Chapter 1

Generalities on Complex Numbers

1.1 (General Review of Complex Numbers
1.1.1 Properties of Complex Numbers
We define the imaginary unit ¢ by the property

i2 = —1.

This definition allowed mathematicians to propose imaginary solutions to quadratic
equations with a negative discriminant, that is, equations of the form

ar’> +bx+c=0, a#0.
Recall that the discriminant of a quadratic equation is given by
A = b* — 4ac.

Definition 1.1 (Complex Number) A complex number is any number that can be
written in the form
z =a +1b,

where a,b € R and i is the imaginary unit defined by i*> = —1.
We denote

a=NR(z) (the real part of z), b=S(z) (the imaginary part of z).
Remark 1.1 Any multiple of the imaginary unit i is called a purely imaginary number.
Definition 1.2 (Zero Complex Number) The zero complex number is defined as

0 + 20.
It is usually denoted simply by 0, and it is the additive identity in C, that is,

z24+0=2 VzeC.



Definition 1.3 (Conjugate of a Complex Number) Let z = a +ib € C, with a,b € R.
The conjugate of z is defined as

zZ=(a+1ib) = a —ib.

Note that
zZ=2z.

Definition 1.4 (Equality) Two complex numbers zy = ay + iby and z9 = ag + iby are said
to be equal if and only if

a; = %(2{1) = Q9 = %(22) and b1 = %(21) = b2 = %(ZQ)

Definition 1.5 (Arithmetic Operations) Let z; = ay + iby and zo = ag + iby. The
following operations are defined:

o Addition:

21+ 22 = (a1 + 1by) + (ag +ibg) = (a1 + az) + i(by + ba).

z2+Z=2R(z)
e Subtraction:

21 — 29 = ((11 + Zbl) — (CLQ + sz) = (a1 — CLQ) + Z(bl — bg)

o Multiplication:

21 Ry = (a1 + ibl)(az + sz) = (a1a2 — b1b2) + i(albg + Clle).

2 2=z =a®+ b

Exercise 1.1 Let z = a +1b € C with a,b € R. Calculate the product z - Z.
Solution. We have
z-Z = (a+ib)(a—ib) = a* —iab + iab — i*b*.

Since 1> = —1, this simplifies to

Therefore,



o Division:

21 AR

Z9 29 Z9

ﬁ - (a1 + ’lb1> (CLQ — Zbg) aiag + blbg . b1a2 — a162

B = b 0,0).
Z9 (a/2 + Zb2> (a/Q — Zbg) a% + b% e a/% + b% ) <a27 2) 7& ( 5 )

Remark 1.2 These operations satisfy the usual algebraic rules: commutativity, asso-
ciativity, and distributivity.

o Distributive Properties of Conjugation:
For all z1, 25 € C, the conjugation satisfies:

(21 + 22) =71 + 72,

(Zl> - 27 22 7£ 07

zZ9

Example 1.1 Let zy =3+ 4i and 2o =1 — 2i. Then:
24+ 20=03+1)+(4—-2)i=4+2i,

fz=(31—4-(=2)+i(3-(—2)+1-4) =11 — 2i,
21 3+4i_3+4i 1+2i_11—|—2i 11 2.

— = = - = = -+
zo 1—2t 1—2¢1 1+ 5 5 5

Example 1.2 Let
21:3+4Z, 22:1—22
21+ 20 =(3+4i)+ (1 —2i) =4+ 24, Z1 + 22 =4 — 2i,
7 =3 — 4, Zg =1+ 2, Zit+Z=08—4)+ (1+2i)=4—2i.

Hence
(21 + 22) =71 + %

For subtraction:
21—22:(3+4Z)—(1—2Z):2+62, 2’1—22:2—6i,
ZT—Z=(3—4i)— (1+2i) =2—6i.

8



Thus
(21 — 29) =71 — Za.

For multiplication:
212 = (3+44)(1 — 26) = 3 — 60 + 4i — 8i* = 11 — 2i, Z12o = 11 + 24,

7% = (3—4i)(1+2i) = 3+ 6i — 4i — 8 = 11 + 2i.

Therefore
(2122) = 71 72

For division (use conjugates to rationalize):

n 3+4i (3+40)(1+2)  —5+10i

o 1—2i (1—2i)(1+20) 5 T
S0 _
Z -
AT 42i=-1-2i
)
On the other hand
Z7 3—41 (3—4i)(1—21) —5—10¢ 19
— = g = = —1 — Z1.
Z 1420 (1+2i)(1—2) 5
Hence -
ay_ A
(22) Zo
Finally, double conjugation:
Z1=3—4i=3+4i==2, Zo=14+2i=1—2i= 2.

So Z = z is verified.

Definition 1.6 (Additive Inverse) In the system of complex numbers, every number z €
C has a unique additive inverse 2z’ such that

242 =0.

This inverse is given by
2= —z.

Definition 1.7 (Multiplicative Inverse) In the system of complex numbers, every nonzero
number z € C has a unique multiplicative inverse z” such that

22" =1.
This inverse is given by
ZH — } _ Zﬁl.
z

1

The number z=* is also called the reciprocal of z.



Application Compute the following powers of i:

Then, deduce a general rule for ;" depending on the parity of n.

Solution 1.1 Recall that

Step 1: Compute the powers successively.

.3 22

1° =1 =—1-1= —1,

Step 2: Observe the pattern.
The powers of i repeat every four steps:

Step 3: General rule. For any integer n > 1, there exists an integer k € N
such that:
1, if n =4k,

1, if n =4k + 1,
-1, ifn=4k+ 2,

—1, ifn=4k+ 3.

1.1.2 The Complex Plane

Definition 1.8 (Complex Plane) Since every complexr number z can be repre-
sented by a pair of real numbers (a,b), we use a plane to represent complex
numbers.

