Chapter

Linear differential system

Let I be a non-empty open interval of R. For all 4, j = 1,n, let a;; and b; be functions
defined on [ with values in R.

Consider the system of n linear differential equations:

p

Y1 (t) = an(t)yr + ara(t)y2 + - -+ + a1 (t)yn + b1 (1)

ét :aglt 1 aggt 2 GQnt n bgt
Ya(t) (D)y1 + an(t)yz + - - + azn(t)yn + bo(?) )

\y;z(t) = Gn1 (t)yl + an2<t)y2 + -+ a'nn(t)yn + bn(t)

The unknowns y1, 4o, - . . , y, are functions defined on I with values in R.

Lemma 3.0.1.

The system (.5) is equivalent to the system:

y'(t)=A@)y(t)+ B(t), Vtel (5)

with
Y1 (1)
y: I - R" t—yt) = : ,
Yn(t)
bi(t)
B: IR, t—BH=| : |,
bn(1)

7]
Proof 3.0.1.

64
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Indeed:

a1 (O)y1(t) + ar2(t)y2(t) + - - - + a1n(t)yn(t)

1(t
ROV s 00a(8) + ama®ult) + - + ann(yalt)

P07\ a0 + s Ol6) + -+ a0

Example 3.0.1.

Consider the system:

vi(t) = Py (t) — ga(t) + 1

Ya(t) = costyi(t) — e'ya(t)

, tel=R.

It can be written in the form:

y'(t) = A(t)y(t) + B(t), Vtel

with

Lemma 3.0.2.

Every second-order equation can be written in the form:

y'(t) = A)y(t) + B(t).
Proof 3.0.2.

Consider a second-order equation:

y'(t) + a(t)y'(t) + b(t)y(t) = c(t)

and set

yi(t) = y(t), we(t)=19(t)
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then, for all ¢ € I:

y(t) = At = =[], wer

Definition 3.1.

The system (5”) is called a first-order linear differential system with variable coefficients

and a nonzero second member.

Remark 3.0.1.
If B(t) =0 for all t € I, then the system
y'(t) = A)y(t) (3.1)

is called a homogeneous first-order linear differential system (without a second mem-

ber). Equation (3.1) is called the homogeneous system associated with (S’).

e Notation:

For simplicity, we write:

y = A(t)y (homogeneous)

y' = A(t)y + B(t) (nonhomogeneous)
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3.0.1 The existence of a Cauchy problem

Theorem 3.0.1.

If A and B are continuous on the interval I, then for every (to,y0) € I x R", the system
y = AWy + B()
y(to) = yo

admits a unique global solution.

3.0.2 Homogeneous and non-homogeneous systems
Theorem 3.0.2.

The set of solutions of (3.1), denoted by Sy, is a vector space of dimension n.

Theorem 3.0.3.

[?] Let y, be a particular solution of (E). Then the set of solutions of (E), denoted by
SE, is given by:
Sg = Su+ Sy,

where Sy is the set of solutions of the homogeneous system.|?]

Matrix exponential method

Let A € M,(R). We define:

(

A= A A if ke N

k times
AV =T,
1 0 0
L 0f. N .
where I, = | | is the identity matrix.
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Consider the series defined by:

x| Ak A Al
= lim (In+—+---+—>

k157 1! {!
k=
with
Kl=1-2-----k, if k e N
0! = 1.

7]

Theorem 3.1.1.

The series:

k=0

is convergent.

Proof 3.1.1.

We have

k . .
Moreover, % represents the general term of a convergent numerical series, hence:

k!
k=0

is normally convergent. Therefore, it is convergent.

Definition 3.2.

The exponential of a matrix A, denoted e?, is defined as the series

Ak
T
k!
k=0
Example 3.1.1.
Consider:
0 1 0 0
0 0 -1 0
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We compute:

2 2
) 01 00 N 0 0 00
00 00 -1 0 00
Thus, A? = A2 = , hence A7 = A7 =0 for all n > 2.
00
ZAF ~AF A A
A1 el S 1 e Tt
€ _Z !_Z | 0! 1!
k=0 k=0
01 11
00 01

Theorem 3.1.2.

Let A, B € M,(R).

(1) €% = I,,, where 0, is the zero matrix.

