CHAPTER 3

MATRICES

In the case where Ly (F, E’) is finite-dimensional, say of dimension r, by choosing a basis
we can associate to every linear map f an r-tuple of elements of k, the components of f. For
reasons we will see later, these components are arranged not on a line but in a table with a
certain number of rows and columns, which is called the matrix associated with the linear map
f.

The notions covered in this chapter are:

— Matrices associated with linear maps.

— Product of two matrices.

— Matrix of the inverse of a map.

— Calculation of the inverse of a matrix.

— Change of basis.

— Rank of a matrix.
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Chapter 3. Matrices

Definition 3.1 A matriz of type (p,n) with coefficients in k is a table A of pn elements of k

arranged in p rows and n columns:

aypr Q12 ... Qip
Q21 Q22 ... Q2p .

A= or, abbreviated : A = (a;) , or also: A = |la]| -
Qp1 Ap2 ... Qpp

The set of matrices with p rows and n columns is denoted M, (k). If n = p, M, (k) is
denoted: M, (k).

Example 3.1
1 2—9 3+
13 —1 Lo
0 1 9 S M273(R) 0 1 +1 1 S Mg((C)
—1 2 1

Note that in the notation we have just adopted, a;; denotes the element in the i-th row and

the k-th column.
Another notation that we will also use later is the notation by columns:

a1k

a2k
A=lci,...,cn||, where ¢ = 2 is the ™ column

Clpk

On the set M, ,(k) we define the operations:
- Addition: if A = (a), B = (bix), we denote C' = A + B the matrix (¢;;) such that:

Cik = Qi + bi, Vi k

- Multiplication by a scalar: if A = (a;) and A € k we denote AA the matrix (Aa;;) that
is-to say the matrix obtained by multiplying all elements by .

2 -1 0 3 12 04\ (3107
(1 21—1>+<31—12>_<4301>
5(2—10 3):(10 —5 0 15)
1 21 -1 5 10 5 —5

It is easy to see that, endowed with these operations, M, (k) is a vector space over k. The

neutral element is the matrix whose all elements are zero, called the zero matrix, denoted 0 .

Example 3.2

The opposite of the matrix (a;) is the matrix (—ag).
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Matrix of a linear map Chapter 3. Matrices

Proposition 3.1 We have:
dikm M, (k) = pn

Proof. One easily verifies that the pn matrices, called elementary matrices

0 --- 0 --- 0
0 --- 0
0 -« --- 0 -
Ey= oo EBy=10 -+ 1 - 0 |« i™ row,...
0 -«+ --- 0 :
0 0 - 0
0 --- 0
0 .-+ --- 0
Epn: )
0 - .- 1
form a basis of M, ,(k) called the canonical basis. a

3.1 Matrix of a linear map

Let F and E’ be two vector spaces over k, of dimension n and p respectively, and f : E — E’
a linear map. Let us choose a basis {ej,...,e,} of E and a basis {¢1,...,¢,} of E'. The images

by f of the vectors ey, ..., e, are decomposed on the basis {1,...,¢,}:

f <€k) = a11€1 + @212 + -+ - + Ap1€p
f <€k) = Q121 + Q999 + -+ + Ap2Ep

f(en) = ainer + agnea + -+ - + apneyp.

Definition 3.2 We call the matriz of f in the bases {e1,...,e,},{e1,...,e,} the matriz de-

noted M(f)e, e, belonging to M, (k) whose columns are the components of the vectors f (e1), ..., f (en)
in the basis {e1,...,ep}:

11 Q12 ... Qin
M(f)%aj _ Q21 Q22 ... Q2p
apr Gy .. Qpp
We will also use the notation: ||f (e1), ..., f (en)l.,-
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If there is no possible ambiguity, we will also write M(f) instead of M(f)e,.,, but it is clear
that the matrix associated with f depends on the choice of bases of E and E’.
In the case where f is an endomorphism, we can choose the same basis in E considered as

the starting and arrival space. In this case, we will denote M (f)., instead of M(f)e,.e,-
Proposition 3.2 Let E and E' be two vector spaces over k of dimension n and p respectively,
{e;} and {¢;} bases of E and E'. Then the map:
M: Lg(EE') — M,,(K)
f L M(f)€i7€j
18 a vector space isomorphism, that s:
M(f+g)=M(f)+ M(g)
M(Af) = AM(f),

and M 1s bijective.
In particular: dimy £ (E, E") = np.