This plane is defined by two perpendicular axes:

o the real axis, denoted by R or r-axis,

o the imaginary axis, denoted by & or y-axis.
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Thus, any complex variable can be written as
=z + iy, z,y € R,
where x = N(z) and y = J(z).

We can also interpret each pair of real numbers (z,y) as the components of a
2D vector. Thus, a complex number

z=x 41y

can also be seen as a two-dimensional vector whose initial point is at the origin
of the axes, and whose terminal point is the point (z,y).

Definition 1.9 The vector representation of a compler number z = x + iy is the
directed vector

Z=(z,y),

where © = RN(z) is the projection on the real axis, and y = 3(z) is the projection
on the imaginary axis.

S or y

Rorzx

r=V@IF
0 =arg(z) = arctan()
x

Figure 1.1: Complex plane (Argand plane): representation of z = = + iy, modulus r and
argument 6.

Example 1.3 Let z = 3 + 2i. Its vector representation is
7= (3,2),

which is a vector starting from the origin (0,0) and ending at the point (3,2)
in the plane.
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Definition 1.10 (Modulus of a Complex Number) Let z = x + iy with =,y € R.
The modulus of =z is the positive real number defined by

|z| = /22 + 2.

Proposition 1.1 (Properties of the Modulus) For any z, z1, 2o € C with z, # 0, the
modulus satisfies the following properties:

o 2|2 =27,

o |z =27,

o |z120] = |21] [22],
21 |21|

° —| =
Z9 ‘22’

. |27 = 2P

Definition 1.11 (Distance Between Two Complex Numbers) Let z; = z; +iy; and
Zy = X9 + 1Yo be two complex numbers. The distance between z; and z, in the
complex plane is defined as

d(z1,20) = |22 = 21| = /(= 22)? + (32 — )2,

1.1.3 Polar and Exponential Form of Complex Numbers

Polar Form

From a simple geometric viewpoint, the components r and y of a complex number

z=x+1y
can be expressed in terms of the polar parameters » and 0 as
r =rcosb, . o ..
. = z=x+1iy=rcosf+irsinf =r(cosf + isinfh).
y =rsind,
Here:

r=|z| = /22 +y? € RY, —m <6<

The angle 0 of the vector z is measured in radians, positive in the counter-
clockwise direction. This angle 0 is called the argument of 2z and is denoted
by

0 = arg(z).
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Remark 1.3 The argument arg(z) is not unique because of the 2mw-periodicity of
the trigonometric functions cosf and sinf.

&

z =r(cosf +isinf)

|

|

. |
rsin 6 !
|

|

|

|

rcos
Exercise 1.2 Write the complex number

z= —\/g —1
in polar form.
Solution 1.2 We are given the complex number

z=—V3—1i.
Step 1: Compute the modulus r.

=l = V(=B + (-1 = VBT = VE=2

Step 2: Determine the argument 0. We know that

tanf = 2 !
anf == = —— = —.

r =3 V3
Thus, the reference angle is

0 ¢ 1 T
= arctan| — = —.
0 \/g 6

Since r < 0 and y < 0, the point lies in the third quadrant. Therefore,
Step 3: Write z in polar form.

z=r(cosf +isinf) = 2<COS<— %”) —|—isin(— 56“))

Final Answer:
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r=—v3—i (@y=(=V3-1

1. Principal Argument

Definition 1.12 (Argument and Principal Argument) Let z € C\ {0} and write
z =r(cosh +isinf) with r > 0 and 0 € R. The set of all possible values of 0 is
called the argument of 2 and is denoted by arg(z).

The principal argument Arg(z) is the unique argument chosen in the interval

—m < Arg(z) < .

Remark 1.4 Because cos(f) and sin(f) are 2n-periodic, the argument is not unique:
if 0 is an argument of z then 0 + 2kw is also an argument for every k € Z. The
principal argument selects the representative in [—m, 7).

2.Multiplication and Division in Polar Form
Let
zlzr1<00391+isin01), z2:r2(00802+isin02>,

with 1,y > 0.

Proposition 1.2 (Product and Quotient in Polar Form) The product and the quo-
tient are given by

2129 = T1T2(COS(91 +6y) +isin(f; + 92)>7

and, for z, # 0,

2T .
Z—; = r—;(cos(é’l — 0s) + isin(0; — 6’2)).
Equivalently,
z
arg(s120) = ang() +arg(z),  arg( ) —arg(z1) - arg(z2),
2

up to addition of integer multiples of 21 (and taking principal arguments when
needed).

3. Integer Powers and De Moivre’s Formula

14



Proposition 1.3 (Integer Powers) Let z = r(cosf +isinf#) and n € N. Then
=" ( cos(nf) + isin(nﬁ)).
In particular, if r =1 then the classical De Moivre formula holds:
(COS 6 + isin 9>n = cos(nf) + isin(nh).

Remark 1.5 The formula extends to n € 7 (negative integers) by using z " =

(271)" and the polar expression of »71.

4. Nth Roots of a Complex Number
Let z = r(cosf + isinf) with r > 0. We seek all w such that w" = z.

Proposition 1.4 (Formula for the nth Roots) All solutions w of w" = z are given
by
wk—P<COS<Pk+iSin90k>, k=0,1,...,n—1,

where

1/n 0+ 2km

PYr = .
n

p=r

Thus there are exactly n distinct nth roots:

0 + 2k 0 + 2k
wk:rl/"(cos( * ”)HSm( i ”)) k=0,....n—1

n n

The root corresponding to k =0 (with argument taken in the principal branch)
is called the principal nth root of z.

Exercise 1.3 Find all fourth roots of
1+
(That is, compute w such that w' =1+1.)
Solution 1.3 We seek all complex numbers w such that
w' =1+1.

Step 1: Put the right-hand side in polar form. Write 1+ i in polar (expo-
nential) form. Its modulus is

I1+i| = V12 +12 =2,
and a principal argument is
Arg(1+1i) = %

Hence .
1+i=+2e"4,
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Step 2: Apply the formula for n-th roots. If w*=1+1i and we set w = pe'?,
then

ot =2, 4¢:%+2k7r, ke Z.
Thus Y L
p=(V2)Vt =218, @IW/ZW:;G_;_;, keZ.