(2) In general, eATB £ e4 . eB but if A and B commute, i.e., AB = BA, then

(3) e is invertible and (e?)~! = e~

(4) The function
F:R— M,(R), trs e

is differentiable, and we have (e!1) = Ae!4 for all t € R.

e Indeed:

(0n)* _ _
+) = dn 0 = I,

1

!

oo
k=

=)

2|2

0, = (0,)F 0
=2 Ko
k=0

e Also,
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Setting p = k — 1, we find:

Remark 3.1.1.

There exist matrices A and B such that

eMB L et B,

For example:

11 11
A: B:
0 0 00
Then
A+ B =
00

From the definition of the matrix exponential:

10
e 0
GA+B _ 00 _
0 0
Meanwhile,
e e—1 1 -1
e = , eP = = 4
0 1 0 1

Thus, A8 #£ 4. B,

Lemma 3.1.1.
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Let Ay,..., A, € R. Then

Al 0
eM 0
0 - A
(& =
0 ern
Proof 3.1.2.
[?]. We have:
k
R YR
0 - A\, © 10 - A\,
€ :Z L

k=0

But one can show by induction that for all £ € N, we have:

k
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Therefore:

Example 3.1.2.

We have:

Also:

0 A, > [0 . )\Z
:Z k!
k=0
Af
l k!
k=0
0
)\k
l
Zk:O k!
= lim :
l—+o00
0
lginoo Zk 0 ]{3'
0
_eM 0
0 ern
20
0 3 e’
e =
0 e
1 0 O
04 0
el
00 -3
e = e
0

Theorem 3.1.3.

l—+o00

Zkok,
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Let A € M, (R).

(a) If P is an invertible matrix, then
€PAP_1 — PeA P*li

(b) For A € R, we have
AMntA AL A

Proof 3.1.3.

(a) We compute:
pap-t _ \~ (PAPTH
e => P

k=0

By induction, one can show that for all £ € N,

(PAPhE = pAY P!,

Thus,
l kp—1
ePAPT = lim AP
l—>+o00 — k!
l
. ARy
= Jim |P(32 )P
k=0
!
Ak
_ P( lim —>P*1
=400 !
k=0
— pet Pl

(b) For e*Mrt4: since (M)A = A(M],), we know that A\I, and A commute. Thus,

Mn+A _ M | A

e (& e .
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Now,
1 0 A 0
A
| .
VAN 0 . 0 A
e 0 1 0
= = = e’\]n
0 e 0 1
Therefore,

Example 3.1.3.

Let us compute e where A = . We have:
-1 0
0 -1 A0 -2 -1 )
det(A — AIp) = . ]:‘ — A2 _1=0
-1 0 0 A -1 =X

which implies that A\; = 1 and Ay = —1 are the two distinct eigenvalues of A. Thus, A

is diagonalizable:

B A0 1 0
A=P.-D-P7', D= = :
0 Ao 0 —1

where P = (vq,vy), with v; and vy being the eigenvectors of A associated with A; and

A2, respectively.

The eigenspaces:

T -1 -1 €T
EAII{U1€R2|(A—)\1[>’l)1:0}:{ ERQ :ORQ}
Y -1 —-1) \y
xXr xr
:{ € R? —I—yZO}:{ c R2 :ce]R}
Yy —x
1
={x eszeR}
—1




chapter 3

Linear differential system

We take vy =

Similarly,

We take vy =
1

EM:{ ) GRZ’(A—)\QI) ) ZORQ}
x ) _ 0 ‘
—{ ) ER‘(A+I) ) . }

1 1
P =
-1 1
Recall that if ad — be # 0, then
-1
a b 1 d —b
c d ad—bc —c a
So,
L1 -
2\1 1
Hence,
eA = (PPPH _ p D p-l1
1 (1 —1 el 0 1 -1
2\1 1 0 et) \1 1
1[et+e et—e
el—e el4e

Definition 3.3.

Let N € M,(R). We say that N is a nilpotent matrix of index m € N* if N™~! =£ (),

and N =0,.
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Example 3.1.4.

The matrix

39 -9
N=120 0
3 3 =3

is a nilpotent matrix of index m = 3. Indeed:

2

39 -9 0 0 0
N:=|20 o| =|6 18 —18| #05, and N*=N?.N = 0s.
3 3 -3 6 18 18
Remark 3.1.2.

Every upper triangular matrix whose diagonal entries are all zero is nilpotent.

For example, the matrix

0
N =
00

is nilpotent because it is upper triangular with zeros on the diagonal.
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Theorem 3.1.4.

