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Exercise Series 02

e Exercise 01: Let

Q:{(x,y)ERQ\x2+y2:1}.

Determine all tangent vectors to €2
e Exercise 02:

Let 2 C R? and € € Q. Calculate T,(€) in the following cases:

Case 1: Q= {(z,y) e R? |y =z}

Let x € € be arbitrary.

Case 2: Q= {(z,y) e R? |22 +y* =1}

e Exercise 03:

We consider the ball B centered at (0,0) with radius 1, i.e.:
B = {(z,y) | 2* +y*> < 1}.

1. Compute T((z0,yo)) in the case 23 + y2 < 1. (Recall that Tg((xo,y0)) is the tangent cone to
B at (anyU)‘)

2. Compute Tg((o,y0)) in the case z2 + y2 = 1.

3. Using Nagumo’s theorem, give a necessary and sufficient condition for the Cauchy problem

W1, v5) = flyr, 12); (na(to), yo(to)) = (a,b) € B

where f :R? — R? is defined by
fyiy2) = (1, 0),

to have at least one local solution.

Solution to Exercise 1 We want to determine all vectors v tangent to 2 at a point xg.
A vector v = (v, v9) is tangent to Q at z if:

lim dist(zo + hv, Q)

h—0t h =0




Here, zq + hv = (1 + hvy, hvg). The distance between (1 4 hvy, hvy) and the circle is:

dist((1 + hvy, hve), ‘\/ (1 + hvy)? + (hvg)? —

Hence:

\/(]. + thl)2 + (hU2)2 —1
h .

1
Edist(azo + hv, Q) =

Taking the limit as h — 0, we get:

hlir(r)l hdlst(azo + hv, Q) =v; = 0.

Thus, all tangent vectors at the point (1,0) are of the form v = (0, vs).
Solution to Exercise 2

Let € = (€1, €3) € Q, 80 €1 = €3. Let v = (vy,v9) € Te(9).

lim dlst((61 + hvy, €9 + hvy), Q) =0
h—0t+ h

The distance from a point (a,b) to the line y = z is:

—b
dist((a, b), Q) = ’“ﬁ J
So:
. |(61 + hU1) — (62 + hU2)| |h(1}1 — ’U2)|
dist(€ + hv, Q) = = )
ist(€ + hv, Q) 7 7
Then:
[v1 — vy
hm hdlst(5~|—hv Q) = 7 =0 = v = .
Thus:

Tg(Q) = {(Ul,Ug> € RQ ‘ v = ’02}.
Case 2: Q= {(z,y) e R? | 2? +y*> =1}

Let £ = (0,0) be the origin. Let v = (v1,v9) € Te(£).

N
hliron+ Edlst(é' + hv,Q) =0

Here, £ + hv = (hvy, hvg). The distance from (hvy, hvg) to the circle is:

dist((hvy, hvg), Q ‘\/ (hvy)? + (hve)? — 1‘ = |hy/v} +v3 —1].




Then:

—~ooas h—0".

1 hyfv? +0v3 -1 1 — hy/v? + v2
fdist((hvl,hvg),Q):‘ e hl l

h h

This limit is never zero for any nonzero vector v.

Conclusion:
Ti0,0)(2) = {(0,0)}.

Solution to Exercise 03
We consider the unit ball
B={(z,y) e R* | 2 +y*> < 1},

1. Case 7% + y2 < 1 (interior point)
If (z9,yo) is strictly inside the ball, then the tangent cone at (xg,%o) is the whole space R?,

since we can move in any direction without leaving the ball. Hence,

Te((wo, o)) = R?, if a5 +yg < 1.

2. Case 22 +y2 =1 (boundary point)
If (zo,yo) is on the boundary (the unit circle), the tangent cone consists of all vectors
pointing inwards or tangent to the circle, i.e., not pointing outside. For a convex set, the

tangent cone at a boundary point (xg, o) is given by
Ti((z0, Y0)) = {(v1,v2) € R? | zovy + yova < 0}

3. Nagumo’s theorem and the Cauchy problem

Consider the Cauchy problem

(W1 ys) = fys2) = (11,0), (1 (to), y2(to)) = (a,b) € B.

According to Nagumo’s theorem (Theorem 77), a necessary and sufficient condition for the

existence of a local solution that remains in B is
f,y2) € Te(yi,y2),  Y(y1,y2) € OB.

At a boundary point (zg,yg), we have

f(@o,y0) = (20,0) € T((z0,90)) = x5+ 0-y9 <0 = 2 =0.

Therefore, the necessary and sufficient condition for a solution to remain inside B is
(a,b) € B, and if a® + b* = 1 (boundary), then a = 0.
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Ti((wo,y0)) = R, if 2§+ yg < 1,

Summary: T ((z0,v0)) = {(v1,v2) | Tov1 + yove < 0}, if 22 +y2 =1,

Nagumo condition: (a,b) € B, and if a® + b* = 1, then a = 0.



