Chapter 5

CONTINUITY AND
DIFFERENTIABILITY

51 Overview
5.1.1 Continuity of a function at a point

Let f beareal function on a subset of the real numbers and let ¢ be a point in the
domain of f. Thenfiscontinuousat c if

limf (x)=f (c)
X-C
Moreelaborately, if theleft hand limit, right hand limit and the value of the function

at x = c exist and are equa to each other, i.e.,

lim f (x)=f (c)=1lim f (x)

then f is said to be continuous at x = c.

5.1.2 Continuity in an interval

(i) fissaidtobecontinuousinan openinterval (a, b) if itiscontinuous at every
point in thisinterval.

(i) fissaidto becontinuousintheclosed interval [a, b] if

e f iscontinuousin (a, b)

o lim tx=f(a

x-a*

o iM £ =1f(b)

X-b”
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5.1.3 Geometrical meaning of continuity

(1) Functionf will be continuous at x = cif thereisno break in the graph of the
function at the point  (c, f (c)).

(i) Inaninterval, function is said to be continuous if there is no break in the
graph of the function in the entire interval.

5.1.4 Discontinuity

The function f will be discontinuous at x = a in any of the following cases:
@i) )!LT f (x) and X“j? f (X) exist but are not equal.

@) M () and iM f(x) existand are equal but not equal to f ().
(iii) f(a) isnot defined.

5.1.5 Continuity of some of the common functions

Function f (x) Interval in which
— f is continuous

=

The constant function, i.e. f(x) =c¢

N

Theidentity function, i.e. f(X) =x R

3. Thepolynomial function, i.e.

fX=ag,x+a x™+..+a Xx+a

4. |x-a| (-0 )

5. X", nisapositive integer (=% ,00 ) - {0}

6. p(X)/ q(x), where p (x) and g (x) are R-{x:q(x)=0}
polynomialsinx

7. sSinXx, cos X R

8. tan X, sec x R—{(2n+1)g:nDZ}

9. cot X, COseC X R-{ (nm: n0O Z}
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10. & R

1. logx (0, )

12, Theinversetrigonometricfunctions, In their respective
i.e, gnmtx, cosx ec. domains

5.1.6 Continuity of composite functions

Let f and g be real valued functions such that (fog) is defined at a. If g is continuous
at aand f is continuous at g (a), then (fog) is continuous at a.

5.1.7 Differentiability

f(x+h)-f(X)
h

The function defined by ' (x) = ng , Wherever the limit exists, is

defined to be the derivative of f at x. In other words, we say that a function f is

: : o _ . f(c+h)-f(c)
differentiable at apoint cin itsdomain if both rllrpf , called left hand
o . f(c+h)-f(c) : o
derivative, denoted by Lf' (c), and !'Tf , called right hand derivative,

denoted by Rf' (c), arefinite and equal .

(i) Thefunctiony=f (x) issaid to be differentiablein an open interval (a, b) if
itis differentiable at every point of (a, b)

(it) Thefunction y=f(x)issaidtobedifferentiableintheclosedinterval [a, b]
if Rf'(a)andL f'(b) exist and f'(x) existsfor every point of (a, b).

(iii) Every differentiablefunctionis continuous, but the converseisnot true

5.1.8 Algebra of derivatives

If u, v are functions of x, then

i d(UiV) :%+% H i(UV)ZUy‘FV%
0 “ax dx ~ dx (1) dx dx dx

du dv

Vo —U-—
i) SO “dx dx

&BVH: V2
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5.1.9 Chainruleisaruleto differentiate composition of functions. Let f = vou. If
df _dv dt

t= dboth L and & existthen = A
= u () andboth o and 5 existthen " =0 o

5.1.10 Following are some of the standard derivatives (in appropriate domains)

. 1 d -1
—(sin?x) = —(cos™x) =
! d( ) 1- %2 2 dX( ) 1-x°
d -1 1 d -1 _1
—(tan*x) = —(cot™*x)=——
3. dx( ) 1+ x° 4 dx( ) 1+x°
d 1
—(sec™X) =———,[>1
S dx X% —1| |

5.1.11 Exponential and logarithmic functions

(i) The exponential function with positive base b > 1 is the function
y=f(x) =b* Itsdomainis R, the set of all real numbers and rangeis the set
of al positive real numbers. Exponential function with base 10 iscalled the
common exponential function and with baseeiscalled the natural exponential
function.