Let N be a nilpotent matrix of index m € N*. Then:

N Nm—l
N +—+ 4+ —
‘ LTI T

Proof 3.1.4.

We have:

= NF N N2 N7l =\ N*¥
N
— = -
N N TSI +(m—1)!+§nk!

But since N is nilpotent of index m, for all k > m we have N¥ = 0,,. Indeed:

k>m — Nt =NEmim— Nhomo N — NFg, = 0,

Therefore,
N Nm—l
N
=1, + —
e + 1 + et (m = 1)
Example 3.1.5.
Consider the matrix
N =
0 0

It is nilpotent. Let us find its index m. We compute:

N2: = _027
00 0 0 0 0
so m = 2. Thus,
0 1
0 0 1 [0 1 1 1
o o 01

Second-Order Differential Systems

Linear differential system
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3.2.1 General Form

A second-order differential equation or system can be written as:

y'(t) = f(t,y),y' (1), vlto) =wo, ¥(to) = w1, (3.2)

where y(t) € R" and f: I x R" x R" — R" is continuous.

3.2.2 Reduction to a First-Order System

To study existence and uniqueness, a second-order system can be reduced to a first-

order system by setting:

Then (3.2) becomes:

Z(t) = f(t,y(1), 2(1)),

y(to) = vo, 2(to) = m1.

\

This is now a first-order system in the variable X (t) = (y(t), 2(t))T € R?".

3.2.3 Existence and Uniqueness

e If f is continuous in (¢,y, z), there exists at least one local solution (Peano theo-

rem).

e If f is Lipschitz continuous in (y, z) uniformly in ¢, the local solution is unique

(Cauchy-Lipschitz theorem).

Example

Consider the second-order differential equation:




chapter 3

Linear differential system

Reducing it to a first-order system:

p
yi = Y2,

/

Yo = —Y1,

y1(0) =1, 12(0) =0,

\

which has the unique global solution:

y(t) = cos(t), ' (t) = —sin(t).

Resolvent of a Linear System

Consider the system:|?, ?|

Lemma 3.3.1.

If for all t € I, we have:

R(t,ty) = elt=t)4,
Proof 3.3.1.

From the definition of the resolvent, we have:

R(t,ty) = eftto Alw)du eftto Adu _ o4 Jig tn —

Example 3.3.1.

The resolvent of the system 3y’ = Ay with

elt—to)A
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Thus:

Lemma 3.3.2.
[?, ?] The solution of the system y' = Ay is given by:
VteR: y(t) = e,

with ¢ € R" such that

Cn

Proof 3.3.2.

Since I = R, we have 0 € [. Thus, from the previous result, the solution of the

homogeneous system is:
VteR: y(t)=R(t,0)c, ceR"
But from the previous lemma:
R(t,0) = =04 = ¢t4.
Example 3.3.2.

The solution of the system

is given by:
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Here,
4 3
A= e y(t) = e,
0
but
4 3 4t 3¢ 10 0 3t 0 3t
t 4t + 4tlo+
0 4 0 4t 01 0 0 0 0
e =€ = € =
We can show that
0 3t
0 0
is a nilpotent matrix of index m = 2. Therefore:
0 3t
etA:€4t_€O 0 = i 0 3t
o o
4 4
_ 1 3t _ et 3te*
0 1 0 e*
Thus:
et 3tet c cre*t + 3eqte
VteR: y(t) = = ?
0 et Co coett
Lemma 3.3.3.

The solution of the following system:

is given by:

Example 3.3.3.

The solution of the system:
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/ 4 3
Yy = Y
0 4
is given by: Vt € R : y(t) = e(t=0)4y,
1
y(1) =
0
\
4 3 1
With A = , to=1and yg = , Le.
0 4 0
4 3 1 0} (0 3(t—1)
(t=1) 4(t-1) +
0 4 0 1 0 0
y(t) =e =e
0 3(t—1)
_ e \U 0

0 0
) 1 3(t—1)
=e
0 1
e4(1571) 3('[5 _ 1)64(1571) 1
y(t) =
0 e4(t—1) 0
64(t_1)
0

3.3.1 Non-homogeneous differential system
Theorem 3.3.1.

If the matrix A admits n linearly independent eigenvectors vy, vg, - - -

with the real eigenvalues A\j, Ao, - -+ , A,, then the general solution of (H) is given by:

Ant

y(t) = v eMt + cpuee?t + -+ cuuett, with vy, vy, -0 v, € R

Example 3.3.4.

