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(General Introduction to Unconstrained
Optimization

Optimization is a fundamental pillar of applied mathematics, engineering, and the sci-
ences, concerned with finding the best possible solution to a given problem according to
specific criteria. Among the many categories of optimization, unconstrained optimization
occupies a central position, as it deals with the process of minimizing or maximizing an
objective function without any explicit restrictions on the decision variables. In other
words, it focuses on optimizing functions defined over an entire space without any con-
straints limiting feasible solutions. As emphasized by Nocedal and Wright [2], uncon-
strained optimization serves as the foundational basis for the entire field of optimization,
since most constrained optimization methods require solving a sequence of unconstrained
subproblems.

The primary goal in unconstrained optimization is to determine the point at which
the objective function achieves its minimum or maximum value. In practical terms, this
involves adjusting the input variables so that the function reaches its optimal value,
a concept that underlies numerous practical applications. For instance, in engineering
design, minimizing the weight of a structural component while maintaining sufficient
strength often starts with an unconstrained optimization formulation before additional
real-world constraints are imposed [3]. Similarly, in economics and finance, maximizing
utility or profit functions in idealized models often begins with unconstrained optimization
before incorporating market restrictions [1§].

Historically, unconstrained optimization problems have been studied extensively due
to their mathematical elegance and tractability. Classical approaches, such as gradient-
based methods, Newton’s method, and quasi-Newton algorithms, emerged as efficient
solutions for smooth and differentiable functions. Fletcher [5] notes that these methods
exploit first and second derivative information to iteratively approach optimal solutions
with high precision, making them suitable for a wide range of scientific and engineering
computations. Moreover, Nelder and Mead [9] developed direct search methods, like the
simplex algorithm, which do not require derivative information and are widely used for
optimizing non-differentiable or noisy functions.

The importance of unconstrained optimization has further increased with the rise of
data science and machine learning. Training modern neural networks relies on minimiz-
ing loss functions, which are typically formulated as large-scale unconstrained optimiza-
tion problems [6]. Techniques such as Stochastic Gradient Descent (SGD) and adaptive
methods like Adam [7] were developed to handle optimization problems with millions of
parameters and vast datasets, demonstrating the relevance of unconstrained optimization
in contemporary computational fields.

Beyond its practical applications, unconstrained optimization also provides fundamen-
tal theoretical insights. Concepts such as gradient, Hessian, and convexity originated and



were rigorously studied within the framework of unconstrained problems before being gen-
eralized to handle constraints and non-convexities in more complex scenarios. As stated
by Bertsekas [4], understanding unconstrained optimization is essential for anyone aiming
to grasp the general principles and algorithms of nonlinear programming.

Recent research continues to improve the scalability, robustness, and convergence of
algorithms in unconstrained optimization. Methods such as the limited-memory BFGS [§]
have been particularly impactful for large-scale problems where traditional quasi-Newton
methods become computationally infeasible. Furthermore, optimization software libraries
widely used in academia and industry, including MATLAB, SciPy, and TensorFlow, in-
tegrate efficient unconstrained optimization algorithms as core modules to solve diverse
real-world problems efficiently.

In conclusion, unconstrained optimization remains a fundamental area of optimization
theory and practice. Its algorithms, models, and insights are embedded in modern com-
putational tools and methods across disciplines. Whether for solving idealized mathemat-
ical problems, performing preliminary engineering designs, or training advanced machine
learning models, the role of unconstrained optimization is indispensable. As Nocedal
and Wright [2] emphasize, the continued advancement of optimization algorithms, espe-
cially for unconstrained problems, drives progress across the entire spectrum of numerical
optimization and its vast applications.

Finally, in this polycopé, we will present three major chapters to build a comprehensive
understanding of unconstrained optimization. The first chapter is devoted to essential
reminders of differential calculus and convexity, providing the theoretical tools required
for optimization analysis. The second chapter focuses on unconstrained minimization,
covering fundamental concepts and formulations. The third chapter introduces the main
methods and algorithms used to solve unconstrained optimization problems efficiently.
We conclude the polycopé with a collection of exercises and practical works (TP) to
consolidate the theoretical knowledge and enhance problem-solving skills in real-world
contexts.
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Chapter 1

Differential Calculus and Convexity

1.1 Review of Differential Calculus

1.1.1 Normed Vector Spaces
Let V' be a vector space over the field R.

Definition 1.1.1. An inner product on V is a mapping
(,):VxV—->R
that is bilinear, symmetric, and positive definite, meaning it satisfies:
1.

u, -y : V. — R is linear for allu € V,

,0) 1 V. — R s linear for allv € V,

{
2
3. (u,v) = (v, u) for all u,v €V,
4

v,0) =0 v =0, and (v,v) >0 for allv e V.

1.1.2 Directional Derivative

Definition 1.1.2 (Directional Derivative [18, Section 2.1]). Let f : R — R be
differentiable at x € R™. The directional derivative of f at x in the direction d € R"

18 defined as:
D¢(z;d) = lim flz+td) - f(x)

t—0 t

If f is differentiable at z, then Dy(z;d) = V f(x)'d

Example 1.1.1. Let f(x,y) = 2*> +y%. Compute the directional derivative at point (1,2)
in the direction d = (3,4). Solution: Vf(z,y) = (2x,2y). At (1,2), Vf(1,2) = (2,4).
Thus:

D¢((1,2);(3,4)) = (2,4) - (3,4) =6+ 16 = 22.



1.1.3 Canonical Basis and Norms

1.1.3.1 Canonical Basis

Let ey, eo, ..., e, denote the elements of the canonical basis of R", where ¢e; is the vector
in R™ given by:

1 ifj=1
(ei)j:5ij:{0 %f].#z.’ forall i, =1,2,...,n,
A D)

where 6;; is the Kronecker delta symbol.

1.1.3.2 Dot Product

Definition 1.1.3 (Dot Product [I8, Section 2.3|). For any z,y € R", the dot
product (z,y) is defined as:
i=1

Two vectors x,y € R™ are orthogonal (denoted x L y) if (x,y) = 0.