Step 3: List the four distinct roots. Taking k = 0,1,2,3 gives the four distinct
fourth roots:

T km

i| —=+—=
k k
wy, = 218 ¢ (16 2 ) :21/8<Cos(17;+27r> +isin(17r6+27r)>, k=0,1,2,3.

Remark (principal root). The principal fourth root corresponds to k = 0:

wy = 218 ¢im/16.
Check. For any k,

w% _ (21/8)461’(4(7r/16+k7r/2)) _ 21/26i(7r/4+2k7r) _ \/§em/4 =141,

as required.

Exponential Form and Euler’s Formula

Definition 1.13 (Exponential Form) Using FEuler’s formula (see below), any com-
plex number can be written in exponential form as

z=re?,

where r = |z| and 0 = arg(z) (or Arg(z) for the principal value).

Proposition 1.5 (Euler’s Formula) For every real 0,

9 — cosf +isinb.

o
Remark 1.6 From FEuler’s formula the polar and exponential forms are equiv-
alent:

2z =r(cos +isinf) = re.

Multiplication then becomes particularly simple:

ref - ryet®? = (7"17”2)6i<61+62),
and similarly for powers and roots. Endeed, w = p(cosp + ising) = pe’ and
w" = p"e™?. Hence, when w" = z = re? identify moduli p" = r and arguments

ny = 0 + 2km, then solve for p and ¢.
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1.1.4 Application: Quadratic Formula in Complex Numbers

Consider a quadratic equation with complex coefficients:
az?+bz+c=0, a#0.

We can solve it in a manner similar to real numbers. First, compute the
discriminant:

A =b* — dac.
In general, the roots are given by:

 —bEVA

ZA
! 2a

i=1,2.

Exercise 1.4 Solve the following quadratic equations in the set of complexr num-
bers:

1. 22 4+42+5=0
2. 22+ (1-i)z2—3i=0

Solution 1.4 1. Solve z>+4z+5=0:
The discriminant s

A= —dac=4>—-4-1-5=16—20 = —4.
Since A <0, the roots are complex:

C—bEVA AL —4E2

=—2+1.
2a 2 2

z

So the solutions are:

’21:—2+i, 22:—2—2

2. Solve z*+ (1—i)z—3i=0:
The discriminant s

A=b—4dac=(1—14)?—4-1-(-3i).
Compute (1 —i)*:
(1—i)P=1-2i+i*=1-2i—1=—2i.

Then:
A =—27—4(=31) = —2i + 121 = 10i.

Now, compute the square root of 10i:

10i = 10 <cos72T +isin g) — V10i = V10 (COSZ +isin D = V5(1 +9).

17



The roots are:

L —b:i:\/Z: _(1—i):i:\/5(1+i) _ _1+i:i:\/5(1_|_z‘)
2a 9 5 .

Separating the two roots:

e I &L “1-v5  1-WV5

2 R

So the solutions are:

—1+¢5+.1+\/5 —1-v5 1-+/5
= VA .

2 R

21

21

1.1.5 Sets of Points in the Complex Plane

In this section, we introduce the essential definitions and terminology for sets of
points in the complex plane.

1. The Circle

Let
20 :x0+iy0 e C.

Recall that the distance between any point z = x + iy and zj is

|2 — 20| = \/(z — 20)2 + (y — y0o)2.

Definition 1.14 (Circle in the Complex Plane) The set of all points z that sat-
isfy

|Z_ZO|:p7 P>07
is called a circle with center zy, and radius p. In other words, it is the set of
all points at a fized distance p from z.
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Im

Center: zy = o + iy, Radius: |z — zo| = 1.2

2. Disk and Neighborhood
Definition 1.15 (Disk) Let zo € C and p > 0. The disk of radius p centered at z,

is the set of all points z satisfying
|z — 20| < p.
This includes all points on the circle |z — z| = p as well as all points inside the

circle.

Definition 1.16 (Neighborhood of a Point) Let 2, € C and p > 0. The neighbor-
hood of 2z, or open disk with radius p and center z, is the set of points

|z — 20| < p.

These points lie strictly inside the disk, excluding the boundary circle.
A punctured neighborhood (or deleted neighborhood) excludes the center it-

self and is defined by the strict inequalities

0<|z— 2| <p.
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Im

2 € punctured ncighbox} oode

Disk: |z — zg| < 1.2, Neighborhood: |z — zy| < 1.2, Punctured Neighborhood: 0 < |z — z| < 1.2

Remark 1.7 ”Punctured neighborhood" mean neighborhood with the center punc-
tured/excluded.

3. Open Sets, Interior, Boundary, and Exterior Points

Definition 1.17 (Interior Point) A point z € C is called an interior point of a
set S in the complex plane if there exists a neighborhood of z that is entirely
contained in S.

Definition 1.18 (Open Set) A set S is called open if every point of S is an
interior point.

Definition 1.19 (Limit Point and Boundary) A point 2, is called a limit point of
a set S if every neighborhood of 2, contains at least one point in S and at least
one point outside S.

The set of all limit points of S forms the boundary of S, denoted by 0S.

Definition 1.20 (Exterior Point) A point = € C is called an exterior point of S
if it is neither an interior point nor a boundary point of S.
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Im

Exteriore

Boundary
[ ]

(Open Set) ® Exterior

Re

Figure: Open set S, interior points (green), boundary points (red), exterior points (black).

4. Annulus (Circular Ring)

Definition 1.21 (Annulus) Consider two sets of points around a center z, € C:

e S1={2€C||z—2]|>p}, representing points outside the circle of radius
p1 centered at z.

e Sy ={2€C||z— 2| < p2}, representing points inside the circle of radius p,
centered at z.