Proof. We indeed have:

M(f+g)€i75_j = ||(f+g) (61)7' EE (f_l_g) (en)ng
1 (e + g (er) s f en) + g (el
=If(en),-- -, flen)ll, +llgler) .- g(en)ll.,

by the definition of matrix addition, that is:

M(f + g)ei,aj = M(f)ei,aj + M(g)ei,rfj'
Similarly, if A € k:

MAf)ee, = IAF) (e1) - (Af)enll,,
=[Af(e), - Af (en)lle, = Al (ea) - Flen)ll,
So M is linear.
On the other hand M is surjective. Indeed, let:

ayp - Qip
Qg1 -+ Q2p

A= . ] € M, (K)
CLpl apn

and f € L(E, F) defined as follows. First set:

f(e1) =aner +aner+ -+ ape,

f(en) = ainer + agnea + - - - + apnép
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Then, extend f by linearity to E, that is, if:
r=Me +- -+ M\e, €EFE,

set:

f(@)=Af(er) +-+ A f (en).
It is easy to verify that f is linear and that A = M(f),.,. Finally M is injective. Let indeed
feKerM:

0 - 0
0o - 0
M(f) =
0 --- 0
This means that f(e;) = 0,...,f(en) = 0. So, if x = A\jeg + -+ + \e, € E, we will have
flx)y=XMf(er)+ -+ \f(en) =0, that is f = 0. By proposition 2.4, f is injective. O

Example 3.3 Let E be of dimension n and:

r =

Consider a basis {e;}. We have: idg (e;) = e;. So:

1 0 0
0 1 0 :
M (id) = (1 is the unit element of k)
E/ e 0 .0
0 0

This matriz is denoted I, or simply I and is called the unit matriz of M, (k).

fer) =aner +anea+ - +ape, flen) =amer +amea+ -+ apepf (€n) = a1ne1 + a2nca + - -

Example 3.4 Let {e1, €63} be the canonical basis of R? and {ey,eq,e3} the canonical basis of

R3. Consider the linear map:

I R3 — R?
(:an72> = (:E—y,z—y)
We have
f(el) = f(l,0,0) = (1’()) =€
f(eQ) = f(07 170) = (_17 1) = —€ — €
f(€3> = f(0,0, 1) = <07 1) = €2
SO
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Example 3.5 Consider the map
w : R — R

(1,0 Tp) = a1y + ... + apx,

By endowing R™ with the canonical basis {e1,...,e,} and R with the canonical basis {1}, we

have:
f(el) = f(la ---70) =a; = a6
f(eg) = f(O, 1, ,O) = Q2 = Q2€9
flen) = f(0,0,...,1) = a, = aye,
Then

M(w)e;e; = (a1, ..., an) -

3.2 Product of two matrices

In the previous paragraph, we defined the operations of addition and multiplication by a scalar
on matrices. By virtue of proposition 3.2, these operations correspond to the analogous opera-

tions on linear maps, that is we have:
M(f+g)=M(f)+ M(g)
M(Af) = AM(f).

We will now define a new operation, the product of matrices. As we will see (cf. proposition

3.5), it corresponds to the composition of maps, in the sense that:

M(fog)=M(f)-M(g).

First, note that the composition of maps cannot be done for any pair of maps, but only if
the arrival space of ¢ is included in the starting space of f. This situation will be found for

matrices: the product can only be performed between matrices of a certain type.
Definition 3.3 We call the product of matrices the map:
Mpa(K) X My g(K) — M, 4(K)

(aji) ; (bmk) — (cjk)
where:

Cjk = j1big + ajobop + ... 4 ajnbyy.

In other words, the element c;; of the j* row and k™ column of the product C' = AB is the
sum of the products of the elements of the j-th row of A by the elements of the same rank of
the k™ column of B. Briefly, we say that the product of two matrices is performed rows by

columns. Here is the diagram of this definition.
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Remark 3.1 The product AB can only be performed if the number of columns of A is equal to
the number of rows of B.

Example 3.6 Let

5 i 2 010
Az( ),B: 1 1 2 2
1 0 2
1 2 10
We have:
2 010
X 1 2 2
1 2 1 0
B
2 -1 1 B 4 1 1 -2
1 0o2) \443 o0
A C=AB
Example 3.7 Let
2 3 .
A=1 4 1 andB:<3>
0 2
we have:
1
X
3
———
B
2 3 11
4 1 = 7
0 2 6
—— ———
A AB

The following remarks are important:

Remark 3.2 1. We can have AB = 0 without A or B being zero.

