Exercises Chapter 3. Matrices

3.9 Exercises

Exercise 1.

Let
1 0 O
A=10 0 1
0 -1 0

1. Compute A% and A%. Compute A3 — A2+ A — 1.
2. Express A~! in terms of A% A and I.
3. Express A% in terms of A%, A and I.

Exercise 2.

Let A be the matrix

3 0 1
A= -1 3 =2
-1 1 0

Compute (A —21)3, then deduce that A is invertible and determine A~! in terms of I, A and
A2,
Exercise 3.

Let 3 = (ey, €9, e3) be the canonical basis of R3.
Let u be the linear map that associates to a vector x = (1, 79, r3) € R3 the vector

u(r) = (2 — 273,221 — 29 + 423, 71 — T2 + 313)

Determine the matrix A of w in the canonical basis.
Determine a basis (a, b) of ker(u — Id).
Give a vector ¢ such that ker(u) = vect(c).
Show that ' = (a,b, ¢) is a basis of R3.
Determine the matrix D of u in the basis 3.
Show that Im(u) = ker(u — Id)
7. Show that ker(u) @ Im(u) = R3.
Exercise 4.
Let u : Ro[X] — R[X] be defined by u(P) = P+ (1 — X)P’
Let 8 = (1, X, X?) be the canonical basis of Ry[X]
1. Show that u is an endomorphism of Ry[X].

AR A o

2. Determine the matrix of u in f.
3. Determine the kernel and the image of w.
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3.10 Solutions

Exercise 1.

1. We have
0 0 1 0 0 1 0 0
A2=10 0 0 0 =10 -1 0)
0 —1 0 0 —1 0 0 0 -1
1 0 0 1 0 0 10 0
AB=AA=10 -1 0 ) 00 1 |=]00 -1
0 -1 0 —1 0 01 0
10 0 1 0 0
A—ArA-T=100 -1]-[0 -1 0
01 0 0 0 -1
1 0 0 1 00 000
+1 0 0 1 (o rLofl=]1000]|=0
0 —1 0 00 1 000
2. A A4 A-T=00AA-A+)=Tso A ' =A2—A41]

3. AB3=A2—-A+1Ts0
A= AL A+ =A - A+ A= (A -A+1)-A+A=1]

Exercise 2. We have:

1 0 1
A-2] = -1 1 =2
-1 1 =2
1 0 1 1 0 1 0 1 -1
(A—21)? = -1 1 =2 -1 1 =2 |=]0 -1 1
-1 1 =2 -1 1 -2 0 -1 1
1 0 1 0 1 -1
(A-207° = (A-2D)(A-2])*=]| -1 1 -2 0 -1 1
-1 1 -2 0 -1 1
000
=000
000

Which implies that
AP —3x 242 +3x224-21=0
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Because A and I commute.
Which is equivalent to
A3 —6A*+12A -8 =0

Or again

A? —6A* + 12A =81
Then by dividing by 8 and factoring A

1., 3, 3
A(gA—ZA+§1>_I

Which shows that A is invertible and that

1 3 3
Al =-A2 A+ 2]
8 4 2
Exercise 3.
1. The coordinates of u(x) in the canonical basis are
To — 213 0 1 =2 1
25['1 — I9 + 41’3 = 2 -1 4 T
T1 — To + 33 1 -1 3 xs3
So the matrix of v in the canonical basis is
0o 1 -2
A=1 2 -1 4
1 -1 3
T
2. Let X = | x5 | be the coordinates of a vector x = (x1, 2, z3) in the canonical basis
T3

x = (x1,29,23) Eker(u—1Id) < (A-1)X =0

-1 1 =2 T 0
& 2 =2 4 g | =10
1 -1 2 T3 0

—x1+$2—2x320
& 200 — 200+ 413 =0 21 — 29+ 2203 =0 < 21 = 9 — 273

$1—$2+2$3:0

\
So x = (1 — 213, 9, 23) = 2(1,1,0) + 23(—2,0,1)
Let a = (1,1,0) and b = (—2,0,1), (a,b) is a family of two non-proportional vectors, so

linearly independent, which span ker(u — Id), it is a basis of ker(u — Id).
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T
3. Let X = | 9 be the coordinates of a vector & = (x1,x2,x3) in the canonical basis

xs3

x = (r1,22,73) € ker(u) s AX =0

0 1 —2 Ty 0
1 -1 3 T3 0
( I2—2$3:0 1‘2:21‘3
L 1'1—1'2+3LC3:O $1—2l’3+3$3:0
To = 2{E3
1 — —T3
= 2371 + 2$3 =0 & {
T = 2$3
T+ x3 = 0
So x = (—x3,2x3,x3), if we let ¢ = (—1,2,1) then ker(u) = Vect(c)
4. We have:
b2l 0 2 2 -1
det(a,b,c) = |1 0 2 |= —
11 1 1
0 1 1