1.1.3.3 Euclidean Norm

Definition 1.1.4 (Euclidean Norm [I8, Section 2.3|). For any x € R", the Eu-
clidean norm of x, denoted ||x||, is defined as:

2]l = vz, 2) =

Properties of a norm (and thus of the Euclidean norm):
(i) |laz|| = |al]|z|| for all « € R and z € R™.
(i) llz +yll < llz]l + ] for all 2,y € R
(iii) ||0]] =0 and ||z|| > 0 if = # 0.

Definition 1.1.5 (Open Ball [I8, Section 2.3|). For every x € R™ and r > 0, the
open ball centered at x with radius r is defined as:

B(z;r) ={y e R": |ly — 2| < r}.




Definition 1.1.6 (Convergence). If (z*)) is a sequence in R™ and x is an element

of R", we say that z'¥) converges to x (denoted 2 — x) if ||z® — z|| — 0 as
k)

k — co. Equivalently, ™ — z if and only if xi — x; 1 R for each component 1.

Definition 1.1.7 (Interior, Open and Closed Sets [I8] Section 2.3]). Let U C R™.

1. The interior of U is the set of all v € U such that there exists r > 0 with
B(z;r) CU.

2. The set U is open if for every x € U, there exists r > 0 with B(z;r) C U.

3. The set U is closed if for every sequence {x®)} C U such that 2 — z € R",
we have x € U.

Definition 1.1.8 (Segment). If a,b € R™, we denote by |a, b] the subset of R™ given

by:
[a,0] ={a+t(b—a):te0,1]}.

The set [a,b] is called the segment connecting a to b.

Definition 1.1.9 (Cauchy-Schwarz Inequality [I8, Section 2.3|). For all x,y € R":

[{z )| < llzll - Nlyll-

Definition 1.1.10 (Directional Derivative). Let f : R™ — R and xq € R"™ where
f(zo) is defined. The directional derivative of f at x¢ in the direction d € R™ is
defined by:

fi(wo) = lim f(xo+td) — f(=xo)

t—0+ t ’

if it exists. This derivative gives the rate of change of f at xqy in the direction d.

Definition 1.1.11 (Fréchet Differentiability [2, Section 9.1]). A function f is said
to be Fréchet differentiable at xq € R™ if there exists a continuous linear map
L(zo) : R™ — R such that:

lim f(zo+d) — f(z0) — L(xo) - d

= 0.
d—0 |||

The map L(xq) is called the derivative of f at xy.




Example 1.1.2 (Example 1.1.1). Consider the function f:R?* — R defined by:

flzy,29) = 21 — x%

For any d € R%, we have:

lim flz+td) — f(x) ~ im flzy + tdy, xo + tdy) — f(xy, 22)

t—0+ t t—0+ t

— (1, -22y) (2) — Pla)-d

Example 1.1.3 (Example 1.1.2). Consider the function f:R*\{(0,0)} — R defined by:

_ Jatw /(1 +23),  (21,32) # (0,0),
flay,20) = {07 (o1.5) = (0.0),

Obviously, the function f is continuous at (0,0). Indeed, for x1 = rcosf, xo = rsinf,
with r > 0 and § € (0,27), we have:

3 29 ind
lim  f(zy,25) = lim L cos 75

————— = lim rcos®fsinf = 0 = f(0,0).
(z1,22)—(0,0) r—0+ r r—0+

Furthermore, f admits partial derivatives at (0,0) since:

a_f(()’ 0) = lim f(d1,0) — £(0,0)

=0,

and

8f 1 f(07 dZ) — f(07 0)
8_332(0’ O) - deH—I>10 dg

=0.

However, f is not Fréchet differentiable (and thus not differentiable) at (0,0) because:

f(di,d2) — £(0,0) — (6‘9—3{1(0’ 0), %(O’ O)) <d1)

d
lim 2/ lim cos? 6 sin 0
(d1.d2)—(0,0) [ (dy, do)|| =0

does not exist.

Definition 1.1.12 (Gateaux Differentiability). A function f is said to be Gdteaux

differentiable (G-differentiable) at xo € R™ if it admits a directional derivative at
xo n every direction d € R".

10



Definition 1.1.13 (Fréchet Differentiability). A function f is said to be Fréchet
differentiable (F-differentiable) at xo € R™ if there exists a continuous linear map
L(zo) : R™ — R such that:

i (%0 +d) = f(zo) — L(zo) - d

= 0.
d—0 |4l

The map L(xq) is called the derivative of [ at x.
In other words, f is F-differentiable at xq € R™ if there exists a continuous linear
map L(zo) : R™ — R such that:

f(wo +d) = [(wo) + L(wo) - d + [|d]| - w(d),

where limg_,o w(d) = 0.

Remark 1.1.1.

1. A function f can be G-differentiable at xy € R"™ without being continuous at that
point.

2. If f 1s F-differentiable at xo € R™, then it is continuous at that point.
3. The notion of F-differentiability is stronger than that of G-differentiability.

4. If f is F-differentiable at xo € R™ with derivative L(xy), then f is G-differentiable
at xg and L(xg) = f'(xo). The converse is false.

5. If f is F-differentiable, then f is differentiable.

6. A differentiable function at a point admits partial derivatives at that point. The
converse is generally false.

7. A function differentiable on an open set V. C R™ whose partial derivatives are all
continuous on V is said to be of class C* on V.

1.1.4 Gradient and Hessian Matrix

Definition 1.1.14 (Gradient [18, Section 2.1]). The gradient of f : R" — R at
point x s the vector of partial derivatives:

Vf(z) = (ﬁ ‘9f>T.

oxy 7 Oz,

Example 1.1.4 (Example 1.2.1). Consider the function f(zi,xs,13) = €' + xiw3 —
x1x9w3. Therefore, the gradient of f is given by:

11



e*l + 2x1x3 — Tox3
V (w1, z9,73) = —I173
[L’% — T1T2

Definition 1.1.15 (Hessian Matrix [2, Chapter 2|). If f is twice continuously dif-
ferentiable, the Hessian matrixz is the matriz of second derivatives:

_[or Y

ij=1

Example 1.1.5. Let f(x,y) = 2* + 2y + y*>. Then:

i = (350). Ve - (7 ).