2. AB = AC with A # 0 does not necessarily imply B = C' (that is, in general we cannot
"simplify” by A, even if A #0).

3. In general we have AB # BA (that is: multiplication between matrices is not commuta-

tive).
A:(O 0>,B:<0 0) andcz<0 0).
10 01 11
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By performing the products, we find:

AB = (which shows 1.)

— o O O
o o O O

BA = so BA # AB( which shows 3.)

and AB = AC (which shows 2. since we have B # C').
Proposition 3.3 Multiplication is associative, that is:
A(BC)=(AB)C, (VAeM,,,VBeM,,VC e M,,).
Multiplication is distributive on the left and right with respect to addition, that is:

A(B+C)=AB+ AC, (A+D)B=AB+ DB, (YA, DeM,,VB,CeM,,)

Proof. Left as an exercise. O

Note finally that multiplication is an internal law on the set M,,(K) of square matrices of

order n, that is it is a map:
M (K) x M, (K) — M, (K).

One immediately verifies that the matrix [,, is the neutral element of multiplication, that is:
VAe M, (K): [L,A=AIl,=A.

3.3 Matrix of a vector

Definition 3.4 Let E be a vector space of dimension n,{ei,...,e,} a basis of E and r =
xr1e1 + -+ xpe, a vector of E. We call the matriz of x in the basis {e;} the column matriz of

the components of x in the basis {e;}:

T

(also denoted M(x) ).

Remark 3.3 This definition is consistent with the definition of the matriz associated with a
linear map. Indeed, we can identify any vector of E with a linear map from K into E: to every

x of E we associate the linear map
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If we write the matriz of f in the basis € = 1 of K and {e;} of E, we have:

fle)=x=x1€1 4+ -+ zpey,

s0:
x1
M(f)s,ei =
T
f+ ' k — F
A — Az
Proposition 3.4 Let E, F' be two vector spaces over K,{ey,...,e,} and {e1,...,g,} two bases

of E and F respectively. For any map f € Lx(E,F) and for any x € E, we have:

M(f<x))67 = M(f)@i,EjM($>ei7

or more briefly:

Proof. Let

M(f)ei,aj = )
Gp1 ... Qpn

which means that: f (e;) = aijeq1 + -+ + apje, = > h_y agjcr. We have:

flx) = f(rier+ - +anepn) = Z%‘f (€5)

n p P n
= ZL‘jE Q€L = E E A Tj | €k
j=1 k=1 k=1 \j=1
N———
Yk

k=1
So:
Y1
M(f(x)e, = | & |-
Yp
with i
ykzzakﬁj-

University of Khemis Miliana 60 Algebra - Dr. M HOUASNI



Product of matrices Chapter 3. Matrices

On the other hand:

ai;y ... QAip X1
M(f)ei,éj ' M(x)ei =

pr .. Qpy Ty,

2?21 15T Y1

Z?:l (pjXj Yp

SO:

O

Example 3.9 Let the plane R? referred to its canonical basis. Determine the image of the

vector x = (3,2) by the rotation with center O and angle 7 /6.
We have:
cosm/6 —sinm/6 3
— M(f)- M(z) =
) (/) - M(z) < sinm/6  cosm/6 ) ( 2 )
3+2v3 |
2 +2

3.4 Product of matrices

M(f(x

~—

1
2

|
N |
wlEfs

Proposition 3.5 Let E, F,G be three vector spaces over K of dimensions n,p,q respectively.
Let {e;}.{e;},{n} be bases of E,F,G respectively. Let f € Lx(E,F) and g € Lk(F,G).
Then:

M(go fem = M(9)e;mM(f)es.e;-

Proof. Let
M(f)ez',sj = (aji) ) M(g)sjmk = (bkj) .

This means that:

p q
Fle) = aues, g(e) =) brjii.
j=1 k=1
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Then:

=
p p q
= Z ajig (e5) = Z i Z bk
j=1 Jj=1 k=1

p
= Z brjaji | M-
k=1 \j=1

So, the element of the ™ row and ™ column of M(g o f)e,, is:

p
Z bkjaji7
j=1
which is the element of the &*® row and i*" column of the product M (Desm - M(f)ese;- a
Example 3.10 Let f : R? — R? and g : R* — R? defined by:

flz,y) = (z —y,xv+y,22)
9(x,y,2) = (x+2y — 2,20 —y + 2)

Let us determine the matriz of g o f in the canonical bases.

