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Chapter 5. Numerical resolution of systems 

of linear equations 

5. 1 Gauss's method 

5.2 Gauss-Seidel method 

 Introduction: 

 Solving systems of linear equations is a fundamental problem in applied 

mathematics, physics, and engineering. It occurs in various fields such as fluid 

mechanics, structural analysis, economics, and computational chemistry. 

 V.2 Definitions Systems of linear equations : 

 A square system of linear equations with real coefficients is written in the 

form of the equations: 





















nnnn22n11n

2nn2222121

1nn1212111

bxa.........................xaxa

.

.

bxa.........................xaxa

bxa.........................xaxa

 

 Where in matrix form: 
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 This system is therefore made up of n equations and n unknowns. The 

elements ( a ij ) of the matrix (A) and (bi) of the vector (B) are real data, while 

those (xi) of the vector (X) are unknown reals. The resolution of the system of 

linear equations therefore comes down to the determination of the vector X. 

 In most cases we deal with non- singular or invertible matrices , i.e. 

those whose matrix (A 
-1 

) exists. 

 Definitions : 



 A matrix A is said to be non-singular or invertible if it has an inverse, that 

is to say a matrix A 
-1 

such that: 

A 
-1

 A = I 

 Where I is the identity matrix 

 Condition the determinant of A must be different from zero 

 Diagonal matrix: A matrix is said to be diagonal if all its elements 

outside the main diagonal are zero: 

( a ij = 0 for i ≠ j) 

 

 Upper triangular matrix: A matrix is said to be upper triangular if all its 

elements located below the main diagonal are zero. 

( a ij = 0 for i ≻ j) 

 

 Lower triangular matrix: A matrix is said to be lower triangular if all its 

elements located above the main diagonal are zero. 

( a ij = 0 for j ≻ i) 

 

 V.3 Different resolution methods 

 Methods for solving linear systems fall into two broad categories: 

(a) . Direct methods 

 These methods provide an exact solution in a finite number of steps ( 

assuming exact calculations). 

 Gaussian Elimination : Used to reduce the matrix A into a triangular 

shape, making it easier to solve. 

 LU decomposition : Factorizes A into a product of two matrices (lower 

triangular and upper triangular). 



 Cholesky methods : Used for positive definite symmetric matrices. 

(b) . Iterative methods 

 These methods start with an initial estimate of the solution and improve 

this approximation over iterations. 

 Gauss-Seidel method 

 Jacobi method 

 Conjugate gradient method 

 V.4 Gaussian Method ( Gaussian Elimination ) 

 The Gaussian method (or Gaussian elimination) is a direct method which is 

based on three main steps: 

 Triangulation : The matrix A is transformed into an upper triangular 

matrix U . 

 Resolution by backward substitution : Once U is obtained, the 

unknowns are calculated starting with the last one. 

 Partial or full pivot (optional) : To improve accuracy, swap lines to 

maximize pivot at each step. 

 Gaussian elimination method The Gaussian elimination method allows 

to find the solution of the system (AX=B) by transforming it into an upper 

triangular system which has the same solution. This method therefore consists of 

eliminating all the terms below the diagonal of the matrix (A). 

 Augmented matrix 

 The augmented matrix of the linear system (AX = B) is the matrix of 

dimension (n) by (n + 1) that we obtain by adding the right-hand side (B) to the 

matrix (A), that is to say: 

 

 Since elementary operations must be performed on both the rows of the 

matrix (A) and the rows of the vector (B), this notation is very useful. 

 The Gaussian elimination method is applied only in the case where no row 

permutation is performed. 

 In practice, the Gaussian elimination method consists of two parts: 

1. Transformation of the system into another triangular system having the same 

solution, by applying, on the lines, the following operations: 



 

 The index (k) is the step number, varies from 1 to (n− 1). The index (i ) is 

the line number (Li): For each value of (k) and (i) varies from (k + 1) to (n) 

We then obtain an upper triangular system of the form: 

 

 Where a' ij = 0 for all i ≻ j 

2- Calculate the solution (x i ) of the triangular system (V-13) 

 

 Exercise 1: 

 Solve the following system of equations using the Gaussian elimination 

method: 

 

 Solution to exercise 1: 

 We first write the augmented matrix: 

 

  We then perform operations on its lines in order to obtain an upper 

triangular system. We follow these steps: 

Step 1: Elimination on column 1 of the matrix 

We apply elementary operations on lines 2 and 3 as follows: 

 

 

We obtain: 



 

 

Note : element 2 is called pivot . 

Step 2: Elimination on column 2 of the matrix 

We apply an elementary operation on line 3 as follows: 

 

We obtain: 

 

Note : element 1 is called pivot . 

The upper triangular system obtained is therefore: 

 

 

Or again: 

 

So : 

 

 V.5 Gauss-Seidel method 

The Gauss-Seidel method is an iterative method based on successive 

improvement of the solution. It follows the following steps: 

1. We rearrange the system so that A is strictly diagonal dominant or 

positively defined , guaranteeing convergence. 

2. We initialize x 0 (initial approximate solution). 



3. At each iteration k , each unknown is updated as follows: 

 

Iterative methods used to solve a linear system of the form (V-2) are often 

written in the form: 

 

or ( x 
k +1 

) is the solution vector calculated at iteration (k+ 1), the matrix 

(T) and the vector (C) depend on the method in question. Indeed, by this 

relation we calculate the vector ( x 
k +1 

) from the vector ( x 
k 
) starting with 

a given starting vector (x 
0 

). We stop the iterations when the following 

convergence condition is satisfied: 

Or is the precision of the desired solution. That is to say, we stop the 

iterations when all the elements of the vector ( x 
k +1 

) converge to a 

precision The last vector ( x 
k +1 

) calculated will therefore be the 

solution. 

The Gauss-Seidel method is just a special case of iterative methods. 

If we assume for the moment that all the elements of the diagonal are non-

zero ( a ii ≠ 0 ∀ i) From an initial approximation of the solution that we 

will note X 0 = [x 1 
0 
, x n 

0 
] 

T 
we construct the algorithm 

 

Which consists of isolating the coefficient of the diagonal of each line of the 

system. More generally, we write : 

 

Which can also be expressed: 



 

 

 Convergence of the Gauss-Seidel method Definition A matrix is said 

to be strictly diagonally dominant if: 

 

 This definition means that the diagonal term ( a ii ) of the matrix (A) is 

clearly dominant since its absolute value is greater than the sum of the absolute 

values of all the other terms of the row. 

Convergence theorem: If the matrix A is strictly diagonally dominant, the 

Gauss-Seidel method converges, whatever the initial solution (X 
0 
) 



 