Example 1.1.6 (Example 1.2.2). Consider the function f(zi,zs,13) = € + z3w3 —
x1wex3. The Hessian of f is given by:

—xy —
H(;E): —X3 21’3 —X

—Ty —XT1 0

Example 1.1.7 (Example 1.2.3). Define
f(z1, 20, 23) = €™ + 2523 — T 17073

The Hessian of f is given by:

e’ —x3 —xX9
H(z)= | —x3 213 —xy

—To —XT1 0

In the following proposition, we provide the relationship between the gradient and
Hessian matrix.

Proposition 1.1.1 ([I8, Appendix A.4.3, pp. 656-657]).
1. The i-th row of V2f(z) is the Jacobian of the i-th component of V f.

2. We have
V2f(x)h = ViV f(z), Vz€R" VheR"

Proof.

1. This is obvious.

12



2. We have:

8il<vf( ~ O (g 8x] ) Z 81:18% Dhy = (V2 (@)h):.

[
Proposition 1.1.2 (Relation between V and V? [I8, Appendix A.4.2-A.4.3,
pp- 655-657]).
1. The i-th row of V2f(z) is the Jacobian of the i-th component of V f.
2. We have:
V2f(z)h = V(Vf(x),h), Vrc K,VhecR"
Proof.
1. This is obvious.
2. We have:
0 0 B af B 9
3a, (VI (@) 1) = 5o (; 5 ) Z axz awj = (V2 f(2)h):
O

Example 1.1.8 (Example 1.3.7). If f : R" — R is a constant function, then Vf =
Vif =0.
Let f : R™ — R be defined by
f(z) =(a,x), VzeR"

where a € R™ is a given vector (i.e. f is a linear function). Then we easily compute:

o _ ag, So
axk k>
Vf=a
(the gradient is constant).
Thus,
Vif =

[ Definition 1.1.16. We say that =* is a stationary point of f if V f(z*) = 0.

13



1.1.4.1 Taylor Expansion

Theorem 1.1.1 (Taylor’s Theorem [2, Section 9.1]). If f is twice continuously
differentiable, then:

flz +d) =~ f(z) + Vf(z)'d+ %dTV2f(x)d.

In particular, if one uses the Hessian at x one obtains the second-order approrima-
tion

fla+d) = f(z) + Vf(x)' d+ 54"V f(z)d+o(l|d]*) (ld]] =0).  (L.1)

Proof. The proof proceeds by reducing the multivariate statement to the classical one-
variable Taylor theorem applied to the function obtained by restricting f to the line
through x in direction d.

Define the one-variable function

g:10,1] = R, g(t) == f(x +td).

Because f € C? on a neighborhood of the segment {z + td : t € [0,1]}, the function g is
C? on [0,1]. By the chain rule we have for every ¢ € [0, 1]:

gdt)=Vf(x+td)'d, (1.2)
g'(t) =d"V2f(x +td) d. (1.3)

Apply the one-variable Taylor theorem with Lagrange remainder to g about ¢ = 0 evalu-
ated at ¢t = 1. There exists £ € (0, 1) such that

g9(1) = g(0) + 4'(0) - 1 + 54" (€) - 1*.
Substituting ¢(0) = f(z) and using (L.6)—(L.7) yields
fla+d) = flx)+ Vf(x) d+Ld"V’f(z+ &d)d,

which is exactly (??) with 6 = £. This proves the theorem.

To obtain the approximation , note that continuity of V2f implies V2f(z +
0d) = V2f(x) 4+ o(1) as ||d|| — 0, and therefore the remainder term in (??) equals
1d"V2 f(z)d + o(]|d||?). O

Remark 1.1.2 (Integral form of the remainder). A convenient and often-used alternative
is the integral form of the remainder, obtained by integrating g"(t) twice:

1
o) =90) +50)+ [ (=D O
Replacing ¢"(t) = d"V2f(z + td) d gives the identity
1
flx+d) = f(x)+Vf(z)'d+ / (1—-t)d"V?f(x +td) ddt. (1.4)
0

Subtracting %dTVQf(x)d from both sides yields an explicit expression for the error of the
quadratic approximation.:

R(d) := f(a:+d)—( F(2)+V f(z) d+1d V2 f(a:)d) - /0 (1—t) d" (V2f (x-+td)—V2f (x))d dt.

14



Corollary 1.1.1 (Remainder bound under Lipschitz Hessian). If, in addition, the Hessian
is Lipschitz continuous on the segment {x +td : t € [0, 1]} with Lipschitz constant L > 0,
1.€.

IV2f(y) — V2f(2)|| < Llly — 2| fory,z on the segment,

then the remainder satisfies the cubic bound

[R(d)] <

L
Z 14l 1.5
e (15)
so the quadratic model approzimates f to order O(||d||?).

Sketch of proof of the bound. From the integral expression for R(d) and the inequality
|d" Ad| < || Al ||d||* (operator norm), we obtain

R@I < [ Q=095+ td) = V() | P .

By the Lipschitz condition ||V2f(z + td) — V2 f(z)|| < Lt||d||, hence

1

R < [ =0 Lea [al at = hal® [ o= o=

which proves (|1.5]). O

Remark 1.1.3 (Exactness for quadratic functions). If f is a quadratic function whose
Hessian is constant (i.e. V2f does not depend on the point), then the Lagrange remainder
vanishes and (??) is exact for all d:

T T
flx+d) = flx)+Vf(x) d+id"V*fd.
Suggested use in a handout: include Theorem ??, the compact proof above, and the

integral remainder (1.8). Add Corollary when you discuss error estimates used in
optimization (trust-region / Newton methods).