, U, associated
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Let us compute yp:

10
A1 = 1 and Ay = 2 are the two distinct eigenvalues of |: .
0 2

1 0 10
v, = and vy = are the eigenvectors of associated respectively with
0 1 0 2
)\17 >\2-
crel
yu(t) = crvieMt + cpvpe??t =
2
Cr€

e Computation of y,:

Using the method of variation of constants, there exists a particular solution of the

form:
- a9/
C1
c -1
yp(t) = Clvle/\lt + 027]2€>\2t + -+, with ‘2 — (/Ulex\lt U2€>\2t, - ’rUne)\nt) . B(t).
Cn
Recall that if A, Ao, --- , A\, € R, then:
- -4 -1 - -
A 0O - 0 )\1—1 0O --- 0
0 X --- 0 0 )\2*1 e 0
0o . : 0 :
0 -+ 0 M\, 0 - 0 M1
Example 3.3.5.
Solve the system: ¢y’ = Ay + B where:
1 00 0
A=10 2 0| and B= [1].
00 4 0

The general solution of the system 3’ = Ay + B is:

Yy = yu + Yp, where yg is the general solution of the associated homogeneous system

y' = Ay, and y, is a particular solution of the non-homogeneous system.
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e Computation of yy:

We have: \{ = 1, Ay = 2, \3 = 4 are the three distinct eigenvalues of A.

1 0 0
vy = |0|, wa=|2|, w3= |0]| are the eigenvectors of A associated respectively
0 0 4

with )\1, )\2, )\3. Thus:

yu(t) = c101eMt + o0t + g™t
1 0 0 crel
=c [0 e+ [2] e +es|0] e = |20,
0 0 4 Acget

for all t € R, with ¢, c9,c3 € R.

e Computation of y,:

Using the method of variation of constants, there exists a particular solution of the

form:
Yp(t) = crvreM? + cpuee??! + czuzest) with
¢
Al = (Ule’\lt Vg2t vge’\?’t) o B(t), VteR.
4
Then: .
c et 0 0 0
Al =10 2% 0 1
e 0 0 4de* 0
Since ) . i i
A0 0 A0 0
0 A 0 0N 0
0 oo ’
0 0 A K 0 A
we get
c’1 0
Al = %e_%
c 0




chapter 3

1
Thus ¢f = ¢ =0 and ¢, = 56_%.

Taking integration constants suitably, one particular solution is:

0
1
H=|_=
yp( ) 5
0
Hence the full solution is:
t 0 ¢
1€ cire
1 1
y(t) = yu(t) + yp(t) = |2c0e? | + 5| = 2c9e?t — 3
dcgel 0 4esett
e Problem (P,):
y = Ay
y(to) = Yo

The solution of (P) is:
y(t) = et =04y Ve R.

e Problem (P,):
y = Ay + B(1)
y(to) = yo

The solution of (P;) is:

t
y(t) = el +/ eVAB() du, Yt el

to

Example 3.3.6.

The solution of the system:

(
4 3
y' = y
0 4
is given by: Vt € R : y(t) = et=0)4y,.
1
y(1) =
\ 0

Linear differential system
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. 43 1 .
With A = , to=1and yg = , that is:
4 0

64(t_1) 3(t o 1)64(t—1) 1
0 64(t71) 0

3.3.2 The solution of the homogeneous system (H)

Lemma 3.3.4.
Let t,ty € 1. Consider the function f;,, defined from R" to R" by:

feo(W0) = y(t, to, yo).-

The mapping f;, is linear.

Definition 3.4.

The matrix associated with f;,, is called the resolvent matrix of (H). It is denoted

by:
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R(t, 1),

Theorem 3.3.2.

We have:

(a) Vi, to € I;  R(t,ty) € M,(R).
(b) Vt,to € I;  R(t,to)yo = y(t,to, Yo)-
(c) Yto € I, Rlto,to) = I, where I,, denotes the identity matrix.
(d) Vt,s,r € I; R(t,s)R(s,r) = R(t,T).
(e) Vt,s € I; R(t,s) is invertible and:
(R(t,s))™' = R(s,t).

d

d

The fundamental system of (H)
Let Y1,Y2,...,Yn € F([’Rn)

Definition 3.5.