(ii) Letb>1bearea number. Then we say logarithm of ato basebisxif b*=a,
Logarithm of ato the base b isdenoted by log, a. If the baseb =10, we say
itiscommon logarithmand if b= e, thenwe say it isnatural logarithms. logx
denotes the logarithm function to base e. The domain of logarithm function
isR*, the set of al positive real numbers and the range is the set of al real
numbers.

(iii) The propertiesof logarithmic function to any baseb > 1 arelisted below:

1.1og, (xy) =log, x + log, y

Ox C
2. log, Ei;% =log, x—log, y
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3. log, X" = nlog, x

0g, X

[
log, x = —¢
4. 109, Iogcb,wherec>1
__ 1
5. log, x log, b

6. log,b=1andlog, 1=0

d X X . .
(iv) The derivative of e w.r.t., xise, i.e.&(e )=€". The derivative of logx

1. d 1
w.rt., xis —:i.e. —(logx)=—.
X dx X

5.1.12 Logarithmic differentiationisapowerful techniqueto differentiate functions
of theformf (x) = (u (x))"®, where both f and u need to be positive functions
for this technique to make sense.

5.1.13 Differentiation of afunction with respect to another function
Let u=1f(x) and v =g (x) betwo functions of X, then to find derivative of f(x) w.r.t.

du
tog(x),i.e, tofind W we use the formula

du
du _dx
av av.

dx

5.1.14 Second order derivative

d Odyo_d®y . . :

O H&H_F iscalled the second order derivative of yw.r.t. x. It isdenoted by y* or
Y, ify="1f(x).

5.1.15 Rolle’s Theorem

Letf:[a, b] - R becontinuouson [a, b] and differentiable on (a, b), such that f (a)
=f (b), where a and b are some real numbers. Then there exists at least one point cin
(a, b) suchthat f' (c) = 0.
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Geometrically Rolle’s theorem ensures that there is at least one point on the curve
y =T (X) at which tangent is parallel to x-axis (abscissa of the point lyingin (a, b)).

5.1.16 Mean Value Theorem (Lagrange)
Letf:[a,b] -~ R beacontinuousfunctionon [a, b] and differentiable on (a, b). Then
f(b)-f(a)

b-a

Geometrically, Mean Value Theorem states that there exists at least one point ¢ in
(a, b) such that the tangent at the point (c, f (c)) is parallel to the secant joining the
points (a, f (a) and (b, f (b)).

5.2 Solved Examples

there exists at least one point cin (a, b) such that f' (c) =

Short Answer (SA.)
Example 1 Find the value of the constant k so that the function f defined below is

1l
. _ H—cos4x
continuous at x = 0, where f(X) = e x#0
[l
= x=0
Solution Itisgiven that thefunction fiscontinuousat x = 0. Therefore, lIM £ (x) = £ (0)
. 1-cos4x _
: Mg &
. 2sin’2x _
u lem 8)(2 - k
_in2xf
I|mB— =k
0 X0 2X H
0 k=1

Thus, fiscontinuousat x=0if k= 1.
Example 2 Discuss the continuity of the function f(x) = sin X . cos x.

Solution Sincesin x and cos x are continuous functionsand product of two continuous
function isacontinuous function, therefore f(x) = sin x.. cosx isacontinuous function.
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Ex3+x2—16x+20 D
Example 3 If f(x)=0 (x-2) ’ is continuous at x = 2, find
k , X=2
the value of k.
Solution Given f (2) = k.

X2+ x? —=16x+ 20

Now, x“jp fx= XILT re9= lefg (x=2)?
2
im &I sy =7
X-2 (X—2) X-2
Asfiscontinuous at x = 2, we have
Iin;f(x)z f(2)
O k=7.
Example 4 Show that the function f defined by
.1
sn=,x#0
f(x) = E{X X
H 0 x=0

iscontinuous at x = 0.
Solution Left hand limit at x=0isgiven by

: : 1 . 1
lim f(x)=1lim XSIn; =0 [since, _1<s|n; <1]

X-0" X-0"
. . . 1
Similarly lim f (x) = lim XSps= 0. Moreover f (0) = 0.
Thus lim T(X) = lim f(x) = f(0) Hence f is continuous at x = 0
Example 5 Given f(x) = T Find the points of discontinuity of the composite
functiony = f [f(X)].

1
Solution We know that f (x) = -1 isdiscontinuous at x = 1

Now, for x#1,
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O
fr)  =f5H= 1, 2-x,

whichisdiscontinuousat x = 2.
Hence, the points of discontinuity arex=1and x = 2.