Example 1.1.9. Using f(z,y) = > + 2y + y* at point (0,0) with d = (1,1):
T 9 2 1
F0.0 =0, Vi0.0 = 0,07 0.0 (7 ).

Thus,

1/1\" /2 1\ /1 1 1
n=osos () (2 D) () = barrrin-eoms

1.1.4.2 Different forms of Taylor’s formulas

The Taylor formula is an important tool in convex analysis. We recall it here in the

general case.
Let Q C R™ be open, f:Q — R, a € Q, and h € R" such that [a,a + h] C Q. Then:

L. If f € CY(D), then:

15



(a) **First-order Taylor formula with integral remainder™**:

1
fla+h) = fla) + / (V F(a+ th), h) dt.
0
(b) **First-order Taylor-Maclaurin formula™**:
fla+h) = f(a)+(Vf(a+th)h).
(¢) **First-order Taylor-Young formula**:

fla+h) = f(a) +(Vf(a+th),h) +o(|[h]).

2. If f € C*(Q), then:

(a) **Second-order Taylor formula with integral remainder**:
1
fla+h)= f(a) +(Vf(a),h)+ / (1= t)(V?f(a+ th)h,h)dt.
0
(b) **Second-order Taylor-Maclaurin formula**:
1
fla+h) = f(a)+(Vf(a),h)+ §(V2f(a +6h)h,h), with0 <60 <1,

(¢) **Second-order Taylor-Young formula™**:

fla+h) = fla)+(Vf(a),h) + %<V2f(a)h7 h) + o([[A]%).

Theorem 1.1.2 (Second-order Taylor’'s Theorem). Let f : R* — R be a twice
differentiable function on an open set V.C R"™. Then:

1. For any d € R" such that v +d € V', we have:
1
f@+d) = f() +d"V (@) + 5d"Vf(@)d + o(ld]]*).
2. For any d € R" such that x +d € V, there exists t € [0,1] such that:

fz+d) = f(x) +d"Vf(z)+ %dTVQf(x + td)d.

Proof. We prove both items by reducing to a one-variable Taylor expansion along the line
segment from z to = + d.
Define the one-variable function

g:10,1] = R, g(t) == f(x +td).

16



Because f € C? on an open set containing the segment {x + td : ¢ € [0,1]}, the function
g is of class C? on [0,1]. By the chain rule we obtain for every ¢ € [0, 1]:

g(t)=Vf(z+td)'d,
g"(t) =d"V*f(x +td)d.

Integral form (useful intermediate identity). Integrate ¢” twice using the funda-
mental theorem of calculus. First,

and integrating this identity from ¢ = 0 to ¢t = 1 with weight (1—t) (or directly performing
the standard two-fold integration) yields the well-known integral remainder formula

1
o) =90) +50)+ [ (=D O (18)
Substituting — into gives
flz4+d) = fx)+Vf(x)'d+ /1(1 —1)d "V f(x +td) ddt. (1.9)
0

Equation (1.9) is exact and will be the basis for proving (1) and (2).

Proof of (2) (Lagrange form). Because g € C?([0, 1]), the one-variable Taylor theorem
with Lagrange remainder guarantees existence of some & € (0, 1) such that

g(1) = g(0) + g'(0) + 39"().
Using (1.6)—(L.7) we obtain
fla+d) = flx)+ Vf(x) d+Ld"V’f(z+&d)d.

Setting t = ¢ yields exactly the claimed Lagrange form of the remainder. This proves (2).

Proof of (1) (the o(]|d||*) statement). We start from the integral identity (1.9) and
split the integrand into the value at = plus the deviation:

fa+d) = f(z) + V@) Td+ /O (1= ) d"(V*f(a + td))d dt

:f(a:)+Vf(93)Td+%dTVQf(x)CH—/O (1—t)d" (V*f(zx +td) — V> f(x))ddt.

J/

-

=:R(d)

Thus the remainder beyond the quadratic term is
1
R(d) = / (1—t)d" (V2 f(x +td) — V*f(x))d dt.
0

Now use the continuity of V2f at x (since f € C?). For any € > 0 there exists § > 0
such that whenever ||d|| < and ¢ € [0, 1] we have

IV2f(z +td) = V2f(2)| <,
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where || - || denotes the operator norm (or any matrix norm equivalent to it). Using the
quadratic form bound |d" Ad| < ||A|| ||d||?, we obtain for ||d|| < d:

1

R < [ 0= 019+ td) = Vi@l dr < e [ 1= 0de =5 al®

Since € > 0 was arbitrary, this shows

[R(d)] _
ldf—o || d||? ’

i.e. R(d) = o(]|d||*). Substituting back gives the expansion
1
fle+d) = f(2) +d"Vf(z) + 5d "V f(@)d+of|ld]]*),

which proves (1). O

Remark 1.1.4. o [f the Hessian V2 is Lipschitz on the segment {z+td : t € [0,1]}
with constant L, one can strengthen the preceding estimate to the cubic bound

L
()| <l

showing the quadratic model approzimates f to order O(||d|?).

e [f f is a quadratic polynomial (Hessian constant), the remainder vanishes identically
and the formula is exact for all d.

1.1.5 Convexity

1.1.5.1 Convex Sets

Definition 1.1.17 (Convex Set [18, Section 2.1]). A set C' C R" is convex if for
any z,y € C and 6 € [0, 1]:
Oz + (1 —0)y € C.

Example 1.1.10. The set C' = {x € R" : Ax < b} is convex since it is an intersection of
halfspaces.

1.1.5.2 Convex Hull

Definition 1.1.18 (Convex Hull [18, Section 2.3|). The convex hull of a set S C R"
is the smallest convex set containing S, defined as:

k k
conv(S) = {Zeleag € 5,0, 20,292‘: l,kEN}.

i=1 i=1
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Definition 1.1.19. Given two points a,b € R™, the segment [a,b] is defined as:
[a,b) ={x € R" : x = (1 — t)a + tb for some t € [0,1]}.