We say that {y1,y2,...,y,} is a fundamental system of (H) if:

(a) y1,%Y2,---,Y, are solutions of (H).

(b) 1,2, ...,y, are linearly independent, that is:

Vag,...,an €ER, (qyr + aoya + -+ apy,) =0

= =09 =---=q, =0.
Example 3.3.7.
For all t € R, let:
t -1 1 t 1
w=| | w0=| | A=y




chapter 3 Linear differential system

(1) Let us show that y; and yo are two solutions of y' = A(t)y. We have:

1
yi(t) = , and
0
1 t 1] |t 1 241 1
A<t)y1<t)_1+t2 ol e o L o

Thus:
yi(t) = A@t)yi(t), VteR.
So y; is a solution of (H). Similarly, one shows that y, is also a solution of (H).

(2) Let us show that y; and ys are linearly independent. Suppose «, 5 € R such that
ay; + Bys = 0. Then:

ayy + By2 = 0 = ayi(t) + Bya(t) =0, VteR,

t —1
1 t
ot —
& =0, VteR.
a+ Bt

This represents infinitely many equations in the two unknowns o and . It suffices

to take ¢t = 0, which gives a = 3 = 0.

Hence, y; and y, are linearly independent.
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Theorem 3.3.3.

Let {y1,92,--.,Yn} be a fundamental system of (H). Then:

Sy = [{yl,y% e 7?Jn}]

Z{yGF(I,R")|y:a1y1+a2y2+---+anyn, &1,0[2,...,01n€R}.

Proof 3.3.3.

If {y1,v2,...,yn} is a fundamental system of (H), then it is linearly independent. Since
#{y1,Y2,...,yn} = n = dim Sy, the set {y1,y2,...,yn} is a basis of Sy.

Example 3.3.8.

For all t € R, let

Since {y1,y2} is a fundamental system of y' = A(t)y, we have:

Su = [{y1,92}]

= {yE F(R,RQ) ‘ y:Oély1+CY2y2, aq, 09 ER}
= {?J € F(R,R?) ‘ Vt e R, y=awy(t) + capa(t), o1,z € R}

Oélt — Q9

:{yeF(R,RQ)\VteR,y: ,ozl,ozgeR}.

oy + Qgt

Remark 3.3.1.

The general solution of (H) is:

Yy=c1y1 +CcyYs+ -+ CulYyn, C1,C2y...,Ccp €R.

3.3.3 The fundamental matrix of (H)

Definition 3.6.
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The matrix whose columns form a fundamental system of (H) is called a fundamental

matrix of (H). That is, M is a fundamental matrix if:

M= (y1,Y2,- -, Yn)s {Y1,Y2,---,Yn} is a fundamental system of (H).

Example 3.3.9.

For all t € R, let

Since {y1, 9} is a fundamental system of y' = A(t)y for t € R, we set:

t —1
M(t) = (y1(t), 12(t)) =
1 ¢

Thus M is a fundamental matrix of v/ = A(t)y.

Theorem 3.3.4.

Let M be a fundamental matrix of (H). Then:

(a) For all t € R,

(b) The general solution of (H) is:

y=Mec, ceR".

Proof 3.3.4.

If M is a fundamental matrix of (H), then:
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(a) We have:
M'(t) = (y1(t), (), - -, ya (1))
= (11(1), 95(0), -,y (1))
= (A (1), A()ya(t), -, A(t)yn (1))
= A(t) (1 (), 12(1), - .., ya(t))
= A(t)M(t)
(b) And:

y(t) = cryi(t) + coya(t) + - - + coyn(t)

1
C2
= (yl(t),?h(t), ce 7yn(t))
Cn
8]
(&)
=M(t)e, c=| | €R"
C?’l

3.3.4 The Wronskian of a system of solutions of (H)
Let y1,Y2,...,yn € Sy (the set of solutions of (H)).

Definition 3.7.

The Wronskian of {y1, y2, ..., ys}, denoted W, is the determinant of the matrix whose

columns are yi,ya, ..., Yn:
Vie I, W(t):=det[yi(t),y2(t), ..., yn(t)].
Theorem 3.3.5.

Let y1,92,...,yn € Sg. The following statements are equivalent:

(a) VEe I, W(t)#£0.
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(b) Jty € I such that W(ty) # 0.

(¢) y1,Y2,...,Yn are linearly independent.

Proof 3.3.5.