If 0 < p; < p2, then the set of points satisfying the strict inequalities simul-
taneously,

p1 < |z = 20| < po,

is the intersection of S| and S, and it is called a circular annulus.

Remark 1.8 If we take p; = 0, we recover the definition of an open disk with
the center excluded, i.e., a punctured neighborhood.
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Figure: Circular annulus (blue area) with inner radius p; (red)
and outer radius p (blue), centered at z.

5. Domain

Definition 1.22 (Domain) Let S be a set of points in the complex plane. If any
two points zy,29 € S can be connected by a polygonal line composed of a finite
sequence of line segments joined end-to-end, and this line lies entirely within
S, then the set S is said to be connected.

An open connected set is called a domain.

; ; |
Connected domain S (blue) with a polygonal om z; to 2o

Non-connected set (green) example

Region

Definition 1.23 (Region) A region in the complex plane is any set of points that
may include all, some, or none of its boundary points.
According to this definition:

o« An open set, which contains none of its boundary points, is a region.
o A closed region contains all its boundary points. For example, the closed
disk
|z =20 <p

is a closed region.
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o An open region such as the disk
|z —Z0] <p
is called an open disk.

o If the center zy is excluded, the set is called a punctured region or punc-
tured disk.

Bounded Set

Definition 1.24 (Bounded Set) A set S in the complex plane is said to be bounded
if there exists a real number R > 0 such that

|z| <R forall z€S.

Otherwise, the set is called unbounded.

Im

Bounded set S: |z| < R Unbounded set

In the figure above:

e The blue disk represents a bounded set S. Its center is zp = 2+ ¢ and all
points inside satisfy
|z — 20| < R.

The dashed line shows the radius R from the center z; to a point on the
boundary. All points of this set are within a finite distance from z,.

e« The arrows indicate an unbounded set S. They illustrate that the set ex-
tends beyond the visible portion of the plane. Since the points can continue
indefinitely in some directions, there is no finite R that contains all points,
making it unbounded.
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Im

Bounded set S: |z| < R Unbounded set S

-

-

In the figure above:

o The blue disk represents a bounded set S. Its center is 2z, and all points
inside satisfy |z — z)| < R, so there exists a finite radius R containing all
points.

o The red arrows represent an unbounded set S. The arrows indicate that the
points in this set can extend indefinitely in the complex plane. Therefore,
no finite R can contain all points, making the set unbounded.

e The dashed line in the blue disk shows the radius R from the center z, to
a point on the boundary.

1.2 Complex Functions, Limits, Continuity, and the
Complex Infinity

1.2.1 Definition of a Complex Function

Definition 1.25 A complex function f is a mapping from a subset D of the
complex plane C to C:

f:DCC—C, 2z f(2),
where z =x+1y € D and
f(z) =u(z,y) +iv(z,y), with u(z,y),v(z,y) €R.

-The set D is called the domain of definition of f.
- u(z,y) is the real part of f(z)

- v(x,y) is the imaginary part of f(z)

- f(2) = u(z,y) + iv(x,y) is the Algebric form of f(z).
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Example 1.4 Consider the function
f(z)=2* zeC.
Its domain of definition is the entire complex plane C. If z = x + iy, then

f(z) = (z +1y)* = 2 — y* +i(22y),
where
w(z,y) =2 — 9%, v(z,y) = 2uzy.
Example 1.5 Consider the function
1

This function is not defined for the values of z that make the denominator
zero. Solving
22 +1)=0 = 2z=0,2=14, 2= —i.

Hence, the domain of definition of f is

D =C\ {0, i, —i}.

1.2.2 Uniform and Multiform Complex Functions

Definition 1.26 In the strict mathematical sense, a function [ defined on a
domain D C C is a mapping that assigns to each point z € D one and only one
value w = f(z) € C.

A complex function is said to be uniform (or single-valued) if it satisfies
this property throughout its domain.

However, in complex analysis, we sometimes encounter expressions such as
V7, log z, or /", which can take several possible values for the same z. These
are not functions in the strict sense, but are called multiform functions (or
multi-valued functions). FEach distinct determination (or branch) of such an
expression defines a true single-valued function on a suitable subset of C.

Example 1.6 (Uniform function) The function
flz) =2
is uniform, because for each z € C there exists exactly one value of f(z).
Example 1.7 (Multiform expression) The expression
flz) = V=
is multiform because for each z # 0, there are two possible values:
Vz=+Vre??  where z = re?.

To obtain a true function, one must choose a branch - for example, by re-
stricting the argument to —m < 0 < w, defining the principal branch of /.
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1.2.3 Limit of a Complex Function

Definition 1.27 Let f : D C C — C be a complex function, and let zy be a limit
point of D. We say that f(z) tends to a limit wy € C when z — 2, if, for every
e >0, there exists 6 > 0 such that

0<|z—2z2] <0 = |f(z) —wo| <e.

Symbolically, we write

fip, /(=) = wo.
Remark 1.9 Geometrically, this means that when the point > approaches z
from any direction in the complex plane, the image point f(z) approaches wy
in the image plane. This definition extends the concept of limit from real
functions (where z and f(z) lie on R) to complex functions (where both belong
to C).

Realoaxis

I
W !
7.< j(’

|

I

I

I

I

from any direction

Approach of the variable: real vs. complex

Im(z)
ot lz—2l <o
6 f
! /Y 4
- —— Re(z)
Domain (z\-pl'lé/ne) Image (w-plane)
f(z) = wo
as z — 2o
Meaning of lim f (z) = wo
Z—20

Example 1.8
f(z)=2* z=1+i

lim f(z) = (1 +14)* = 2.

z—1+1
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Criterion for the Non-Existence of a Limit

If a function f approaches two distinct complex numbers L; # L, along two
different paths passing through z,, then

Ji £(2)

does not exist.

Example 1.9 Show that lim, 0 £ does not exist.