Example 6 Let f(X) = x|x|, for all x O R. Discuss the derivability of f(x) at x =0

Ex if x=0
Solution We may rewrite f as f (X) =
g—x if x<0
2
Now Lf’ (0) = lim rO+h- f(0)—I| -h _O:Iim—h:O
hoo h h-o h h-0

Now Rf’ (0) = lim

h-o0"

FO+M -1 _ i =0 jih=0
h hoo

Since the left hand derivative and right hand derivative both are equal, hence f is
differentiableat x = 0.

Example 7 Differentiate /tgn/x W.r.t. X

Solution Lety= \/tan+/x - Using chain rule, we have

dy 1
dx 2 / Jx dx (tan VX

\ ZJ—secf—(f)
Dl O
<sec2&)

" a/xtanx

Example 8 If y =tan(x + V), find ;—di

Solution Giveny = tan (x +y). differentiating both sides w.r.t. X, we have
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d d
—dy =sec’(x+y)—(x+Y)
X dx

0
= sec?(x +) %*;—dia

or [1-sec?(x +V] (;—dizsecz(x+y)

dy __sec’(x+y)
Therefore, &—m = — c0sec? (X +y).
Example 9 If e+ & = e, prove that
Solution Given that e« + & = . Differentiating both sidesw.r.t. x, we have

e*+eV&—e” dXH

or (ey_em)ﬂ: ety — e
dx
S dy _e"V-e _e+ef-e"_
whichimpliesthat 3 = o6y = o & _ey-—e :
Example 10 Fin dX,I y =tan D1‘3X2D \/,\—3 \/§
) -t T
Solution Putx=tane,where?<9<g.
) EBtane—tangeE
=tar! O — 5.
Therefore, y = tan 5 1-3ta?0
=tan! (tan39)
- Tt
= — <30<—
30 (because 5 2)

= 3tanx
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dy 3
Hence, &— 1+ %2

Example 11 If y = sin—l{le-X-\/;\ll-Xz] and 0 < x < 1, then find (;—di
Solution We havey = sin-l{le— X—&\ll—xz} ,where0 < x < 1.

Put x=sinA and \/x =sinB

Therefore, y:sin—l{sinA 1-sn’B-sinB 1—sin2A]

=sin*{sinA cosB —sinBcosA}

=sin*{sin(A-B)} =A-B

Thus y=sintx— sin? /x
Differentiating w.r.t. x, we get
@_ 1 3 i( )
dx \/1—x2 \/1_ \/@2 dx
. 1
1—x2 2\/;\/1—X'

_— _T
Example 12 If x=a sec®g and y = atan®g, find ! 9—§.

Solution We have x = asec®g andy = atan®g.
Differentiating w.r.t. 9, we get

X _ 3agec? ei(sece) =3asec®ftano
doe do

dy 2 d 2 2
——=3atan”“ 68— (tanB)=3atan“ 6sec” 6
and s de( ) :

dy _dp _3atan’6sec’d _tand
Thus  dx dx 3asec®Btan® sech
doe

=sinob
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my[' :g'nE__S
Hence, %Hmezg 3 2 -

dy log x
Example 13 If ¥ = €7, prove that Y m.
Solution We have x¥ = e¥ . Taking logarithm on both sides, we get
ylogx=x-y
O y(1+logx) =x
X
i.e y= —1+Iogx
Differentiating both sidesw.r.t. X, we get
1
dy_(1+|ogx).1-x5rxg_ oax
dx (1+logx)?  (1+logx)?
d? COSX

Example 14 If y= tanx + secx, prove that ol m.

Solution We havey = tanx + secx. Differentiating w.r.t. x, we get

— = 8eCc?X + secx tanx

dx
1 +sinx _ 1+sinx_ 1+sinx
" cos’x cos’x  cosPx  (I+sinx)(l-sinx) -
dy _ 1
thus ax — l-sinx-

Now, differentiating again w.r.t. X, we get

d2y —(—COSX) CcoSX

B2~ (L-sinx)2  (L-sinx)?

