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Series n° 1 
Exercise n°1: Let  and  denote the position vectors of the electron and the nucleus with respect to an arbitrary reference frame, and  and  the corresponding velocities.
1. Write the Lagrangian as a function of these variables.
2. Introduce the position vector R⃗G ​ of the center of mass G and =−. 
Show that                         L (,,
3. Recall why the angular momentum of the system with respect to the center of mass is a constant of motion. What conclusion can be drawn about the nature of the trajectory?
4. Construct the Hamiltonian H for the internal motion and write Hamilton’s equations. Recover the conservation of angular momentum and interpret the equation in which only appear.
5. Determine the trajectory, that is, obtain the relation between r and θ.
6. Deduce that the trajectory is a conic section whose equation can always be written in the form                                                   
We now apply the Bohr–Wilson–Sommerfeld quantization rules:
d=,                d=
8. Find the possible values of the angular momentum as a consequence of the quantization of Iθ. Specify the allowed values of the integer nθ.
9. Quantize the variable Ir  ​and deduce the relation between ε and the integers nθ ​ and nr.
10. Finally, deduce the energy E. 
Exercise n°2 : A free particle of mass m and velocity  can move along an axis called Ox while remaining confined between two walls located at positions 0 and L.
1. Draw the graph of the particle’s coordinate x(t) as a function of time.
2. What is the period T of the motion?
3. According to the prescription of the old quantum theory, the only trajectories to be retained are those that satisfy the quantization condition.           dx=
4. What is the expression of the momentum p in this case?
5. Make the quantization condition explicit and deduce from it a relation between m, v, L, and h.
6. Using the previous results, give the expression En of the particle’s energy as a function of h, m, and L. Comment on the result.
7. What is the period Tn of the classical motion of a particle having exactly the energy En?
8. Give the expression of the Bohr angular frequency associated with the transition from the state n+1 to the state n.
9. How do Tn ​ and Tn+1​ compare in the limit of very large quantum numbers?









resoudre
Here is the complete solution, step by step, within the framework of the old quantum theory (Bohr–Wilson–Sommerfeld).

1. Classical motion x(t)x(t)x(t)
The particle moves freely between two perfectly reflecting walls at x=0x=0x=0 and x=Lx=Lx=L.
· Velocity magnitude is constant: vvv
· Motion is uniform and rectilinear, with elastic reflections at the walls.
The motion is periodic:
· From 0→L0 \to L0→L: time L/vL/vL/v
· From L→0L \to 0L→0: time L/vL/vL/v
The graph x(t)x(t)x(t) is a sawtooth (triangular wave) between 000 and LLL.

2. Period of the motion
T=2Lv\boxed{T = \frac{2L}{v}}T=v2L​​ 

3. Momentum ppp
For a free particle:
p=mv\boxed{p = mv}p=mv​ 
The momentum changes sign at each wall but its magnitude remains constant.

4. Bohr–Wilson–Sommerfeld quantization condition
The quantization rule is:
∮p dx=nh\oint p\,dx = nh∮pdx=nh 
Over one full period:
· The particle travels a total distance 2L2L2L
· Momentum magnitude is constant
Thus:
∮p dx=2Lp\oint p\,dx = 2Lp∮pdx=2Lp 
Quantization gives:
2Lp=nh⇒2Lmv=nh2Lp = nh \quad \Rightarrow \quad 2Lmv = nh2Lp=nh⇒2Lmv=nh 
Hence:
vn=nh2mL\boxed{v_n = \frac{nh}{2mL}}vn​=2mLnh​​ 

5. Quantized energy EnE_nEn​
Classical kinetic energy:
E=12mv2E = \frac{1}{2}mv^2E=21​mv2 
Substitute vnv_nvn​:
En=12m(nh2mL)2E_n = \frac{1}{2}m\left(\frac{nh}{2mL}\right)^2En​=21​m(2mLnh​)2 En=n2h28mL2\boxed{ E_n = \frac{n^2h^2}{8mL^2} }En​=8mL2n2h2​​ 
Comment
· Energy is quantized
· Levels grow as n2n^2n2
· This result is identical to the quantum-mechanical particle in a 1D box

6. Classical period for energy EnE_nEn​
Velocity at energy EnE_nEn​:
vn=2Enm=nh2mLv_n = \sqrt{\frac{2E_n}{m}} = \frac{nh}{2mL}vn​=m2En​​​=2mLnh​ 
Thus:
Tn=2Lvn=4mL2nhT_n = \frac{2L}{v_n} = \frac{4mL^2}{nh}Tn​=vn​2L​=nh4mL2​ Tn=4mL2nh\boxed{ T_n = \frac{4mL^2}{nh} }Tn​=nh4mL2​​ 

7. Bohr angular frequency (transition n+1→nn+1 \to nn+1→n)
Energy difference:
ΔE=En+1−En=h28mL2[(n+1)2−n2]\Delta E = E_{n+1} - E_n = \frac{h^2}{8mL^2}\left[(n+1)^2 - n^2\right]ΔE=En+1​−En​=8mL2h2​[(n+1)2−n2] ΔE=h28mL2(2n+1)\Delta E = \frac{h^2}{8mL^2}(2n+1)ΔE=8mL2h2​(2n+1) 
Bohr angular frequency:
ωB=ΔEℏwithℏ=h2π\omega_B = \frac{\Delta E}{\hbar} \quad \text{with} \quad \hbar = \frac{h}{2\pi}ωB​=ℏΔE​withℏ=2πh​ ωB=πh4mL2(2n+1)\boxed{ \omega_B = \frac{\pi h}{4mL^2}(2n+1) }ωB​=4mL2πh​(2n+1)​ 

8. Comparison of TnT_nTn​ and Tn+1T_{n+1}Tn+1​ for large nnn
Tn=4mL2nh,Tn+1=4mL2(n+1)hT_n = \frac{4mL^2}{nh}, \qquad T_{n+1} = \frac{4mL^2}{(n+1)h}Tn​=nh4mL2​,Tn+1​=(n+1)h4mL2​ 
For very large nnn:
Tn+1≃TnT_{n+1} \simeq T_nTn+1​≃Tn​ lim⁡n→∞Tn+1Tn=1\boxed{ \lim_{n\to\infty} \frac{T_{n+1}}{T_n} = 1 }n→∞lim​Tn​Tn+1​​=1​ 
Interpretation
This is the correspondence principle:
at large quantum numbers, quantum results converge to classical behavior.


Bas du formulaire






Une particule libre de masse m t de vitesse v peut se déplacer le long d’un axe appelé Ox tout en restant confinée entre deux murs situés aux abscisses 0 et L 
Tacer le graphe donnant la coordonnée x(t) de la particule en fonction du temps 
Quelle est la période T du mouvement
suivant la prescription de l’ancienne théorie des quanta les seules trajectoires a retenir sont celles satisfaisant la condition 
quelle est ici l’expression de p
expliciter la condition pour en  déduire une relation entre m, v , L, h
à partir des résultats précédents donner l’expression En de l’énergie de la particule en foction de h, m, L. Commenter
quelle est la periode Tn du mouvement classique d’une particule ayant précisement l’energie En
donner l’expression de la pulsation de Bohr associée à la transition de l’état n+1 à l’état n
comment se comparent Tn et Tn+1 danns la limite des très grands nombres quantiques