Solution 1.5 Let us examine the limit along two different paths approaching the
origin.

1. Along the real axis: If z =1z (with y=0), then

1 = lims=1
z—0 7

z X
z T

2. Along the imaginary axis: If z =iy (with t =0), then

l
i =—-1 = lim-=-1
—1Y y—=0Z

ISIIIRNY

Since the two limits obtained by approaching the origin along different paths
are distinct (1 # —1), the overall limit does not exist.

.= .
lim — does not exist.
z—0 7

Im(z)

f(z) = -1

* Re(z)
path 1: z &|x flz) > 1

path 2: z =1y

Two different limits along distinct paths
= limit does not exist.

In the case where a complex function f(z) can be expressed in terms of its
real and imaginary parts as

f(z) = f(z,y) = u(z,y) +iv(z,y),

then, by using the properties of real limits, one can derive a rule that allows the
computation of the limit of f(z) when the limits of u(x,y) and v(x,y) are known.
In this situation, the real functions u and v are considered as functions of two
real variables.
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Theorem 1.1 ( Real and Imaginary Parts of a Limit) Let
f(z) =ulz,y) +iv(z,y), 20=x0+ 1y, and L =uy+ivy.

Then,
lim  u(x,y) = up,

lim f(z) =L if and only if (z,y)—f(zo,yo)
o lim U(%, y) = Vo-
(Ivy)ﬁ(IOJJO)

Example 1.10 Calculate, using Theorem 1.1, the following limit:

lim (22 + ).

z— 141

Solution 1.6 We first write z = v + 1y. Then,
f)=2+i=(z+w)?+i= (" —y") +i(2zy +1).

Hence we can identify:

2

’LL(ZL’7y) =T _y27 U(l’7y) :2xy+1

According to Theorem 1.1, we compute the two real limits:

lim u(r,y) =1°—1°=0, lim  o(z,y) =2(1)(1) + 1 =3,
(m,y)%(l,l) ( y> (:r,y)%(l,l) ( y) ( )( )
Therefore,

lim (2% 44) = 0+ 3i = 3.
z—1+1
Theorem 1.2 (Properties of Complex Limits) Let f and g be two complex func-
tions. If
lim f(z) =L and lim g(z) = M,
Z—20

Z—r20

then the following properties hold:

(i) lim cf(z) = cL, where c is a complex constant;
Z2—20

(i) lim [f(z) £ g(2)] = L+ M;

Z—rZ20

(4) lim [f(2) g(2)] = L M;

Z—r20

L
(iv) lim fEZ; = provided that M # 0.
z=z20 g(z

Basic results from Theorem 1.2:

lim ¢ =¢, where cis a complex constant,
Z—r20

lim z = 2.
Z— 20
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Example 1.11 Using Theorem 1.2 and its two basic results, compute the fol-
lowing limits:

(3+1i)2* — 22+ 22

I
(a) zlgzl‘ z+1
(b) lim 22— 22414

etV 2z — 1 — i3
Solution 1.7 (a) By the properties of complex limits (Theorem 1.2):

lim B+t =22 422z (3+)@)" — (1)*+2(2)
2 z+1 B i+1 '
We compute step by step:

it=—-1, i*=1
Then:
Numerator: (3+14)(1) —(—1)+2i=3+i+1+42i =4+ 3.
Denominator: i +1=1+41.
Hence:

443 (44+30)(1—i) (44 3d)(1 —1)

1+4i  (1+i)(1—i) 2

Expanding the numerator:

(A4+3)(1—i)=4—-4i+3i—3>=4—i+3=7—1.

Therefore:

B+ =22 4+22 T—id
l

im = )
z—i z+1 2

(b) We apply the same rule:

22 =22+44  (1+40V3)2—2(1+iV3) +4
lim - = . ‘ )
amltivE 2 — 1 — /3 (1+4v3) —1—1iV3

Compute the numerator:

(14+iv3)? =14 2iV3 + (iV3)? = 1+ 2ivV/3 — 3 = -2+ 2iV/3.

Then:
—2+4+21V3—-2(1+iV3)+4=—-2+2V/3-2-2iV/3+4=0.

Denominator:

(1+iv3)—1—iv3=0.
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0
So we get the indeterminate form 0 To evaluate the limit, we simplify the

exrpression:

22— 22414

z— (14+14V3)

Factorizing the numerator:
=2 4+4=(z—(1+4V3))(z— (1 —iV3)).

Hence: 2 g A
2zt =224+
T — . (1—1iV3).
z— (1+1iV3) ( )

Now taking the limit:

lim [z —(1—iV3)] = (1+iV3) — (1 —iV3) = 2iV3.

z—1+iV/3

Therefore:

22— 2244
lim —— =2~ —9i/3.
sltiv3z — 1 — i3

1.2.4 The Complex Infinity

Unlike the real number system, which contains two distinct infinities +0co0 and
—o00, the complex number system has only one infinity. This distinction arises
because the field of complex numbers C is not an ordered field. Recall that in
the real number system, +0o and —oo serve respectively as the upper and lower
bounds of every subset of the extended real line - that is, the set of all real
numbers together with +0o0 and —oo.

Example 1.12

lim — =0
z—)ooz

1. Extended Complex Plane

To simplify the study of complex functions, it is often useful to extend the
complex plane by adding a single point at infinity, denoted by oco. The resulting

set
CU{oc}

is called the extended complex plane.
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1. Algebraic rules involving oo

The basic operations with oo are defined as follows:

z4+ 00 =00, forall z€C,
= oo, for all z € C\ {0},

=0, forall z€C,

= oo, for all z € C)\ {0}.

O\Ng‘l\zg

In particular, —1- 00 = oco. However, the expressions 0 - co, 22, oo & oo, and 8

are undefined.

2. Topological interpretation

From a topological point of view, any set of the form
{z:|z| >R}, R>0,

is called a neighborhood of cc.
A set D C CU{oo} is said to contain the point at infinity if there exists a real

number M > 0 such that D includes all points z with |z]| > M.