(a) (1) = (2): Trivial since if W(t) # 0 for all ¢, then in particular at some t, we
have W (ty) # 0.

(b) (2) = (3): If W(ty) # 0, then the vectors (yi(to), y2(to), -, yn(to)) are linearly

independent.

(¢) (3) = (1): Since y1,¥2,...,yn are linearly independent solutions of (H), they
remain linearly independent for all ¢ € I, hence W(t) # 0 for all ¢t € I.
3.3.5 The solution of the non-homogeneous system
Theorem 3.3.6.

Let (to,yo) € I x R™. The solution of the system (FE) is:

Vtel, y(t)= Rt to)yo+ /t R(t,u)B(u) du.

to

Proof 3.3.6.
Consider the function defined on [ by:
Z(u) = R(tg,u)y(u).

For u € I, we have:

= —R(to, u)A(u) - y(u) + R(to, u)(A(u)y(u) + B(u))
= R(ty,u)B(u).

That is, Vu € I;  Z'(u) = R(to,u)B(u), which implies:

Vt € ]; Z(t) = Z(to) + /t R(tO,U)B(U) du

to
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Thus,

vVt e I;  R(to,t)y(t) = R(to,t0)yo + /t R(to,u)B(u) du

to

Therefore,

VteI; y(t) = R(t,to)ly(to) + /t R(t,to) R(to, u)B(u) du

to

= R(t,to)y(to) + /t R(t,u)B(u) du.

to

Hence the result.

Theorem 3.3.7.
Let (to,yo) € I x R™. The solution of the system (H) is given by:

Viel; y(t)= R(t to)yo.

Proof 3.3.7.

It is enough to apply the previous theorem with B = 0.

Computation of Yy and Yp for two non-homogeneous systems

1. Consider the system

Compute Yy. The diagonal matrix has eigenvalues A\; = 1, Ay = 2 with eigenvectors

1 0
Vi = : Vo =
0 1
Hence the homogeneous solution is
c et
Yi(t) = aVieM + Vo™ = ) c1,c € R.

cpet
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Compute Yp. Using variation of constants, seek a particular solution of the form
Yp(t) = ey (t)VieM! + co(t) Ve,

with ¢, ¢y differentiable functions satisfying

() G et 0 el 1
— (‘/16)\1t ‘/26/\2t) _ —
ch(t) te? 0 e \te* t

Then
te!
Yp(t) =t e+ 1 e =
1
O 1 §t262t
Therefore the general solution is
(c1 +t)e
Y(t) = YH(t) + Yp(t) = , C1,Co € R.
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2. Consider the initial-value problem
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The variation-of-constants formula gives
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To compute e, write A = I3 + S where
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One may evaluate the integral explicitly componentwise if a closed-form particular so-
lution is desired; otherwise the integral representation above is the standard variation-

of-constants solution. Let us compute Yy : we have A\; = 1 and Ay = 2 which are the

10 1
two distinct eigenvalues of .= and V, = are the eigenvectors.

0 2 0 1
Thus:

YH(t) = Cl‘/le)\lt + CQ‘/Q(E/\zt

Let us compute Yp : we use the method of variation of constants, there exists a

particular solution of the form:

Yp(t) = c1(t)VieM! + cy(t) Ve
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where ¢;(t), ca(t) are two differentiable functions such that:
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Hence the general solution:
cret tet
i) = 2t i1,
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co€ Ste
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We have the general solution:

t
Y (t) = Y, +/ e =4 B(u) du.
0




chapter 3 Linear differential system

Let us compute

t t 0 0t o0 0t 0
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Let N=10 0 ¢t |, which is a nilpotent matrix of order 3. We have:

0 00
N N2
N— J— R—
e —[3—|-1!—|-2!
1
1 0 0 0O ¢t O 0 0 5252
=101 0|+|0 0 ¢t]J+]0 0 0
0 0 1 0 0 0 00 O
1
1t =t
2
=10 1 ¢
00 1
Therefore:
1t =¢t?
=elo 1 ¢
0 0 1
t
Y (t) = Yy +/ e"VAB () du
0
1 1 0
=)0 1 1
1t —t?
t
1
=e' o 1 ¢ Y0+/e 00 B(u) du
0
00 1
2 1 2
1t =t L(t—u) S(t—uw?) fu
t
=elo 1 ¢ Yo+/e(t 1o 1 (t—u) | |1][du
0
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