¢
independent! It just depends on j. Call f(j,¢) the term in brackets above

§+1) =300+ 1) - 3

,0) = .4.60
166 e+ e+ (34.60)
The evaluation of this expression in both cases gives the same result:
1 @( _ U+ -3G -G+ —F 2%+ 2
== (1-2)i0+3) iG=30+3)  (+3)
. JG+1) 3G +5)G+3) — 1 22 —5j —3 2
f(])é)‘_, 1= 1N - 3 =71 /- 3y 7. 1y
=i+ (+2) G+ +3) (+2)G+DG+s)  (G+2)
(.4.61)

We can therefore replace in ( .4.59) the result of our evaluation, which we label as fine
structure (fs) shifts:

(0)y2
nljmyits = —W{ i+l —3} = —a’(me )ﬁ[ j+1 4 ] (34.62)
More briefly we can write
1) _ 4, 2 : _ 1 n
Brjmysne = —me - Spj, with Snj = oog [jJr T~ %] (34.63)
2

Let us consider a few remarks:

1. The dependence on j and absence of dependence on /¢ in the energy shifts could be
anticipated from the Dirac equation. The rotation generator that commutes with the
Dirac Hamiltonian is J = L+ S, which simultaneously rotates position, momenta, and
spin states. Neither L nor S are separately conserved. With J a symmetry, states are
expected to be labelled by energy and j and must be m; independent.

2. The formula (2.4.63) works for nS states! For these ¢ = 0 states we were supposed
to add the relativistic correction and the Darwin correction, since their spin-orbit
correction is zero. But we noticed that the limit £ — 0 of the spin-orbit correction
reproduces the Darwin term. Whether or not this is a meaningful coincidence, it
means the sum performed above gives the right answer for £ — 0.

3. While a large amount of the degeneracy of H(®) has been broken, for fixed n, multiplets
with the same value of j, regardless of £, remain degenerate. The states in each j
multiplet do not split.



CHAPTER %4 HYDROGEN ATOM FINE STRUCTURE

4. Since S, ; > 0 all energy shifts are down. Indeed

n n n n n
J+3 Jmext3 lmaxtiztz N j+

|
PSS
Y

1. (%4.64)

D=

5. For a given fixed n, states with lower values of j get pushed further down. As n
increases splittings fall off like n=3.

A table of values of S, ; is given here below

n

~

|cn ol

Ju—
=N
[e3]

ot Nl NI Nl NlH N S,
(o} =
(=] o]

(=]
=
o]

The energy diagram for states up to n = 3 is given here (not to scale)

S P D
(=0 (=1 {=
mE=S o ___.
— 3D5)5
3Py T 3D3p
331/2 3Py
n=2 Fine Structure Spectrum
2P3/2
n=l o ___.
151/2
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For the record, the total energy of the hydrogen states is the zeroth contribution plus
the fine structure contribution. Together they give

Butim, = o [1+ %5 (25 -2)]. (.65

T S G

This is the fine structure of hydrogen! There are, of course, finer corrections. The so-
called Lamb shift, for example, breaks the degeneracy between 2.5/, and 2P,/ and is of
order o®. There is also hyperfine splitting, which arises from the coupling of the magnetic
moment of the proton to the magnetic moment of the electron. Such coupling leads to a
splitting that is a factor m./m, smaller than fine structure.

.5 Zeeman effect

In remarkable experiment done in 1896, the Dutch physicist Pieter Zeeman (1865-1943)
discovered that atomic spectral lines are split in the presence of an external magnetic field.
For this work Zeeman was awarded the Nobel Prize in 1902. The proper understanding of
this phenomenon had to wait for Quantum Mechanics.

The splitting of atomic energy levels by a constant, uniform, external magnetic field, the
Zeeman effect, has been used as a tool to measure inaccessible magnetic fields. In observing
the solar spectrum, a single atomic line, as seen from light emerging from outside a sunspot,
splits into various lines inside the sunspot. We have learned that magnetic fields inside a
sunspot typically reach 3,000 gauss. Sunspots are a bit darker and have lower temperature
than the rest of the solar surface. They can last from hours to months, and their magnetic
energy can turn into powerful solar flares.