Examples 1.1 o The open half-plane Re(z) > 0 does not contain the point at
infinity, since it includes no neighborhood of cc.

e The open set
D={z:|z+1]+]z—-1]>1}

does contain the point at infinity.

3. The Structure of Infinity in the Complex Plane

When we extend the complex plane by adding the point at infinity, we obtain
the extended complex plane, denoted by

C=CU{cx}.
This set is also known as the Riemann sphere.

e The usual complex numbers are the points z = x + 1y € C.

e The symbol ~ is not a number but an additional point. It cannot be
manipulated by ordinary arithmetic operations.
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4. Topological structure

To make sense of the point at infinity, we define a topology on C: a neighborhood
of c© is any set of the form

{z€C:|z| > R} U{o0},

for some R > 0. In this sense, saying that z is “close to infinity” means that |z|
is very large.

The definition of limit at infinity becomes:

lim f(z) =L <= Ve>0, 3R>0, [z| > R=|f(z) - L| <e.

Geometric structure (Riemann sphere) The extended complex plane can be
visualized as a sphere in R?, called the Riemann sphere. We imagine a sphere of
radius 1 centered at (0,0,1) in space. Each point z = = + iy of the complex plane
(lying on the plane z = 0) is mapped to the sphere by stereographic projection.
The point oo corresponds to the North Pole of the sphere.

Thus, topologically:

~

C~ S§2.

5. Partial algebraic structure

Arithmetic operations involving co are defined by convention:

z+00=00, 2z€C,

z-00=00, z#0,

=0, zeC,

oled | ®

=00, z#0.

However, the following expressions are undefined:
0-00, 00—00, —, —.

o0 0

Therefore, C is not a field but a compact topological space endowed with a
useful partial algebra.

6. Summary

Aspect Description

Set C=CU {0}

Nature of co | A point added, not a number

Topology Neighborhoods of oo: {z:|z| > R} U {c0}

Geometry Topologically equivalent to a sphere (Riemann sphere)
Algebra Partial arithmetic: z + oo = 00, z/00 = 0, etc.
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1.2.5 Continuity of Complex Functions

The definition of continuity for a complex function is analogous to that of a real
function. In other words, a complex function is continuous at a point if its value
approaches the function value at that point as the variable approaches it.

Definition 1.28 (Continuity at a point) Let f : D C C — C be a complex function
and let zo € D. We say that [ is continuous at z, if

lim £(2) = f(20).

Z— 20

Equivalently, using the ¢ definition:
Ve >0,3d > 0 such that if |z — zy| <, then |f(z) — f(z)] < e.

Remark 1.10 This definition is identical in form to that of real-valued func-
tions, but the variable z now approaches z, from all possible directions in the
complex plane.

1. Criteria for Continuity

Just as in the real case, for a complex function f to be continuous at a point,
the following three conditions must be satisfied.

Definition 1.29 (Continuity criteria) A complex function [ is continuous at a
point zy € C if and only if the following conditions hold:

(i) The limit lim f(2) exists.
2—20
(ii) The function f is defined at z.

(iii) The limit equals the function value:

lim f(2) = f(=0).
If a complex function does not satisfy one or more of these conditions at a point,
it is said to be discontinuous at that point.

2. Branches of Multivalued Functions

A branch of a multivalued function F'(z) defined on a domain D is any complex
function f;(z) that is defined and continuous on a certain subdomain D; C D and
that assigns ezxactly one value of F(z) to each point z € D;.

In the definition of the branches f;(z) of a multivalued function, a point that is
common to the different cuts used to define the domain D; of a branch is called
a Branch Point.
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Example 1.13 The function
fe) =
Z)=——
14 22

is discontinuous at z =1 and z = —1i, since it is not defined at these points.
Example 1.14 (Continuity verification) (a) Verify whether the function
f(z) =22 —iz +2

ts continuous at zp =1 — 1.
(b) Show that the function

ts discontinuous at zp = —1.

Solution 1.8 (a) The function f(z) = z?> —iz + 2 is a polynomial in z. Since
polynomials are continuous everywhere in C, f is continuous at zyp =1 —i.

(b) Why /2 is discontinuous at zy = —1
We must first fix what we mean by /2. The complex square root is naturally
multi-valued:

VzZ==EVre??  when z=re? (r > 0).

To obtain a single-valued function we choose a branch. The usual principal
branch of the square root is defined by

\/E = \/Fei0/27 0 S (_ﬂ-?ﬂ-]a

which forces a branch cut along the negative real axris (—oo,0]. On this branch
the function is single-valued and continuous on C\ (—o0,0], but it is not defined
on the cut itself; in particular it is not defined at zp = —1.

There are two natural ways to conclude non-continuity at zo = —1:

(A) The function is not defined at zy = —1 on the principal branch. By the
continuity criteria, a function that is not defined at z, cannot be continuous
there.

(B) The one-sided limits (approaching from two sides of the cut) are dif-
ferent. This shows there is no possible single-limit value at —1 even if we try
to take limits from different directions.

We illustrate (B) by taking two explicit approach paths that tend to —1 from
opposite sides of the negative real axis.

Path 1 (approach from above). Take
21 (t) = e, t>0,t—=0"

Then z(t) - —1 as t — 0. Using the principal branch (argument 6 =1 —1t €
(—m,7m]) we get

/zl(t) — /1T 0/2 — gin/2 =it/2 oiT/2 —

t—0t+
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Path 2 (approach from below). Take

2(t) = ™), t>0, t—0".
Then z(t) - —1 as t — 0. On the principal branch the argument 0 = —7w + ¢
(note —m +t is just inside the interval (—m, 7]), so

/ZQ(t) — /1™ H0/2 — o=im/2 it/2 o2 —

t—0t

Thus the limits along the two paths exist but are different:
lim Vz =1, lim Vz = —i.

z——1 from above z——1 from below

Because these one-sided limits are unequal, the two-dimensional limitlim, , |/
does not exist. Hence \/z is discontinuous at 2o = —1 (on the principal branch).