. (B
Example 15 If f (xX) = |cos x|, find f' QZH
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1
Solution When E< X < T, cosX < 0 so that |cos x| = — cos X, i.e., f (x) = — cos x
O f'(x)=snx

Hence, f' E_E_Sm EBLE \/—

. . g
Example 16 If f (x) = |cos x — sinx], find ' HEE

. Tt . . .
Solution When 0 < x < 7 COS X > Sin X, so that cosx—sin x>0, i.e.,

f (X) = cos x —sin x
O f'(x) =-sin x—cos X

n

Hence f' E—H— - cos— = ——(1+\/_)
: . . . i
Example 17 Verify Rolle’s theorem for the function, f (x) =sin 2xin g) EE'

i
Solution Consider f (x) = sin 2xin g) EE' Note that:

T[]
@) The function f iscontinuousin @ EE’ as f isasinefunction, whichis

always continuous.
y ¥ i o : T
(i) f' (X) = 2cos 2x, exists in %3 EE’ hence f isderivablein @EE
oo omld _ g
(i) f(0)=sn0=0and f Eza—smn—OD f(O)=f EEE

g
Conditions of Rolle’s theorem are satisfied. Hence there exists at least one ¢ a) EH

such that f'(c) = 0. Thus

2cos2c=0 0O 2—E O =T
cos2c= c=5 =7
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Example 18 Verify mean value theorem for the function f (x) = (x —3) (x - 6) (x - 9)
in[3, 5].

Solution (i) Function f iscontinuousin[3, 5] as product of polynomial functionsisa
polynomial, whichiscontinuous.

(i) f'(x) = 3x2—36x + 99 exists in (3, 5) and hence derivable in (3, 5).

Thus conditions of mean value theorem are satisfied. Hence, there exists at least one
¢ [0 (3, 5) such that

R ICRLIC)
5-3
8-0
O 302—360+99=T=4
13
= 6%+, |—
Oc 3

13
Hence C=6—\/; (since other value is not permissible).

Long Answer (L.A.)

J2cosx-1 T
— & W X¢_

Example 19 If f (x) = cotx—1 2

g T
find the value of f EZE so that f (x) becomes continuous at x = E

. . \/Ecosx—l T
Solution Given, f (x) = m,ﬁfz

J2cosx-1

lim f(x)=lim
LI n cotx-1

- X —

Therefore,

_ (\/Ecosx—l)sinx
lim -
x.Tt  CosSX—sinx
4

(\/5 cosx—l) (\/5 COSX+ 1) (cosx+sinx)

B (\/Ecosx+ 1) (cosx-sinx) (cosx+sinx)’

sinx
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2cos®x—1 cosSx+sinx , .
I|m (sinx)
=l 00s? Xx—sin®x /2cosx+1

cos2x Losx+sinx, .
im . (sinx)
T . CoS2X V2 cosx+1

: (cosx+smx) :
lim+—=———"sinx
=« J2cosx+1

s 10
28

+1

]
[EEN

5
S|

1
N |-

Ny
S

Iirpr(x)=—

Xo—

Thus,

: o 1 : : s
If we define f BZ H=§ , then f (x) will become continuous at X :Z . Hence for f to be

i X_E fDT[D:E
continuous at X=, T, 557
Ot
X
_H T |f xz0
Example 20 Show that the function f given by f(X)—B .41
Ho, ifx=0

is discontinuous at x = 0.
Solution Theleft hand limit of f at x = 0isgiven by

1

ex-1 0-1
lim f = I m =—
X—0" (X) I 1 0+1

ex+1
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eX -1
Similarly, lim f(x)=1
eX +1
1
1_7} ;l
lim X . 1-ex _1-0_
ST
1 1+ex
eX

Thus I|m f (X)Zlim f (x), therefore, lim f (X) doesnot exist. Hencef isdiscontinuous

x-0" X-0
ax=0.
00 1-cos4dx .
—if x<0
O X2
a ,if x=0

Example 21 Let f (X) =0
D—& ,if x>0
Hy16+/x -4

For what value of a, f is continuous at x = 0?

Solution Heref (0) = a Left hand limit of fat Ois
— : 2

lim (9= lim 2% i, 29”22)‘

X-0" X-0" X X-0" X

— lim 8[lSinZXDZ_ ,_
= M CH o H =8(1)?=8.
and right hand limitof fat Ois

X
NI

JX (\16++/% +4)
= (J16+/x +4) (/16 ++/x - 4)

I|m f(x)—llm
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lim ((V16+&+4)_| (1/16+&+4 =8

x-0'  16++/x-16  x-0

Thus, )!m(;n f(x)=)!ir(r)1_ f(X)=8. Hence fiscontinuousat x =0 only if a=8.
Example 22 Examine the differentiability of the function f defined by
02x+3,if —3<x<-2
f(x) =Ox+1 ,if —2<x <0
H x+2 ,if 0<x<1

Solution The only doubtful pointsfor differentiability of f (x) arex=-2and x = 0.
Differentiability at x=-2.