The external magnetic field interacts with the total magnetic moment of the electron.
The electron has magnetic moment due to its orbital angular momentum and one due to
its spin

me = —5—L, pg = ——8, (%.1)

where we included the g = 2 factor in the spin contribution. The Zeeman Hamiltonian is
thus given by

e
SHyeoman = — )-B = —— (L+2S)-B. 25.9
Z (B + ps) 5 (L +28) (55.2)

Conventionally, we align the magnetic field with the positive z axis so that B = Bz and
thus get

0HZecoeman = =— (Lz + 2Sz) . (%53)

When we consider the Zeeman effect on Hydrogen we must not forget fine structure.
The full Hamiltonian to be considered is

H = HO 4 §Hp + 6 Hyeoman - (35.4)
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Recall that in fine structure, there is an internal magnetic field Bj, associated with spin-
orbit coupling. This is the magnetic field seen by the electron as it goes around the proton.
We have therefore two extreme possibilities concerning the external magnetic field B of the
Zeeman effect:

(1) Weak-field Zeeman effect: B < Bip¢. In this case the Zeeman effect is small compared
with fine structure effects. Accordingly, the original Hamiltonian H(® together with
the fine structure Hamiltonian Hyg are thought as the “known” Hamiltonian H (0), and
the Zeeman Hamiltonian is the perturbation:

H = H9 4+ §Hy +6Hzeoman - (§:5.5)
H—/
HO)

(2) Strong-field Zeeman effect: B > Bjy. In this case the Zeeman effect is much larger
than fine structure effects. Accordingly, the original Hamiltonian H© together with
the Zeeman Hamiltonian are thought as the “known” Hamiltonian H(® and the fine
structure Hamiltonian Hy is viewed as the perturbation:

H = H9 + §Hyeeman +6Hys . (3.5.6)

H()

You may thing that H ©) + § Hyeoman does not qualify as known, but happily, as we
will confirm soon, this is actually a very simple Hamiltonian.

When the Zeeman magnetic field is neither weak nor strong, we must take the sum
of the Zeeman and fine structure Hamiltonians as the perturbation. No simplification is
possible and one must diagonalize the perturbation.

Weak-field Zeeman effect. The approximate eigenstates of H(® are the coupled states
|nljm;) that exhibit fine structure corrections and whose energies are a function of n and j,
as shown in the Fine Structure diagram. Degeneracies in this spectrum occur for different
values of ¢ and different values of m;.
To figure out the effect of the Zeeman interaction on this spectrum we consider the
matrix elements:
(n@jmj\dHZeeman\nK’jm;> ) (3.5.7)

Since §Hyzeoman ~ L, + 25, we see that § Hzeeman commutes with L2 and with J,. The
matrix element thus vanishes unless ¢ = ¢ and m; = m; and the Zeeman perturbation is
diagonal in the degenerate fine structure eigenspaces. The energy corrections are therefore

m _ ch 1

niimy = 5o B (n@jmj\(ﬁz + 25'2)]n€jmj>ﬁ ) (25.8)

where we multiplied and divided by % to make the units of the result manifest. The result
of the evaluation of the matrix element will show a remarkable feature: a linear dependence
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ED ~ hm; on the azimuthal quantum numbers. The states in each j multiplet split into
equally separated energy levels! We will try to understand this result as a property of
matrix elements of vector operators. First, however, note that ﬁz + 25'Z = jz + S'Z and
therefore the matrix element of interest in the above equation satisfies

(nljm;|(L, + 25.)|nlim;) = hm + (nlim;|S,|nljm;) . (35.9)

It follows that we only need to concern ourselves with S, matrix elements.

Let’s talk about vector operators. The operator V is said to be a vector operator
under an angular momentum operator J if the following commutator holds for all values of
1,j=1,2,3:

[Ji, Vi] = ihen Vi (35.10)

It follows from the familiar J commutators that J is a vector operator under J. Additionally,
if V is a vector operator it has a standard commutation relation with J?2 that can be quickly
confirmed:
[J2,V] = 2ihi(V xJ —ihV). (.5.11)
If V is chosen to be J the left-hand side vanishes by the standard property of J2 and the
right-hand side vanishes because the J commutation relations can be written as J x J = iiJ.
Finally, by repeated use of the above identities you will show (homework) that the following
formula holds
1
(2ih)?

[32,[32,\7]] = (V-H)J - L(PV4VI2). (35.12)

Consider (j 2 jz) eigenstates |k; jm;) where k stands for other quantum number that bear
no relation to angular momentum. The matrix elements of the left-hand side of (2.5.12) on
such eigenstates is necessarily zero:

(K jm)| [32 132 ,V]] ks jm;) = 0, (35.13)

as can be seen by expanding the outer commutator and noticing that J2 gives the same
eigenvalue when acting on the bra and on the ket. Therefore the matrix elements of the
right-hand side gives

(K's gmf|(V - 3) I|ks; jmy) = B2 5(5 + 1) (K3 jm)j[V]k; jm;), ($.5.14)

which implies that

(K g (V- 3) 3|k jmy)
thj(j - L (1,5.15)

(K's jmf;|V|k; jm;) =

This is the main identity we wanted to establish. Using the less explicit notation (---) for

the matrix elements we have found that

. (V)
{

(V) = W (3.5.16)
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This is sometimes called the projection lemma: the matrix elements of a vector operator \Y%
are those of the conventional projection of V onto J. Recall that the projection of a vector
v along the vector j is (v -j)j/j%.