A set K C R"™ is called convex if, for all points a,b € K, the segment [a,b] is
contained in K.

Properties of Convex Sets.

1. The definition of a convex set can be interpreted by saying that the segment con-
necting x and y must be contained in C.

2. Let x1,22,...,2; € R" and t; > 0 such that Zle t; = 1. Any expression of the

form:
k
E 1
j=1

is called a convex combination of the points z; or a barycenter.

3. If C7 and (5 are two convex sets in R", then K = C; N Cy is convex, and

K:{x:x:xl—i-xQ,xlECl,xgng}

1S convex.

Example 1.1.11 (Examples 1.4.1).

1. The intersection of convex sets is convex. This follows directly from the definition.

2. An affine subspace K of R™ is convex. Recall that K C R™ is an affine subspace if
there exists a vector subspace V.C R™ and a vector v € R™ such that x € K if and
only if t —v € V.. To show that K is conver, let x,y € K, and set z = (1 —t)x +ty
witht € [0,1]. Thenx—v,y—v €V, and thus z—v = (1—t)(z —v)+t(y—v) € V,
hence z € K.

1.1.6 Convex Functions

1.1.6.1 Convexity and Differentiability

Definition 1.1.20 (Convex Function [I8, Section 3.1]). A function f : C — R
defined on a convex set C' is conves if:

flz+ (1 —0)y) <0f(x)+ (1 —0)f(y), Va,yeC 0el01]
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Proposition 1.1.3 (First Order Condition). If f is differentiable, then f is convex
if and only if:
f) 2 f2) + V@) (y—2), Vo,yeC.

Proof of equivalence. (=) Assume f is convex. Fix z,y € C and t € (0,1]. By convexity,

F(A=tz+ty) <A =t)f(x) +tf(y).
Rearranging gives .

Letting ¢t — 07, the left-hand side converges to the directional derivative of f at z in the
direction y — x, that is V.f(2) T (y — x). Hence,

fly) > f(2) + V(@) (y — ).
(<) Conversely, assume that
f) > fx)+ V@) (y—=z), Vayel

Fix z,y € C and 0 € [0, 1], and set z = (1 — #)x + fy. Applying the inequality with base
point z yields

fl@) 2 f(2) + V() (@ =2),  fly) = f(2) + V() (y-2).

Multiplying the first inequality by (1 — @) and the second by 6, then adding, we obtain

(L= 0)f(2) +0f(y) = f(z) + V() (1 =)z —2) + 0y - 2)).

But (1 —6)(x — z) + 0(y — z) = 0 by construction of z. Hence

(1=0)f(x) +0f(y) = f(2),

which is exactly the convexity inequality. Therefore f is convex. m

Proposition 1.1.4 (Second Order Condition). If f is twice differentiable, then f
18 convex if and only if its Hessian is positive semidefinite everywhere on C'.

Proof. We prove both directions.

= Assume f is convex on C and f € C*(C). Fix x € C and an arbitrary vector v € R”
such that the segment {x +tv: t € (—¢,¢)} is contained in C' for some € > 0 (this holds
at least for small €). Define the one-variable function

o(t) :== f(z + tv), t € (—¢¢).

Since f is convex on C and t — x + tv is affine, ¢ is a convex function of ¢. Because
f e C*C), ¢ is twice continuously differentiable and by the chain rule

O (t) = Vf(z+tv) v, ©"(t) = v V2f(x +tv)v.
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Convexity of ¢ implies ¢”(t) > 0 for all ¢ in the interval; evaluating at ¢t = 0 gives

v V2 f(x)v = ¢"(0) > 0.
Since v was arbitrary, V2f(x) is positive semidefinite. As z was arbitrary in C, the
Hessian is positive semidefinite everywhere on C.

< Conversely, assume V2 f(z) = 0 for every x € C. To prove convexity of f, fix arbitrary
x,y € C and consider the function

o) = (e ty— o), tel0]
Then g € C?([0,1]) and by the chain rule

J't)=(y—2) V2 f(z+tly—2))(y—2) >0
for all ¢ € [0, 1], because each Hessian along the segment is positive semidefinite. Hence g
is a convex function on the interval [0, 1].
Convexity of g implies, for every 6 € [0, 1],
g9(0) < (1 —0)g(0) + 0g(1).

Translating back to f (noting g(0) = f(z), g(1) = f(y) and g(8) = f((1 — )z + Oy))
yields

F(A=0)z+0y) < (1—0)f(x)+0f(y),
for all x,y € C and all § € [0,1]. This is exactly the definition of convexity of f on C;
therefore f is convex.

Integral (Taylor) representation. For completeness, we derive the integral identity
that explicitly shows how the Hessian appears in the difference f(y)—f(z) -V f(z)" (y—2).
With v :=y — = and g(t) = f(x + tv) as above, integrate g” twice on [0, 1]:

d@—ﬂ@=£¢@%,

and then

o) =90 -0 = [ (0 -go)a= [ ([ ds)a

By Fubini (or direct computation of the triangular integral),

[ ([reas)a- [a-areas
Therefore

fly) = fl2) + V(@) (y —2) +/0 (1=3)(y—2) V*f(a+s(y —2)(y — z)ds.

If V2f(-) = 0 on C, the integrand is nonnegative for all s € [0,1], hence the integral is
> 0, which immediately yields the first-order inequality

fy) = f(2) + V@) (y - 2),

and therefore convexity (by the first-order characterization). This integral identity also
quantifies how the curvature (encoded by the Hessian) contributes to the deviation from
linearity.

O
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1.1.6.2 Monotone Functions

Definition 1.1.21 (Monotone Function [I8| Section 3.1]). A function f : R — R
is monotone increasing if x <y implies f(x) < f(y).

Example 1.1.12. The exponential function f(x) = €® is monotone increasing.