f(-2+h)—f (=2)
h

NowL f ' (-2)= lim

_ jim 2E2HN 824 o 2h o
h-0 h h-00 h h-0

f(-2+h)—f (=2)
h

im —2+h+1-(-2+1)

and Rf ' (-2) = lim

= IIm
ThusRf '(-2)#Lf ' (-2). Therefore fisnot differentiable at x = — 2.
Similarly, for differentiability at x=0, we have

h
_ lim 0+h+1-(0+2)
h-0 h
. - . 10
= lim—=limAa-=
h-0 h ho0 ha

which does not exist. Hence fisnot differentiableat x = 0.
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(1-x20 5
Example 23 Differentiate tan* DD—X Ewith respect to cos* (2XV1— X ) , Where

o1 .0

XD%,].E_

1-x2 0
Solution Let u = tan? ETgand v = cos? (ZX\/1— X2) )

du

du_ ax

Wewant tofind gy dv
dx

HJ1-x2 0 ot T
Now u = tan® O—— 0. putx=sn®. G, <6<-[.
O X O e 2F

. 1—sin295 .
Then u =tan DB—sinG 5 = tan* (cot 6)

=tan?! %m%—9%=g—e :g—sin_lx

du_ -1
1-x° -

Hence gy~
Now v =cos? (2x \/1—7 )
R g—sin-1 (2x \/1—7)
. g—sin-l (2sin® m>=g-9n‘l(§n29)

m . : . m
:E—sm-l{sm(n—Ze)} [smceE <20<T]
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- I _(n-20)= 420
2 2
O 1T+2' -t
V= o+ 2simix
av_ 2
O dX l_X2 .
du -1
du_ dx_V1-x*_ -1
Hence dv dv 2
dX  1-x2

Objective Type Questions
Choosethe correct answer from the given four optionsin each of the Examples 24 to 35.

in X :
&+cosx,|f Xxz0

Example 24 The function f (x) = J X

E k ,ifx=0
is continuous at X = 0, then the value of kis
A 3 (B) 2
(© 1 (D) 15

Solution (B) isthe Correct answer.

Example 25 The function f (x) = [x], where [x] denotes the greatest integer function,
Iscontinuous at

(A) 4 |) -2

(© 1 (D) 15
Solution (D) isthe correct answer. The greatest integer function[x] is discontinuous
at all integral values of x. Thus D is the correct answer.

1
Example 26 The number of points at which the function f (x) = x—[x] is not

continuousis
A 1 B 2
© 3 (D) none of these
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Solution (D) isthe correct answer. Asx —[X] =0, when xisan integer so f (X) is
discontinuousfor all x J Z.

Example 27 The function given by f (x) = tanx is discontinuous on the set

(A)  {nmnOz} B) {2nmn0z}
T, 4 anTt O
(©) E(ZMDE' n DZ% (D) %7 n DZ%

Solution C is the correct answer.
Example 28 Let f (X)= |cosx]. Then,
(A)  f iseverywheredifferentiable.

(B) f iseverywhere continuous but not differentiableat n=nrt, n0Z .

T
© f iseverywhere continuous but not differentiable at x = (2n + 1) o

ntJZ.
(D) none of these.
Solution C isthe correct answer.
Example 29 The function f (X) = |x] + [x — 1] is
(A) continuous at X =0 aswell asat x = 1.
(B) continuous at x =1 but not at x=0.
© discontinuous at x =0 aswell asat x = 1.
(D) continuous at x =0 but not at x = 1.
Solution Correct answer isA.
Example 30 The value of k which makes the function defined by

Hinl it xz0

F=0 x , continuousat x=0is
Bk,  ifx=0
(A) 8 B 1
© -1 (D)  noneof these

o1 :
Solution (D) isthe correct answer. Indeed |Xlﬁg sm; does not exist.

Example 31 The set of points where the functionsf given by f (x) = [x— 3| cosx is
differentiableis
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(A) R (B) R-{3}

© (0, ) (D) none of these
Solution B isthe correct answer.
Example 32 Differential coefficient of sec (tan™ix) w.r.t. x is

X X
(A) L2 B 1+

(© X4/1+ X2 (D) 1+ X2

Solution (A) isthe correct answer.

