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I. Relations 

Exercise n°1 :   Let R be a relation defined on ℝ by: 

∀𝑥, 𝑦 ∈ ℝ,   𝑥𝑅𝑦 ⇔ 𝑥(3 + 𝑦2) = 𝑦(3 + 𝑥2). 

1. Prove that R is an equivalence relation on ℝ. 

2. Determine 2    the equivalence class of the integer 2. 

Exercise n°2 : Let R be a relation defined on ℕ by: 

∀𝑥, 𝑦 ∈ ℕ,   𝑥𝑅𝑦 ⇔
2𝑥 + 𝑦

3
∈ ℕ. 

1. Determine if  7𝑅5,   6𝑅9,   4𝑅4. 

2. Prove that R is an equivalence relation on ℕ 

Exercise n°3:  

Let E and F be two sets and    𝑓:  𝐸 ⟶ 𝐹  be   a function 

 We define a relation R on E by:   ∀𝑥, 𝑥 ′ ∈ 𝐸,   𝑥𝑅𝑥 ′ ⇔ 𝑓 𝑥 = 𝑓(𝑥 ′). 

1. Prove that R is an equivalence relation on 𝐸 

2. Describe the class a ̅  of the element 𝑎 ∈ 𝐸 

3. Describe the class a ̅  of the element 𝑎 ∈ 𝐸 if the function 𝑓 is injective. 

 

 

Exercise n°4 : 
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Determine if the relations R below are order relations:  

1. ∀𝑥, 𝑦 ∈ ℝ,   𝑥𝑅𝑦 ⇔ 𝑒𝑥 ≤ 𝑒𝑦 . 

2. ∀𝑥, 𝑦 ∈ ℝ,   𝑥𝑅𝑦 ⇔  𝑥 + 1 ≤  𝑦 + 1 . 

3. ∀𝑥, 𝑦 ∈]1, +∞[,   𝑥𝑅𝑦 ⇔
𝑥

1+𝑥2
≥

𝑦

1+𝑦2
. 

4. ∀𝑥, 𝑦 ∈ ℝ,   𝑥𝑅𝑦 ⇔ 𝑥 − 𝑦 ∈ ℕ. 

5. ∀𝑥, 𝑦 ∈ ℝ,   𝑥𝑅𝑦 ⇔ 𝑥 − 𝑦 ∈ ℤ. 

 

II. Applications 

Exercise n°5 : 

1. Provide a counterexample to show that the following functions are not injective on  ℝ 

𝑎) 𝑓 𝑥 = sin 2𝑥 + 3                𝑏) 𝑔 𝑥 =  𝑥2 − 5𝑥 + 6        𝑐) 𝑕 𝑥 =
𝑥4

4 + 𝑥2
 

2. Solve the following equations in ℝ: 

𝑓 𝑥 = 5,       𝑔 𝑥 = −7  et       𝑕 𝑥 = −1.     

What can be deduced about  the surjectivity of these functions? 

Exercice n°6: Let's consider the function 𝑓: ℝ − {1/2} ⟶ ℝ    defined by:  

                    𝑓 𝑥 =
𝑥+1

2𝑥−1
 

1. Show that 𝑓 is injective and determine if 𝑓 is surjective. 

2. Find the set F such that 𝑓 is bijective from ℝ − {1/2} to F, then calculate the inverse 

function 𝑓−1 

3. Determine the composed function 𝑓 ∘ 𝑓  and find  by using a second method     the 

inverse function  𝑓−1: 𝐹 ⟶ ℝ −  
1

2
 . 

Exercice n°7:   Let's consider the function 𝑓: ℝ ⟶ ℝ    defined by: 𝑓 𝑥 =
𝑥

1+𝑥2. 

1. Determine the direct image  𝑓 𝐴1    et    𝑓 𝐴2     where   𝐴1 = {  0,
1

4
,    8,  4} 

and   𝐴2 = [2, 3]. 

2. Determine the inverse image 𝑓−1 𝐵1  , 𝑓−1 𝐵2  with   

𝐵1 = {−1},    𝐵2 = {0, 1/2}. 

3. Is the function f injective? Surjective? Justify 

4. Prove that  𝑓: ]1, +∞ ⟶ 0, 1/2[    is bijective, and determine its inverse function𝑓−1 