Remark 1.11 e The non-existence of a single-valued, continuous square root
on any domain that encircles the origin is a consequence of the branch
point at 0: analytic continuation around 0 changes the sign of \/z. Any
branch cut must connect 0 to oco; if the chosen cut passes through —1
(as the usual negative-real-axis cut does), then —1 lies on the cut and the
principal branch is not defined there and shows the discontinuity described
above.

o If one chooses a different branch cut that does not pass through —1, then
one can define a single-valued branch of \/z that is continuous in a neigh-
borhood of —1. So the discontinuity at —1 is not an intrinsic property of
the point —1 alone but depends on the chosen branch (equivalently: on the
domain where the single-valued branch is defined). The usual statement
-\/z is discontinuous at —1- refers to the common principal branch with
cut along (—o0,0].

Conclusion. On the principal branch (argument in (—r,x|) the square root

is not defined at —1 and the limits from the two sides of the negative real axis

give i and —i respectively. Therefore \/z is discontinuous at zo = —1.

R

-7 “dessus — i

‘coupure= —1 .
~. " dessous — —i
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3. Properties of Continuous Functions

As for limits, we study the continuity of a complex function expressed in terms
of its real and imaginary parts:

f(z2) = f(2,y) = ulw,y) +iv(z,y)
Theorem 1.3 (Real and Imaginary Parts of a Continuous Function)
Let f(z) =u(z,y)+ww(zr,y) and z) = x¢+ iyo.

Then the complex function f is continuous at zy if and only if the two real
functions u and v are continuous at the point (xg, ).

Example 1.15 Using Theorem 1.3, show that the function
flz) ==

is continuous on C.
Theorem 1.4 (Properties of Continuous Functions) If f and g are two complex

functions continuous at z,, then the following functions are also continuous at
the same point:

1. ¢f(z), where ¢ is a complex constant,

2. f(2) £9(2),
3. f(2)-
f(2)

4. @, provided g(zy) # 0.

- Polynomial functions are continuous over the entire complex plane C.
- Unlike complex polynomial functions, complex rational functions
p(2)
fe) =22
( q(z)
are not always continuous on the entire complex plane C, but they are contin-
uous only on their domain of definition, that is, where q(z) # 0.

9(2),
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- Boundedness Property:
If a complex function f is continuous on a closed and bounded region I', then f
is bounded on I'. Thus, there exists a real constant M > 0 such that

If(z2)] <M forall z€eT.

1.3 Solved Exercises

Exercise 1.5 Let zy =3+ 4i and 2o =1 — 2i. Compute the following:

(a) 21+ 2, (b) z21—2, (c)z1-2, (d) 2, (e) zi, (f) |l (9) V7,
(h) Solve z* +1 = 0.

Solution 1.9 (a) Sum:
(b) Difference:

(¢) Product:

(d) Quotient:
2 344 142 ,
== - - - = —14 24
29 1—2¢ 1+2

(e) Conjugate:
7 =3 — 4.

(f) Modulus:
|21] = V32 4+ 42 =5.

(g) Square root of z; using the polar identification method:
Step 1: Write z; in polar form:
n=3+4i = p=|u|=VR+42=5¢= arctan§ ~ 0.927 radians.
Step 2: Let z = r(cosf +isinf) such that z*> = z,. Then
2* = 1r%(cos 20 + isin 20) = p(cos ¢ + isin ¢).
Step 3: Identification gives:
r?=p = r=/p=5~ 2236,

20 = ¢ + 2kn — in#—/ﬁr, k=0,1.
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Step 4: Compute the two roots: For k = 0:
¢

0y = 5 ~ 0.464 radians, zy = r(cosfy+ isinby).

For k=1:
o

0, = 5 + 7 &~ 3.606 radians, 2z, = r(cosf; + isinb,).

- Square root of z; using the algebraic method with modulus:

Let z = x + iy such that 2> = 2 = 3 + 4i.
Step 1: Expand 2*:

22 = (v +iy)? = 2* —y* + 22y
Step 2: Identify the real and imaginary parts with z; = 3 + 4i:
{x2 —y? =3,
20y = 4.
Step 3: Add the modulus condition:

Pyt = = a = V3 2 =5

Step 4: Solve the system:
.1'2 _ y2 _ 3’
z? +y? =5.

22 =8 — 22 =4 — 1 = +2.

Add the two equations:

Then from 2° + y? = 5:
Y =5-4=1—= y==1.
Step 5: Determine compatible signs from 2xy = 4:
2.2.1=4 and 2-(-2)-(—1)=4.

Step 6: Conclude the two square roots:

:=2+i and 2=-2-i|

(h) Solve z* +1=0:

=1 = 2= +i.

Exercise 1.6 Express the complex number > = —1 +i\/3 in polar form and expo-
nential form.
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Solution 1.10 Step 1: Compute the modulus r of z:

r=lel= V(12 + (VB2 = VIF3 =2,

Step 2: Compute the argument 0 of z:

f = arctan (@) .

Since z is in the second quadrant, we have

T 2T
=7 — — = —.
T3

3

Step 3: Write z in polar form:

2 2
z=r(cosf +isinf) =2 (cos;T —I—isin;>.

Step 4: Write z in exponential form:
z=re? =27
Exercise 1.7 (a) Given the set of points defined by |z — 1| = 2, describe the set

geometrically.
(b) Given the set of points defined by |z — 1| < 2, describe the set geometri-

cally.
(c) Given the set of points defined by 1 < |z — 1| < 2, describe the set geo-

metrically.