Sin_llj 2X E tan‘lD 2X E du
Example33  Ifu= DID—+ 2 [andv— [ﬂ-D__XZ = then 'S
1 1-x2
wW 5 ® x  © e ® 1

Solution (D) isthe correct answer.
Example 34 The value of c in Rolle’s Theorem for the function f (x) = e sinx,
xO[o,jis
T m T
w 5 ® 7 © 3 ® o
Solution (D) is the correct answer.
Example 35 The value of ¢ in Mean value theorem for the function f (x) = x (x - 2),
xO[L, 2] is
3 2 1 3
A 5 ® 3 © 3 ©) 3
Solution (A) isthe correct answer.

Example 36 Match the following

COLUMN-I COLUMN-II
5 N3 it x2 0
(A) Ifafunction f(x)=f )Ii @ I
5 E ) ifx=0

iscontinuous at x = 0, then kis equal to
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(B) Every continuousfunctionisdifferentiable (b) True

(C) Anexampleof afunctionwhichiscontinuous (c) 6
everywhere but not differentiable at exactly one point

(D) Theidentity functioni.e.f (x) =x OxORisa (d) False
continuousfunction

Solution A - ¢,B - d, C-aDb-b

Fill inthe blanksin each of the Examples 37 to 41.

Example 37 The number of points at which the function f (x) = Wllxl is

discontinuousis .
Solution The given function is discontinuous at x = 0, = 1 and hence the number of
points of discontinuity is 3.

Cax+1if x=1

f(x)= i i
Example381f f(X) Ex+2if « <1 IScontinuous, then a should be equal to

Solution a=2
Example 39 The derivative of log, x w.r.t. X is

) 1
Solution (logy, e );

_1D\/;+1|: : —1D\/;—1D dy

= sec sin =
Example 40 If ¥ ﬁ\/T—l E + 1 E , then 'S equal to .
Solution 0.
Example 41 The deriative of sin x w.r.t. cos X is
Solution - cot x
State whether the statements are True or False in each of the Exercises 42 to 46.
Example 42 For continuity, at x=a, eachof iMm f () and M T (X) jsequal tof (a).
Solution True.
Example 43y = [x— 1] is a continuous function.
Solution True.
Example 44 A continuous function can have some points where limit does not exist.
Solution False.
Example 45 |sinx| is a differentiable function for every value of x.
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Example 46 cos |x| is differentiable everywhere.

Solution True.

5.3 EXERCISE
Short Answer (SA.)

1. Examine the continuity of the function

fx)=x*+2x2-latx=1
Find which of the functions in Exercises 2 to 10 is continuous or discontinuous

at the indicated points:

£ %) EBx+5, if x=2
X =
2 8¢, if x< 2
a x=2
2x? —3x-2

a x=2

1.
x|cos—, if x£0
f(X)=g| X

6.
ED, if x=0
atx=0
o1
HE if x20
g f(¥=0 -
. |]’]_+ex
Ep, if x=0
atx=0
10.  f(¥)=[x+x-1 atx=1

[1-cos2x

,1f X
3 f(x)=0 x?

Hs, if x=0

E{M, if x24
5. f(¥=02(x-4)

H, if x=4

atx=4

x—ajsini, if x20

If(X)=§ x-a
M, if x=a

atx=a

2
,if0sx<1

o f(x =02 .
%xz —3x+§,if 1<x<?2

atx=1
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Find thevalue of kin each of the Exercises 11 to 14 so that the function f is continuous
a theindicated point:

[(Bx-8, if x<5 DBLZ_% if x£2
11.f(><)=512k ’ £ o5 AXZ5 12. f(x)=04*-16 ' a x=2

He ,if x=2

VIHRCZ TR e x<0

15. Prove that the function f defined by

g X xz0
f(x):Hx|+2x2’
o)

, x=0

remains discontinuous at x = 0, regardless the choice of k.
16. Find the values of a and b such that the function f defined by

Ox-4

+a ,if x<4
x4
f(X)=@A+b Jif x=4
Ux-4

57 +b,if x>4
x—4|

is a continuous function at x = 4.

1
17. Given the function f (x) = Ty Find the points of discontinuity of the composite

functiony = f (f (x)).
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1
,where t=——

18. Findall points of discontinuity of the function f (t)= 1"

t2+t-2

19. Show that the function f (x) = |sin x+cosx| is continuous at x = Tt
Examine the differentiability of f, where f is defined by

x], ,if 0sx<2

20. 1= E(x—l)x, if 2<x<3

atx = 2.

Hesnt it x#20
21. f(x):E) X o

atx =0.

A+x ,if x<2
22. f(x)= %_X x> 2

atx = 2.
23.  Show that f (x) = |x—5] is continuous but not differentiable at x = 5.