Definition 1.1.22. A real-valued function J : K CV — R defined on a convex set
K of a vector space V' is said to be convex on K if for all points u,v € K and for
all real numbers t with 0 <t < 1, the following inequality holds:

Jtu+ (1 —t)) <tJ(u)+ (1 —1t)J(v).
It is said to be strictly convex on K if:

u,ve Kiu#v,te (0,1) = Jitu+(1-1t) <tJ(u)+(1-1t)J(v).

Definition 1.1.23. A function f is said to be strongly convex with constant o > 0
if:
a
fltry + (1 —t)zg) < tf(xy) + (1 —1)f(x2) — 515(1 —t)||z1 — zo?

It can be easily shown that a strongly convex function is strictly convez.

Remark 1.1.5. Strong convexity = strict convexity => convexity.

Definition 1.1.24. A function f: K CV — R defined on a convez subset K of a
vector space V' is said to be (strictly) concave if the function (—f) is (strictly)
convez.

Example 1.1.13 (Examples 1.4.2).

1. An affine function is convexr on R™, but not strictly conver. An affine function is
given by f(x) = (a,x) + b for some a € R and b € R.
2. A norm is convexr on R™ but not strictly conver. This follows from the triangle

inequality: for all z,y € R™ and t € (0,1),
(1 =t)z +tyl| < (L= t)||=l| + t]lyl]-

The inequality is not strict because if y = Az for some A > 0, equality holds.
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Operations on Convex Functions. Let K C R" be convex.
1. The sum of two convex functions on K is convex.
2. If f: K — Ris convex and A > 0, then \f is convex on K.
3. The maximum of two convex functions on K is convex.

4. If f: K — R is convex and L : R™ — R" is linear, then f o L is convex on

V={xeR": Lx) € K}.

Definition 1.1.25 (Epigraph of a Convex Function). Let K be a non-empty subset
of R" and f: K — R. The epigraph of f, denoted epi(f), is defined as:

epi(f) ={(z,y) ER"™" 1z € K,y > f(a)}.

Equivalently,
epi(f) ={(z,y) € K xR:y > f(z)}.
It is the set of points above the graph of f.

Theorem 1.1.3. Let K be a non-empty convex set in R™ and f : K — R. Then

f is conver <= epi(f) is convex.

Proof. We prove the two implications separately.

= Assume f is convex on K. We show that epi(f) is convex. Fix two arbitrary points
(x1,t1), (9, t9) € epi(f) and let 6 € [0,1]. By membership in the epigraph we have
t1 > f(z1) and t2 > f(23). Because K is convex and zy,x2 € K, the point

xg = (1 — )z + Oxs
belongs to K. Consider the convex combination in R” x R
(zo,t9) := (1 — O)(z1,t1) + O(za, t2) = (1 — O)z1 + bz, (1 — 0)t; + 615).
Using convexity of f and the inequalities t; > f(x;), we obtain
(L—0)ty + 6t > (1= 0)f(z1) +0f(z2) > f((1 — O)zy + Oz2) = f(0).

Thus tg > f(xg), so (zg,ts) € epi(f). Since the two arbitrary points and arbitrary
0 € [0, 1] were arbitrary, epi(f) is convex.

< Conversely, assume epi(f) is convex. We prove f is convex on K. Fix arbitrary
r1,22 € K and 6 € [0, 1]. By definition of f we have

(21, f(21)), (22, f(22)) € epi(/f).
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Convexity of epi(f) implies that the point

(2o, tg) := (1 = O) (21, f(x1)) + O(2, f(x2))

belongs to epi(f). As before xy = (1 — 0)zy + Oxy and tyg = (1 — 0)f(x1) + 0f(x2).
Membership (zg,t9) € epi(f) means tyg > f(zy), i.e.

Rewriting yields the usual convexity inequality
F((L=0)z1 +0x) < (1= 0)f(21) + 0f(2).

Because z1, 15 € K and 6 € [0, 1] were arbitrary, f is convex on K.
This completes the proof of the equivalence. O

1.1.7 Convexity and Continuity

Proposition 1.1.5 (Jensen’s Inequality [18, Section 3.1.5, p. 72|). Suppose f is
conver on K, and let py,...,pm > 0 with py + --- + py, = 1. Then, for all
T1,...,Tm € K,

foizr + -+ pmxm) <pif(er) + - 4 Do f(Tm).

Proof. Immediate for m = 1; equivalent to the definition of convexity for m = 2; the
result follows by induction for m > 2. n

Theorem 1.1.4 (Continuity of convex functions [11, Theorem 10.1]). If K is open
and f 1s convexr on K, then f is continuous on K.

Proof. We prove it in the case K = R? and at the origin for simplicity, with || - ||oo norm.
We proceed in two steps:

Step 1. Show there exists C' € R such that for all » > 0 in a neighborhood of 0, and
for all  with [|z] < r,

flz) = f0)<Cr
Assuming x is in the first quadrant (other cases are similar), we have:
r = p10 + pae1 + psey,

where p; = 1 — 21 — 2, po = 71, p3 = 72, and 0 = (0,0), e; = (1,0), ez = (0,1). For
sufficiently small r, py, ps,p3 > 0 and p; + po + p3 = 1.
By Jensen’s inequality,

f(x) <puf(0) + pafler) + psf(ea),

thus
f(x) = £(0) < [pr = L[ F(O)] + palf(ex)] + ps[ f(e2)].

24



The assertion then follows from the fact that

pr — 1] <2r, pa<r, p3<r.

Step 2. We now show that there exists C’ € R such that for all 7 > 0 in a neighborhood
of 0, and for all x with ||z|| < r, we have:

f(0) = f(z) < C'r.
To see this, we write:
0 = p1z + po(—e1) + p3(—ea),
with
p1,p2,p3 >0, p1+p2+ps=1

This decomposition is made possible by taking:

1 T i)

M Tarm P et P irnte

assuming again that z is in the first quadrant. By convexity of f, we find:
f0) = f(z) < pr = L[ f ()] + p2| f (=€) + ps| f(—e2)]-
Taking r sufficiently small, and observing again that:
lp1 =1 <2r, pp<r, p3<r,

and using Step 1 to bound |f(z)|, we obtain the desired result.
Thus, continuity at the origin follows directly from the two assertions above.