Let us now return to the question of interest; the computation of the the expectation
value of S, in (45.20). Since S is a vector operator under J we can use (:j 5.15). Specializing
to the z-component

homj <n€jmj|g J Inl jm)
R 5 +1) '

We already see the appearance of the predicted hm; factor. The matrix element in the

(15.17)

(nfjmj|§z|n€jmj> =

numerator is still to be calculated but it will introduce no m; dependence. In fact S-Jisa
scalar operator (it commutes with all Jl) and therefore it is diagonal in m;. But even more
is true; the expectation value of a scalar operator is in fact independent of m;! We will not
show this here, but will just confirm it by direct computation. Since L =J—S we have

S-J = 3(3?+8*-17), (35.18)
and therefore
.4 ‘ hm »
(nl jm;|S;|nl jm;) = m (GGE+1) —L(l+1)+3). (4.5.19)

Indeed, no further m; dependence has appeared. Back now to (2,5.20) we get

(45.20)

e s G+ — L+ 1)+

Cim;| (L, + 2S,)|néjm;) = hm;(1+ —
(ntjm|( ntim;) = s ( TEES .
The constant of proportionality in parenthesis is called the Lande g-factor g;(¢):

J+1) —e+1)+3
2j(j + 1)

We finally have for the Zeeman energy shifts in (2.5.8)

gs(0) = 1+ (35.21)

1) eh

Here the Bohr magneton 2%2‘6 ~ 5.79 x 10~%eV /gauss. This is our final result for the weak-
field Zeeman energy corrections to the fine structure energy levels. Since all degeneracies
within j multiplets are broken and j multiplets with different ¢ split differently due to the

¢ dependence of g;(¢), the weak-field Zeeman effect removes all degeneracies!

Strong-field Zeeman effect. We mentioned earlier that when the Zeeman effect is larger
than the fine structure corrections we must take the original hydrogen Hamiltonian together
with the Zeeman Hamiltonian to form the ‘known’ Hamiltonian H():

HO — gO 4 ¢ (1. 4+928,)B. 5.2
+ g (L +25) (35.23)
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Actually H© is simple because the Zeeman Hamiltonian commutes with the zero-th order
hydrogen Hamiltonian

[L,+25., HY] = 0. (35.24)
We can thus find eigenstates of both simultaneously. Those are in fact the uncoupled basis
states! We have

HOntmem,) = EO|ntmem,)

. . (45.25)
(L, +2S,)[nmemg) = h(my + 2mg)|nlmems) . -

and therefore the uncoupled basis states are the ezact energy eigenstates of H(® and have
energies

eh
Enﬁmems = E,(_LO) + %B(mg + 2m3) . (3526)

Some of the degeneracy of H(®) has been removed, but some remains. For a fixed principal
quantum number n there are degeneracies among ¢ ® % states and degeneracies among such
multiplets with ¢ and ¢ different. This is illustrated in Figure 22.

Figure 2.2: Illustrating the degeneracies remaining for ¢ = 0 and ¢ = 1 after the inclusion of Zeeman
term in the Hamiltonian. Accounting for the spin of the electron there two degenerate states in the
¢ =1 multiplet 1 ® % and each of the two states in the £ = 0 multiplet 0 ® % is degenerate with a
state in the £ = 1 multiplet.

The problem now is to compute the corrections due to  Hg; on the non-degenerate and
on the degenerate subspaces of H(®. The non-degenerate cases are straightforward, but
the degenerate cases could involve diagonalization. We must therefore consider the matrix

elements
(nl'mym’| § Hes|nbmyms) , 3.5.27)

with the condition
my+2ml, = my+ 2my, (25.28)
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needed for the two states in the matrix element to belong to a degenerate subspace. Since
L2 commutes with 6 Hg, the matrix elements vanish unless ¢ = ¢ and therefore it suffices to
consider the matrix elements

(nl'mym’| § Hs|nbmems) , (345.29)

still with condition (£.5.28). Ignoring ¢ = 0 states, we have to re-examine the relativistic
correction and spin orbit. The relativistic correction was computed in the uncoupled basis
and one can use the result because the states are unchanged and the perturbation was
shown to be diagonal in this basis. For spin-orbit the calculation was done in the coupled
basis because spin-orbit is not diagonal in the original H(® degenerate spaces using the
uncoupled basis. But happily, it turns out that spin-orbit is diagonal in the more limited
degenerate subspaces obtained after the Zeeman effect is included. All these matters are
explored in the homework.
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