Chapter 3: Viscous Incompressible Fluid Dynamics

Introduction:

v In the previous chapter, we assumed that the fluid was ideal in order to apply the energy conservation equation.

v The flow of a real fluid is more complex than that of an ideal fluid. Indeed, friction forces due to the fluid’s viscosity

arise both between the fluid particles and the walls, as well as among the particles themselves.

v A fluid is said to be real when, during its motion, the contact forces are not only perpendicular to the surface
elements on which they act. They therefore have tangential components that oppose the sliding of fluid layers

over one another. This resistance to shear is characterized by viscosity..
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Conservation of mass and equation of continuity (General case)

Conservation of mass:

The conservation of mass stipulates that the amount of matter transported per unit of time
in a system must remain constant (nothing is lost, nothing is created)

» in the Figure, the mass "entering" per unit time across the surface Sy, is equal to
the mass "exiting" per unit time across the surface S,

> For a small period of time dt, the fluid moves with a velocity ¥ and travels a
distance dx = vdt.

» The volume of fluid that passed through the section dS of the tube dt is therefore:

dV = vdsdt
» If the fluid has a density p, then the mass of fluid dm that has been displaced through the section dS during the time dt is:

dm = pdV = pvdsdt

» The mass of fluid dM that passes through the section S of the flow during dt would then be the sum of all the masses
of fluid dm that each pass through a small portion dS of the section during that same interval dt:

dM=Udm :Hpvdsdt =dtjfpvds
S S S
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The mass flow rate is therefore given by: q,, = rrle pvds = Constante (conservation of mass)
S

= ﬂ pvds = mass per unit of time crossing S; = g1
S

1
= U pvds = mass per unit of time crossing S, = g2
Remark: S2
The conservation of mass (i.e. constant mass flow rate) implies the conservation of the volume(i.e. a constant volume

flow rate) if and only if the density is constant.

Indeed, the volume flow (the volume of fluid that passes through a section of the flow per unit of time), is defined by:

q, = dV /dt.
Thus: dM d(pV) dv dp dp qmn Vdp
M=y g P tVg =rPvtV e

If p =cstandv = cte: qm = pvSandq, =Sv



Equation of continuity : e

» Let be a small cubic elementary volume of sidesdx, dy and dz in the flow

> The velocity of the fluid at this point in the flow est: ¥ = v,T + v,,j + v,k. (@92 +dz)

dz

» The flow enters the volume through the faces located in the x (green face)

* Iny (front left)

(z,y,2) DA« + da,y +d

* In z (underside)
* and it emerges from it through the faces located in (x + dx) (Front right)
* In(y + dy)(redside)andin z + dz (blue face).

» Conservation of mass requires that:

qmentrant - qmsortant - qmentrant - qmsortant =0

» Parallel to the Ox axis, the mass of fluid that enters the volume per unit of time through the face S(x) is:

Gz () = p() v (x)S(x) = p(x)v,(x)dydz

» Similarly, the mass that exits per unit time from the face S(x + dx) is:

Qmx(x +dx) = p(x + dx)v,(x + dx)S(x + dx) = p(x + dx)v,(x + dx)dydz



» The difference in mass per unit time between the quantity that goes out and tmity that goes in parallel to Ox is:

Amx (X + dx) — gy (x) = (p(x + dx)v,(x + dx) — P(X)Ux(x))dydz
(ol + dux + d) — p()v, ()

I dxdydz
_ (Cpr) (x + dx) — (pr) () AV
dx
_d(pvy)
- dx av

» Doing the same calculation parallel to Oy and 0z, we find:

Amy (Y + dy) — qmy (¥) =

d(pv,)
—d(pvy) AV and Amz(z + dz) — qm,(2) = d = AV
dy z

» The difference in mass per unit of time that enters and leaves the entire elementary volume is therefore:

Amgnprane — Dmeoreans = [mx (X + d%) = Grux O] + |qmy &V + dY) = Gy )] + [Gmz(z + d2) — g, (2)]

_ (d(pvy) d(pvy,) d(pv,)
_< dx * dy * dz

>AV = div(pB)AV = V.(p¥)AV



= T

Principle of conservation of mass

=0 (continuity equation)

qmentrant — qmsortant

_ d(pvy) d(pvy) d(pv,) I
B (:)( dx T dy T dz )—V.(pv)

Special case: incompressible fluids (p=cst):
V.(p3) =0 & pV.D+DVp =0 = p.divi + .gradp =0

s

p=cst=gradp=0 = divi=V.3=0

dv, dv, dv,
~dx T dy | dz




Viscosity phenomenon:

» Water, oil, honey flow differently: water flows quickly, but with turbulent, honey flows slowly, but in a very regular way

» In areal fluid, the contact forces are not perpendicular to the surface elements on which they are exerted.
» Viscosity is due to these friction forces that oppose the sliding of fluid layers over one another.

» Phenomena due to the viscosity of fluids occur only when these fluids are in motion.