= —2—(-2+1)=-1#0

By expanding along the first column, so (a, b, ¢) is a basis of R3.
5. u(a) —a = Ogs = u(a) = a, similarly u(b) = b and u(c) = Ogs so

I
o O =
S = O
o O O

6. According to the matrix of u in the basis ', Im(u) = Vect(a,b) = ker(u — Id)
7. By the rank-nullity theorem

dim(ker u) 4+ dim(Im u) = dim (R?)
It remains to show that the intersection of ker(u) and Im(u) is the zero vector.

x € ker(u)NIm(u) < { @ € Im(u) & { v € ker(u)

x € ker(u) x € ker(u — Id)
o { u(z) = Ogs @{ u(z) = Ogs o 2= Ons

u(z) —x = Ogs u(r) ==

University of Khemis Miliana 69 Algebra - Dr. M HOUASNI



Solutions Chapter 3. Matrices

We thus have ker(u) @ Im(u) = R?
Exercise 4.
1. We have:

u(aP + Q) = aP + BQ + (1 — X)(aP + BQ)

=aP+8Q+ (1—-X)(aP + 5Q")

=a(P+(1-X)P)+8(Q+(1-X)Q) = au(P) + fu(Q)
So u is a linear map

d°P <2=d°u(P) <2

It goes from Ry[X] to Ry[X] so it is an endomorphism of Ra[X].

2. We have:
u(l)=1+(1-X)x0=1
wX)=X+(1-X)x1=1
w(X?) = X2 4+ (1— X) x2X =2X — X2
1 1 0
A=10 0 2
00 —1
3. We have: P € ker(u)
u(P) = 0&u(aX?+bX +c) =au(X?) + bu(X) + cu(1)
= a(2X -X*)+b+c=0
& —aX2+2aX—|—b+c:O<:>{Ca:Ob

P = bX—b=0bX—1)
So ker(u) is the vector line spanned by the polynomial X — 1.

Im(u) = Vect (u(l),u(X),u(X?)) = Vect (1,1,2X — X?)
= Vect (1,2X — X?)

These two polynomials are not proportional so they form a linearly independent family (and

generating) of Im(u) so a basis of Im(u).

University of Khemis Miliana 70 Algebra - Dr. M HOUASNI



	1 Vector spaces
	1.1 Vector space
	1.2 Calculation rules
	1.3 Vector subspaces
	1.3.1 Fundamental examples of vector subspaces

	1.4 Basis (in finite dimension)
	1.5 Dimension of a vector space
	1.6 Dimension of a vector subspace
	1.7 Sum of vector subspaces
	1.7.1 Direct sum, supplementary subspaces

	1.8 Exercises
	1.9 Solutions

	2 Linear applications
	2.1 Definitions
	2.2 Kernel, Image and Rank
	2.3 Exercises
	2.4 Solutions

	3 Matrices
	3.1 Matrix of a linear map
	3.2 Product of two matrices
	3.3 Matrix of a vector
	3.4 Product of matrices
	3.5 Matrix of the inverse of a map
	3.6 Inverse of a matrix
	3.7 Change of basis
	3.8 Rank of a matrix
	3.9 Exercises
	3.10 Solutions

	4 Solving systems of equations
	4.1 Determinant
	4.1.1 Permutations
	4.1.2 Determinant of small matrices
	4.1.3 Notation Convention
	4.1.4 Special Matrices
	4.1.5 Fundamental Properties
	4.1.6 Determinant of a block matrix
	4.1.7 Computing the determinant by cofactor expansion
	4.1.8 The adjugate matrix and Cramer's rule

	4.2 Systems of Linear Equations
	4.2.1 Definitions and Interpretations
	4.2.2 Matrix Expression and Rank of a System
	4.2.3 Vector Expression
	4.2.4 Interpretation in Terms of Linear Maps
	4.2.5 Cramer's Systems

	4.3 Exercises
	4.4 Solutions

	Bibliography