24. Afunctionf: R - R satisfies the equation f(x +y) =f(x) f (y) forall x,y LR,
f (x) # 0. Suppose that the function is differentiable at x =0 and f ' (0) = 2.
Prove that f '(x) = 2 f (x).

Differentiate each of the following w.r.t. x (Exercises 25 to 43) :

8X
25.  ousx 26. — 27. Iog(x+\/xz+a)

X

28. Iog%og(logx‘r’)g 29. gnJx+cos?\x  30. sin"(ax?+bx+c)

. ;01 C
31 cos(tan X+1) 32. sinx? +sin +sin?(x3) 33. SN ﬁﬁ%

34, (sinx)™* 35. sin™ . cos"X 36.  (x+ 1) (x +2)3(x + 3)*
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_ 0 O
37 COS‘-1D3|nx+cosxD ”<X<E a8 tant 1-cosx _1_'[<X<L[
' H 2 Ha "4 : lrcosxH 4 % a

39, tan™(secx+tan x),—g< x<g

_1Hacosx—bsinxd Tt

40 tan 0-—=< x<Zand 2tan x > -1
' %cosx+asmxm 2 2 b

%c‘lmmil E0<x<i tan‘lEBazx XgD_—l XL
41. D4X3_3X|:| \/E 42. B 251\/5 a \/é

/ [1—y2 O
43 tan "1Ma —1<x<1x£0

AL 1%

Find ;—di of each of the functions expressed in parametric form in Exercises from 44 to 48.

1 1 10 _9% 10
= - =t—- — = edP+— =e -
44 x=t+ T ystod 45, X e% GBy o

46. x =3c0s0 - 2c0s°0, y = 3sinB — 2sin®0.

sinx—i tany= 2
a7 1+t2 1-t2 -
1+logt 3+2logt
48. X= tzg ) y:fg_

dy _-ylogx
49. If x = e®s2t and y= es|n2t prove that —_ dx Xlogy

Ody O
50. If x =asin2t (1 + cos2t) and y = b cos2t (1-cos2t), show that X 51

sulcr

="
4

T
51. If x = 3sint—sin 3t, y = 3cost — cos 3t, find (;—.Z att= 5



CONTINUITY AND DIFFERENTIABILITY 111

X
52. Differentiate —— w.r.t. sinx.
sinXx

Ly1+x® -1

53. Differentiate tan HD X Ew.r.t. tan— x when x # 0.

Find (;—‘Z when x and y are connected by the relation given in each of the Exercises 54 to 57.

X

54. sin (xy) + y =x2-y

55. sec (x +y) =xy
56. tant(x*+y?) =a

57. (X2 +y?)?2=xy

dy dx

o dy_ x-y
—AY —
59. If x=¢e’, prove that dx  xlogx:

A dy (1+logy)’
60. If y'=¢€ , prove that _y:—( gy)
dx logy

dy  y’tanx

_ (COSX)(oosx)..._m _
=(cos s —
61. If y=(cosx) ,show that 1 ylogoosx—1°

. . dy _sin’(a+y)
62. |If +y) + +y) =0, that —=——7——.
xsin(a+y)+sinacos (a+y) prove tha ™ Sna

2

dy_ [1-y
Y2 \2 = _ ) =
63. If J1-x* + {J1-y? =a (x —y), prove that ax \1s

d2
64. Ify=tan, find dTZ in terms of y alone.



112 MATHEMATICS

Verify the Rolle’s theorem for each of the functions in Exercises 65 to 69.
65. f(x)=x(x-21)in [0, 1].

— cind Ay 3 @ED
66. f(x) =sin* + cos*x in 725.

67. f(x)=log (x®+2)-1log3in[-1,1].
68. f(x)=x(x+3)e*in[-3, 0].

69. f(X)= a2 in[-2 2]

70. Discuss the applicability of Rolle’s theorem on the function given by

2 .
f(x):Dx +J,.|f O<x<1
-x if Isx<2°

71. Find the points on the curve y = (cosx — 1) in [0, 211, where the tangent is
parallel to x-axis.

72. Using Rolle’s theorem, find the point on the curve y = x (x—4), x O [0, 4], where
the tangent is parallel to x-axis.

Verify mean value theorem for each of the functions given Exercises 73 to 76.
1

73. f(¥) = 45— in[L 4]

74, f(X)=x-2x2-x+3in [0, 1].

75.  f(x) =sinx —sin2x in [0, 1.

76. f(x)= \[25-x% in[1, 5].