We have:
bl 1 2 -1
M can — 1 ; M can —
D= | 1 (9 (2 > 1)

1
0
M(gof)can:M(g)can'M<f)can
1 —1
<1 2-1) L <1+2—2 —1+2—0><1 1)
\l2 -1 1 \2-14+42 —2—-1+0 /) \ 3 =3/
2 0

3.5 Matrix of the inverse of a map

Proposition 3.6 Let E and F be two vector spaces over K of the same dimension n. Let
f € Lx(E,F) be an isomorphism. Then the matriz M(f)e, ., is invertible, and we have:

(M(f)ei,sj)_l = M(f_l)aj,ei'

Proof. We have: fo f~! =idp and f~! o f = idg . By proposition 3.5, we have:

M(f)@i,ajM(fil)5j7€i = M(f o fﬁl)fj,é\j = M(idF)aj = In
M(f_1)6j7€iM(f)5i75j = M(f_l © f)ei,ei = M<idE)6¢ = I,.

S0 M(f)e, e, is invertible and its inverse is M (f™')., ., O
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3.6 Inverse of a matrix

Definition 3.5 A matric A € M, (K) is said to be invertible if there exists a matriz B €
M, (K) such that:
AB = BA =1I,.

This matriz B is then unique, it is called the inverse of A and is denoted A~'.

1 2 —2 1
Example 3.11 The matriz A = is invertible and its inverse is A~1 = )
3 4 3/2 —1/2

Proposition 3.7 Let E be a vector space of dimension n, {e;} a basis of E and f € Li(F,E)

an endomorphism. Then f is an isomorphism if and only if the matriz M(f)., is invertible.

Proof. If f is an isomorphism, then by proposition 3.6, M(f)., is invertible and M(f)_' =

M(f™ e,
Conversely, if M(f)e, is invertible, let g € Lx(E, E) such that M(g)., = M(f).'. Then:

M(f Og)ei = M(f)eiM(g)ei = M(f)ezM(f>;1 =1,
M(gof)e, = M(Q)EiM(f)ei = M(f);-lM(f)ei = I,

so fog=go f=idg, that is f is an isomorphism and f~! = g. a

3.7 Change of basis

Let E be a vector space of dimension n and {ey,...,e,} and {e],... e/} two bases of E. The
change of basis is the passage from the first basis to the second. It is determined by the matrix
of the vectors of the new basis {€;} in the old basis {e;}, that is:

M(ig)ei,ei =|lel,....é€

’r n

This matrix is called the change of basis matrix from {e;} to {e}.
If we denote P = (p;;) this matrix, we have:

n

6; = p1je1 + P2j€2 + -+ + Ppj€n = Zpijei'
=1

Proposition 3.8 The change of basis matriz is invertible. Its inverse is the matrixz of the

identity map from the basis {€}} to the basis {e;}, that is:

-1 _ . )
P~ = M(lg)ei,e;
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Proof. By proposition 3.6, we have:

O

Let us now see how the components of a vector and the matrix of an endomorphism are

transformed by a change of basis.
Proposition 3.9 Letz € E and X = M(x).,, X" = M(z).,. Then:

X = PX', thatis: X' = P 'X.

Proof. We have:

O
Proposition 3.10 Let f € Lx(E,E) and A= M(f)c,, A" = M(f)e;. Then:
A" =P 1AP.
Proof. We have:
A= M(f)e = M(idgof oidg)e e
= ]\/[(idE)ei7€;M(f)eiM(idE)e;,ei = P 1AP.
O

3.8 Rank of a matrix

Definition 3.6 Let A € M, (K). We call the rank of A the dimension of the subspace of KP
generated by the columns of A. We denote it rg(A).

Proposition 3.11 Let E and F' be two vector spaces over K of dimensions n and p respectively,
{e;} and {c;} bases of E and F respectively. Let f € Lx(E, F). Then:

rg(f) =r1g (M(f)ezﬁy) :
Proof. We have:

rg(f) = dimIm(f) = dim [vect (f (e1),..., f(en))]-

But the components of the vectors f(e;),..., f(e,) in the basis {¢;} are the columns of
M(f)e,e;- So the subspace generated by the columns of M(f)e,., is isomorphic to Im(f),

hence the result. O

University of Khemis Miliana 64 Algebra - Dr. M HOUASNI



Rank of a matrix Chapter 3. Matrices

Proposition 3.12 Let A € M, ,(K) and B € M, ,(K). Then:
rg(AB) < min (rg(A),rg(B)).

Proof. Let f: K" — KP and g : K? — K" be the linear maps whose matrices in the
canonical bases are A and B respectively. Then AB = M (f o g). But:

rg(fog) <rg(f) and rg(fog) <rg(yg),

SO:

1g(AB) < min (1g(A), rg(B)).
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