Remark 1.1.6. The proposition is false if K is not open. For ezample, let K = [0,1] C R
and consider f : K — R defined by

0, ifze(0,1),
f(@_{l, if v € {0,1}.

Definition 1.1.26. Let f be a function defined from K to RU{+oc}. The domain
of f, denoted dom(f), is defined as:

dom(f) ={x € K : f(z) # +oo}.

Definition 1.1.27. A function f defined on K is said to be coercive if:

lim T) = +00.
||x||—>+oof< )
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Definition 1.1.28. A function f defined from K to RU{+o0} is said to be lower
semicontinuous (LSC) if for all x € K :

lim inf £(y) > f(x).

Yy—x

Remark 1.1.7. 1. Lower semicontinuity is stable under addition.
2. Every continuous function is LSC.

3. The indicator function of a closed convex set is LSC (i.e., the function that is zero
on the conver set and +oo outside).

4. If f is LSC, then for every a € R, the sets
{reK: fx)<a} and {(z,a)e K xR: f(z) <a}

are closed.

Definition 1.1.29. A function from K to R = RU {+oo} is said to be proper if
it 18 not identically equal to 400 and does not take the value —oo.

1.2 Convexity and First-Order Differentiability

Below is a first result that allows one to recognize the convexity of a function using its
first derivatives.

Proposition 1.2.1 (Characterization of convexity via derivative [II, Theo-
rem 24.1|). Let f be a differentiable function on an interval I C R. Then:

f is convex <= f’ is non-decreasing on I.

Proof. Suppose f is convex and show that f’ is non-decreasing. Let 0 < A\; < As. Then,
by convexity of f:
)\1 )\1 )\1

flz+XMd) = f((l — )\—2)90+ )\—2(95—1- )\2d)> <(1- )\—Z)f(.r) + i—:f(x—l—)\zd).

Therefore:
flz+Md) — f(x) < fla+ Aod) — f(x)
A - Ao '

Hence the result.
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2. Suppose that f’ is increasing, and let us show that f is convex. Let x,y such that
y > x. Define the function:

p(t) =tf(x) + (1 =) f(y) — fltz + (1 - t)y).
We want to show that o(t) > 0 for all ¢ € [0,1]. Note that (0) = (1) = 0. Moreover:
¢(t) = fl@) = fy) + (v —2)f'((z —y)t +y).
Since y — x > 0, we have:
¢'(t) =k+af'(y —at),

with @ > 0. This function is decreasing since f’ is increasing.
If ¢/(1) > 0, then for all t € [0, 1],

¢'(t) >0,
and .
o(1) = 0(0) + / (1)t > o(0) = (1),

which is absurd. Hence ¢’(1) < 0. Similarly, one shows that ¢’(0) > 0. Therefore, for all
t €[0,1], ¢(t) > 0, and thus f is convex.

Corollary 1.2.1. Let f be twice differentiable on an interval I C R. Then:
f is conver < f" >0 on I,
f is concave <= f" <0 on I.
Example 1.2.1. 1. f(z) = 2? is conver since f"(z) =2 > 0, Vo € R.
2. f(x) =¢€" is convex since f"(x) =e* >0, Vo € R.

3. f(z) =Inz is concave since f"(z) = -5 <0, Va € (0, +00).

Theorem 1.2.1 (First-order characterization of convexity [?, Theorem 25.1]). Let
E be a normed space, K an open conver subset of £/, and f : K — R a differentiable
function. Then the following are equivalent:

1. f is conver on K;
2. Vz,y € K, f(y) 2 f(z) + f'(z) - (y — @);
3. Vo,y € K, [f'(y) = f'(@)] - (y —2) = 0.

Proof. We prove the cycle of implications (1) = (2) = (3) = (2) and then (2) = (1).

(1) = (2). Assume f is convex on K. Fix z,y € K and define the one-variable function
P[0 =R, p(t) = flo+ iy — o).
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Since f is convex on K and the map ¢t — z +t(y — x) is affine, ¢ is a convex function on
[0,1]. Because f is differentiable on K, ¢ is differentiable on [0, 1] with derivative

P () = [z + ity — 7)) (y — 2).

A standard property of convex differentiable functions on an interval is that their graph lies
above every tangent line; in particular, ¢(1) > ¢(0) + ¢’(0). Substituting the definitions
gives

fla+y—=z)=fy) > fl@) + f(z)(y — 2),
which is exactly (2).

(2) = (3). Assume (2) holds for all z,y € K. Apply (2) with the pair (z,y) and then
with the pair (y, z):

f) = f(2) + f(2)(y — =),

f@) > fly)+ fy)(z —y).

Add these two inequalities to obtain
0> f(z)(y —2) + f'y)(z—y) = ()~ f@)(y—=).

Rearranging yields (f'(y) — f'(z))(y — x) > 0, which is (3).

(3) = (2). Assume (3) holds. Fix z,y € K and consider again the one-variable function
o(t) :== f(z+tly —x)) for t € [0,1]. As before, ¢'(t) = f'(x + t(y — z))(y — z). The
hypothesis (3) implies that for every t € [0, 1],

P'(t) = (0) = (fz +tly —2) = f'(@)) (y —x) >0,

so ¢'(t) > ¢'(0) for all ¢ € [0, 1]. Integrating this inequality over ¢ € [0, 1] yields

1 1
P =00 = [ GOd= [ F0d=20).
0 0
Unwinding the definitions gives

fly) = f2) = f'(2)(y — ),
which is exactly (2). Thus (3)=(2).
(2) = (1). Assume (2) holds. For each z € K define the affine function L, : K — R by

L.(y) = f(z) + f'(z)(y — 2).