Solution 1.11 Part (a): Circle
Step 1: Write z in Cartesian form:

z=z+1y, x,yeR
Step 2: Express the modulus:
2z = 1] = |(z +iy) — 1| = /(x — 1)% + ¢
Step 3: Apply the condition |z — 1| = 2:
(z-1241y2=2 = (z—1)°+y° =4
Step 4: Geometric description: - Circle with center (1,0) and radius 2.
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Part (b): Disk
Step 1: Condition |z — 1| < 2 implies:

(x—1)2+y* <4

Step 2: Geometric description: - Closed disk (including the boundary) with
center (1,0) and radius 2.

Part (c): Ring (Annulus)
Step 1: Condition 1 < |z —1| <2 in Cartesian form:

z=rtiy = 1< \/(e 1242 <2 = 1< (e - 1)° +4y° <4
Step 2: Explanation of the left-hand side:
1<|z—1] = (z—-1)*+¢y*>1.

- This represents all points whose distance from the center (1,0) is at least
1. - Geometrically, it is the **exterior of the inner circle** of radius 1.
Step 3: Explanation of the right-hand side:

|z —1]<2 = (z—-1)*+¢y* < 4.

- Restricts points to **inside the outer circle** of radius 2.
Step 4: Geometric description: - The set is a **ring (annulus)** centered
at (1,0), with inner radius 1 and outer radius 2.
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Exercise 1.8 Complex functions: evaluation and separation of real and imagi-
nary parts

(A) Ewvaluate the following complex functions at the given points:
(i) f(z)=2z24+22—1i, z={1+2i,—2+41,3—3i}
(it) f(z) = |z +3R(zi) — 2, 2={2-3i,1+1i,—1+2i}
(iii) f(z) =In|z|+iArg(z), 2z={2,2i,—1+i}
(iv) f(z)=2*—y*+i2x+y), z={1+142—3i,—2+2i}, where z=1x+ 1y
(v) f(z) =¢e*, z={im,1—i,In3+in/4}

(B) Find the real part u and imaginary part v of the following functions:

(i) f(z) =52+2—3i
(ii) f(z)=—2z+Z+1
(iii) f(z) = z+1

(iv) f(z) =

(C) Express the real part u and imaginary part v in terms of r and 0 for the
following functions:

Solution 1.12 Part (A): Evaluation of complex functions
(i) f(z)=22+2z—1

e 2 =1+42i: 2z =(1+2)1-2) =1+4=05, 2 =2+4i, —i = —i
FA42) =5+ 2+4i)—i=T7+3i
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e 2= —24i: 2m=(—2+4i)(-2—4) =4+41=5, 22 = —4+2, —i = —i
F(=2+4i) =5+ (—4+2) —i=1+i
e 2=23-3i: 22 =949 =18, 22 = 6—6i, —i = —i f(3—3i) = 184+6—6i—i = 24—7i

(ii) f(z) = |z +3R(iz) — 2
e 2=2-3i: |2 =4+9=13, iz =1i(2—3i) = 20 + 3, R(iz) = 3, 3R(iz) =9,
= 243 f(2-3)=13+9—2+3i=20+3

o z=1+i: |2>=2,iz=1i(1+i) =i—1, R(iz) = -1, 3R(iz) = -3, —z = —1—i
Fl+i)=2-3-1—i=-2—i

o 2= —1+2i: 22 =1+4=5, iz =i(-1+2i) = —i —2, R(iz) = -2,
3R(iz) =—6, —2=1—-2i f(-14+2i)=5—-64+1-2i=0—2i=—2i

(iit) f(z) =In|z| +iArg(z)

o 2=2: |z =2, Arg(2) =0 ? f(2)=In2+i0=1In2

o z=2i: |2| =2, Arg(z) =7/2 2 f(2i) =In2+in/2

e z=—1+i: |z| =2, Arg(z) =3n/4 ? f(—1+i)=1ln2+i3m/4
(iv) f(z) =2 —y*+i(2z +y)

e z=1+i,z=1Ly=12 f=1-14i2+1)=0+3i=3i

e 2=2-3i,r=2,y=-3 % f=4-94+i(4—-3)=—-5+il=-5+1i

e z2=-"2+42i,x=-2y=2 2 f=4—-4+i(-442)=0—2i=—-2i
(v) f(2) =

o z=1m: ¥ = cos(27) + isin(2w) = 1
o z=1—1i: 7)) = 272 = ¢?(cos 2 — isin 2)

e z=1In3+ i7T/4.’ 62(1n3+iﬂ'/4) — 621n3€i7r/2 — 961'71'/2 =0
Part (B): Real and imaginary parts u and v
(i) f(z) =52+2-3i=>5(z+iy)+2—3i = (bx+2)+i(by—3) = u=>5x+2,v=>5y—3

(ii) f(z)=—-2z24Zz2+i=2@+wy)+(@x—w)+i=—ar—iy+i=—as+i(-y+1) =
u=—x,v=—-y+1

_ xtiy z+14iy _ x(z+1)+y? +zy x(x+1)+y> o y
(,“'Z) f( ) z+1 T az—iy+l  atltiy  (@+1)24y2 — u= (x+1)2+y2’v T (z+1)2+y2
(iv) f(z) = = "Wt — 7ol — e%(cos(y 4+ 1) +isin(y + 1)) = u = e®cos(y +

1),v= sm(y +1)
Part (C): Real and imaginary parts in terms of r and 0
(i) f(z) =z =r(cosf —isinf) = u=rcosf,v=—rsinf
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(ii) f(2) = 2% =133 = r¥(cos 30 +isin30) = u =1r3cos30,v =r’sin30

(iii) f(z) = 2 = 2"’ = ¢ (cos(2r sin 0)+isin(2r sin 0)) = u = €2 %% cos(2rsin ), v =

2 <030 gin (27 sin 0)

(iv) f(z) = 2 — 1)z = re® — (1/r)e”® = (r — 1/r)cos® + i(r + 1/r)sinf =— u =
(r—1/r)cos@,v = (r+1/r)sinf

43