77. Find a point on the curve y = (x — 3)?, where the tangent is parallel to the chord
joining the points (3, 0) and (4, 1).
78.  Using mean value theorem, prove that there is a point on the curve y = 2x>—5x + 3

between the points A(1, 0) and B (2, 1), where tangent is parallel to the chord AB.
Also, find that point.

LongAnswer (L.A))
79. Find the values of p and g so that



80.

81.

82.
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B + 3x + p, if x<1
f(x) =0 P!
fox+2 Jif x>1

is differentiable at x = 1.
If xmy" = (x + y)™", prove that

Lody_y o d’y
=2 — =0
() X Xand (i) o2
d?y dy o
If x = sint and y = sin pt, prove that (1-x?) oz~ &’fp y=0.
Find & iy = g+ 12
ax YT 2

Objective Type Questions
Choosethe correct answers from the given four optionsin each of the Exercises 83 to 96.

83.

84.

85.

2
Iff(x)=2xandg (x) = X?+1 , then which of the following can be a discontinuous

function
(A) f()+g9(x B) f¥-9()
9(x)
©) f(®¥.9K @) o
Y2
The function f (x) = VNG is

(A) discontinuous at only one point

(B) discontinuous at exactly two points

(C) discontinuous at exactly three points

(D) none of these

The set of points where the function f given by f (x) = |2x—]j sinx is differentiable is

A) R BREE%
(&) ® R- 50
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(C) (0, «) (D) none of these
86. The function f (x) = cot x is discontinuous on the set
(A) {x=nm:n0OZ} (B) {x=2nm:n0Z}
O T 0 O _nm 0
=(2n+l1l)—;n0OZ i Xx=—:n0Z
© pe=(an+); 0 ) = 0

87. The function f (x) = & is
(A) continuous everywhere but not differentiable at x = 0
(B) continuous and differentiable everywhere
(C) not continuous at x = 0
(D) none of these.

1
88. Iff(x)= X2 sm; , Where x #Z 0, then the value of the function fat x = 0, so that

the function is continuous at x =0, is

(A) O B) -1
© 1 (D) none of these
+1 ,if x< 2 N
89. If f(X)=10 n,iscontinuousatx:E,then
%nwn, if x>=
2
Nt
(A) m=1,n=0 (B) m=7+1
C) n= D _.-
(C) n= > (D) m=n= >

90. Letf(x)=]sinx|. Then
(A) f is everywhere differentiable
(B) f is everywhere continuous but not differentiable at x =nm, n O Z.

T
(C) T is everywhere continuous but not differentiable at x = (2n + 1) o

ndZ.
(D) none of these
O1-x? C

dy .
= O——>LC —
91. Ify=log 1+ then i isequal to



92.

93.

94.

95.
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453 -4x
A) Ta (B) -
1 -4x°
© 45 S

If y=,/sinx+y,then % isequal to

(A) 2y-1 B) 712y
sinx sinx
© 7 -2y (D) 2y-1

The derivative of cos? (2x¢ — 1) w.r.t. cosxis

-1
A) 2 ® e
2
© (D) 1-%

d2
If x= 1, y=£, then KZ is

3 3
(A) & B

3 3
© > D) 4

Thevaueof cin Rolle’s theorem for the function f (X) = x® - 3xin theinterval
[0, y3]1is
(A)1 B) -1
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N w

©) (D)

Wik

1
96. Forthefunction f(xX) =x+ ;,XD [1, 3], the value of ¢ for mean value theoremis

(A)1 (B) 3
© 2 (D) none of these
Fill inthe blanksin each of the Exercises 97 to 101

97.  An example of a function which is continuous everywhere but fails to be
differentiable exactly at two pointsis

98. Derivative of x2 w.r.t. X is

OnQ
99. If f () = |cosx, then f ' 5,5 =

_ anQg
100. Iff(x)=|cosx—smx|,thenf'B§B= :

dy Ol 1C
= _at i
101. For the curve x+4/y=1, 4 Barab s
State True or False for the statements in each of the Exercises 102 to 106.
102. Rolle’s theorem is applicable for the function f (x) = [x— 1| in [0, 2].
103. If f iscontinuous on itsdomain D, then | f | isal so continuouson D.
104. Thecomposition of two continuousfunction isacontinuous function.

105. Trigonometric and inverse - trigonometric functions are differentiable in their
respective domain.

106. If f .g iscontinuousat x = a, thenf and g are separately continuous at x = a.

——enulll> @