» Under the effect of the interaction forces between the fluid molecules and those of the wall,

each fluid molecule does not flow at the same velocity. It is said that there is a velocity profile.‘ : \

N v+ Av
» The curve of the ends of these vectors represents the velocity profile. z + Az| -5x] (%

» The velocity is a function of the distance z from this curve to the fixed plane (v = v(2))



Dynamic Viscosity - Kinematic Viscosity e

\Z
1. Dynamic viscosity — ’;: > 7
} v
1 We consider two adjacent layers of fluid that are distant from z (Figure). ?_ﬁ t
ecoulemen
O The friction force exerted at the interface between these two layers opposes ?/ pente = j‘_
the sliding of one layer over the other.. = -

QO It is proportional to the difference in velocity of the layers, i.e. dv, to their surface S and inversely proportional to dz.

O The proportionality factoru is the dynamic viscosity coefficient of the fluid and the relationship between the
sliding force F and u is given by:

F = .US@ == F/S In this case, the fluid is said to be Newtonian
dz dv/dz
L The force per unit area applied by the fluid to the wall is called tangential stress, given by:
dv
. .. . T=U—F
2. Kinematic viscosity dz

In many formulas, the ratio of dynamic viscosity and density appears. This ratio is called kinematic viscosity

U
V=-
p




The different flow regimes: Reynolds number

Studying the flow of a viscous fluid means solving the fundamental equation of fluid dynamics (known as the Navier-
Stokes equation)
Equation of Navier-Stokes

The Navier-Stokes equation reflects Newton's second law, applied to fluids, which states that the sum of the forces exerted
on a body is equal to the mass of this body multiplied by its acceleration:

Zﬁ=m&

It is therefore necessary to determine how the three terms of this equation are written for a fluid in motion.

1. Mass of the fluid: the mass of a small elementary volume of sides dx, dy and dz:

AM = pAV = pdxdydz

2. Acceleration of fluid

Since the velocity v of a fluid particle can vary in time and space, it can be written: /dvx(xc’ly’ Z t)\
t

L. v, (x,Y,2,t) dv,(x,y,z,t)
V=002t = (o1, v;) =| 1v,(y,21t) It
v,(x,y,2,t) \dvz(x, y,Z,t) /
dt

alx,y,zt) =




Similarly, we find:

So, we find:

iy, 2,6) = (— + (5 V)vx> ' <— + (5. V)vy> i (aa— + (5 V)vz>

9, dv
=<avx?+ vyf+aa—t >+(v V) (vl + v, ] + v,k) ——v+(v V)

Total differential dv, is written: dv, = OVx dt + Oy dx + Oy dy + 0vx dz

dt 0x dy 0z

dvy 0vy Ovydx O0vedy O0vedz
Tt ot  oxdt 9y dt ozde

—%+v aL: +v avx+v h:
ot = *ox Yoy %oz
% ¥ ( aax TV aay B aaz) aa”x +(7.9)vs
ddvty = aa? + ( 6ax + vy, aay + v, aaz> vy, = 6avy + (v V)vy
ddiz = aaiz " ( aax Ty aay TV aa ) B aavz + (3.9,

—




3. Sum of forces: The sum of the forces acting on an elementary volume is the sumof the forces F, acting on its entire a

volume and the forces Fs acting on its surfaces.

3.1. Volume Forcesfv : Volume forces are the forces induced by gravity, which acts on all fluid particles in the elementary

volume
F”x 9x z
Fy =Amg =pgav =1, |=p(9y |AV
- sz 9z 02z
3.2. Surface Forces F¢:
Tzx TZ.')’
» The forces exerted on the elementary volume surfaces can act either: lyz
dz
v' Perpendicular to these surfaces: forces are induced by the pressure of the fluid A\ Lxz : )—»ayy
I T,
v Tangential to these surfaces: The forces are induced by shear stresses (contraintes cisaillement) 3> /_;r >
xy
O xx y

» These stresses are shown in Figure
» A stress acts on a surface identified by position i and is oriented in the direction j

> Stresses with different indices i and j represent shear stresses, which are then denoted 7;;

» Stresses with identical indices represent the stresses normal to the surfaces, which are then denoted o;;



» Each of these surface forces is the product of a stress by the surface on which that stress acts

» the sum of the surface forces parallel to the Ox axis is:

_ Gxx(x + dx) — O'xx(x)

z ﬁsx = (0, (x + dx)dydz — 0,,(x)dydz) = Ty dxdydz
T (Z +dz) — 1,,(2)

+ (1522 + d2)dxdy — 1, (2)dxdy) 7 iz dxdydz
Tyx (Y + dy) — 19, (2)

+(tyx(y + dy)dxdz — 1,,(z)dxdz) + ( Y & y >dxdydz

00y O0Tyx 0Ty
:zFSx < + 3y + 3 AV

Similarly, we find:

do ot ot
Fo= yy Xy zy \ A
D55 = < Yo e )Y

S 00,;, 0Ty, 0Ty,
Fg = A
z 5z <62 * 0x * dy v

T'\I‘Y’l

NS




For a flow (1D), the viscous stress (viscous force per unit of surface) is given by:

dv
T=ME

For a flow (3d), the viscous stress becomes a tensor (3x3 matrix), related to the strain rate:

<6vi + Bv]>
Lij = H\ 7 .
So there will be: 0j Oi

v, 0vy ov, 0Jv, dvy, 0Jv,
Txszyx=ﬂ<ay+ax>; sz=T2x=M<aZ+ax v Tyz =Tzy = U aZ+ay

We also accept that for a viscous fluid (Experimental Law):

v v v
O-xxz_P‘FZHa_; ) O'yy=—P-|-2‘ua—; ; 0,2 = —P + 2 6ZZ

By injecting the expressions of gy, Ty €t T, in X, ﬁsx we obtain:

:>2ﬁ |0 P42 v, +0 avx+avy +6 6vx+0vz AV
x| ox K ox dy H dy  0Ox az\*\ oz " ox







F=md =FE +F;=AM

In Cartesian coordinates:

= p%V

dt

\dvz
dt

dv,
&

d,

A&

/

In vector form, we find:

dv

dt

/avx + (7. V)vx\

dv
P a

av => 2> -
= =rl=5 + (B.V)8 | = —VP + uv?s + pg

(Equation of Navier Stokes)




Laminar and turbulent flows: the Reynolds number

In practice, the Navier Stokes equation can only be solved analytically by introducing assumptions that will allow this equation

to be solved within the framework of particular flow regimes: laminar regime and turbulent regime

O A flow is said to be laminar when the fluid particle is made in a regular and orderly manner

The main physical characteristics of laminar flow are as follows:

» Constant velocity over time at any point of the flow;

» Each fluid element moves along a well-defined (streamline) and "smooth" trajectory;

» All fluid particles starting from the same given point of the flow (at different times) follow the same trajectory, or streamline.

O Flow is turbulent when the displacement is irregular and random fluctuations in velocity are
superimposed on the average movement of the fluid

90

» The flow is irregular with rapid and sudden variations in velocity both in time and space

!

» The path followed by a fluid particle is very irregular and changes continuously

» different fluid particles starting from the same point of the flow (at different times) follow different trajectories;



Reynolds' Experience (1883):

The historical experience of O. Reynolds consists in making a coloured

fluid of the same liquid flow through a transparent tube as that which
circulates in the tube and at the same velocity.
He varied the velocity of the flow, the diameter of the tube and the

viscosity of the fluid (use of different fluids).

Observations:

Colorant

—

1. For low velocities, large diameters and large viscosities, the flow is smooth, it is said to be laminar.

2. For large velocities, small diameters and low viscosity, the flow is chaotic,it is said to be turbulent.

The parameter that determines the nature of a flow is a combination of the three parameters: average flow velocity,

tube diameter and viscosity.

pvd vd
It is a dimensionless number, called the Reynolds number: R, = T = oy
v : Average flow velocity through the sectionconsidérée in (m/s) p : Density of the fluid v: Kinematic viscosity

d : Diameter of the pipe or width of the fluid vein in (m).

U : Dynamic viscosity



It is generally observed that the transition from a laminar to a turbulent regime takes place when:

R, = 2000 = R, : nombre de Reynolds critique

v' R, < 2000: the flow remains laminar

v' R, > 3000: the flow is turbulent

v' 2000 < R, < 3000: Transition phase between laminar and turbulent flow

Exercise 01:

We consider a vertical volcanic conduit whose size (section) narrows upwards and with a simplified geometry:

A vent is circular in shape with a radius R, = 10m while at depth, the conduit is connected to a magma reservoir
with a horizontal section of radius R; = 1km. In addition, the velocity of ascent of magma v is considered to be

uniform at each depth z and the density of magma p to be constant.

1. If the magma exit velocity v, during a Plinian eruption is of the order of 100 m/ s, at what vertical speedv,
moves magma into the reservoir?

2. How does the ratio of velocities v, /v, vary with the Rays R, and R,?



Exercise 02 :

Determine the critical velocity v, :
a) for a fuel oil at 15°C circulating in a pipe with 15 cm of diameter;

b) for water at 15°C circulating in the same pipe. The kinematic viscosity at 15°Cis: v = 4,47.10~°m? /s for fuel

and v = 1,142.10~% m? /s for water.

Exercise 04:

A water jet is fed from a reservoir by means of a pump with a volume flow rate
qv= 2 L/s and a pipe of length L = 15 m and diameter d = 30 mm. The level
of the free surface of the reservoir, assumed to be slowly variable, is at an
altitudeZ; = 3m above the ground. The jet rises to a heightZ>: = 10 m.

It is assumed that:

® Pressures: P1= P2= Pam.

e The dynamic viscosity of water: u = 1073 Pa.s.
e The density of mass of water: p = 1000 kg /m3.

e The acceleration of gravity: g = 9,81 m/s?.

e

7]
T 7,
Pompe
> )
Réservoir




1. Calculate the velocity V of water flow in the pipe in m/s.

2. Calculate the Reynolds number Re.

3. Specify the nature of the flow.
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