Hypothesis (2) states precisely that L,(y) < f(y) for all y € K, i.e. every tangent affine
map L, is a global underestimator of f. Moreover L,(x) = f(x) for each x. Hence, for
any fixed y € K,

sup L, (y) = f(y),

rzeK

because the supremum is bounded above by f(y) (by (2)) and is attained at z = y. But
the pointwise supremum of an arbitrary family of affine (hence convex) functions is a
convex function. Therefore f is convex on K. This proves (2)=(1).

Combining the implications above gives the equivalence of (1), (2), and (3). O
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Remark 1.2.1. e The pairing f'(z)(y — ) denotes the action of the bounded linear
functional f'(x) on the vector y —x. In finite dimensions f'(x) is the usual gradient
and the pairing reduces to the dot product V f(z)" (y — x).

o The representation f = sup,cy L, used in (2)= (1) is the standard fact that o differ-
entiable function that lies above all its tangents is the supremum of those tangents;
this is the cornerstone of the first-order characterization of convexity.

Theorem 1.2.2 (First-order characterization of convexity [?, Theorem 25.1]). Un-
der the same assumptions, the following are equivalent:

1. f is strictly convex on K;
2. Vz,y e K,z #y: f(y) > flz) + f(z) - (y — 2);
3. Vo,ye Koz #y: [f'(y) — f()]- (y—=z) > 0.

Proof. We prove the cycle of implications (1) = (2) = (3) = (2) and then (2) = (1).
(1) = (2). Assume f is strictly convex on K. Fix z,y € K with = # y, and define the
one-variable function

¢:[0,1] = R, o(t) == f(x—f—t(y — x))

Because f is strictly convex on K, the restriction ¢ is strictly convex on [0, 1]. Differen-
tiability of f implies ¢ is differentiable, with

ot)=f(z+tly—x))(y—zx).

A standard property of strictly convex differentiable functions on an interval is that the
graph lies strictly above any tangent line except at the tangency point; in particular,
©(1) > ¢(0) + ¢'(0). Unwinding definitions yields

fy) > fl@)+ f'(z)(y — x),

which is (2).

(2) = (3). Assume (2) holds for all distinct xz,y € K. Apply (2) first to the pair (z,y)
and then to (y, z):

fy) > fl@)+ f(z)(y — ),
f@)> f)+ f'(y)(z—y).

Adding these strict inequalities gives
0> f'(2)(y—2) + f'(y)(z —y) = = (F'(y) = f' (@) (y - 2).

Rearranging yields (f'(y) — f'(x))(y — z) > 0, which is (3).

(3) = (2). Assume (3) holds. Fix z,y € K with  # y and define again ¢(t) = f(z +
t(y —x)) for t € [0,1]. Then ¢'(t) = f'(x +t(y — x))(y — x). From (3) we have for every
t e (0,1]

(f'(@+ty —2)) = f'(2))(y — =) >0,
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hence ¢'(t) — ¢’ (0) > 0, so ¢'(t) > ¢'(0) for all ¢t € (0, 1]. Integrating ¢’ over [0, 1] yields

1 1
o) = ¢0) = [ ¢0de> [ )it =40,
0 0
Unwinding definitions gives

fy) = f@) > f(2)(y — x),
which is (2). Thus (3)=(2).

(2) = (1). Assume (2) holds. We show f is strictly convex. Fix distinct points z,y € K
and take any A € (0,1). Put z:= (1 — ANz + Ay € K. We must prove

f(z) <X =X f(x)+ Af(y).

Apply (2) with base point x and argument z. Since z # x,

f(z) > f(x) + f'(2)(z — x).

Rearrange this inequality to express f'(z)(z — x):

f@)(z —2) < f(2) = f(2).

Now multiply the strict inequality from (2) for the pair (z,y) by A > 0:

A(f(y) — F(a) = f'(x)(y — ) > 0.

But 2 —x = Ay — ), so f'(z)(2 — x) = Af'(x)(y — ). Substitute this into the previous
displayed inequality to obtain

A (y) = Af(x) = f(2)(z — ) > 0.

Rearrange:
fi@)(z —2) < AM(f(y) — f(2)).
Combine this with f(z) > f(x) + f'(x)(z — x):

f(2) < f@)+ AM(f(y) = f(2)) = (1= N f(2) + M (y).

This is the strict convexity inequality at z. Since x,y and A were arbitrary (with z # v,
A€ (0,1)), f is strictly convex on K. Thus (2)=-(1).

Collecting the implications above we obtain the equivalence of (1), (2), and (3). O

Remark 1.2.2. e In finite dimensions the Fréchet derivative f'(x) identifies with the
gradient ¥V f(x) and the pairing f'(z)(y —x) becomes the dot product V f(z)" (y—x).

e The arguments above mirror the nonstrict case but replace weak inequalities by strict
wmequalities; care 1s taken when integrating or adding inequalities to preserve strict-
ness.
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Theorem 1.2.3. Let E be a Euclidean space, K an open convex subset of E, and
f: K — R a differentiable function. Then the following are equivalent:

1. f is strongly convex on K;
2. Ja>0,Vz,y € K : f(y) = f(2) + f'(2) - (y — 2) + §lly — 2|1
8. Ja>0,VYa,y € K :[f'(y) — f'(@)] - (y — 2) > ally — =|*.

Proof. We prove the cycle of implications (1) = (2) = (3) = (2) and then (2) = (1).

(1) = (2). By definition, f is strongly convex with modulus o > 0 iff the function
g = f—%| | is convex on K. Since g is convex and differentiable, the first-order
condition for convex functions gives for every x,y € K,

9(y) > g(x) +g'(x) - (y — ).

Now ¢'(z) = f'(z) — ax (the derivative of al|z||* is ax), so substituting ¢ and ¢’ yields

F@) = 5lyll* = f@) = ll=l* + (f'(2) — ax) - (y — ).

Rearrange terms (expand the quadratic terms or move a-terms to the right) to obtain the
desired inequality

FW) = f@) + f'(@) - (y—2) + 5lly — =]
Thus (1)=(2).
(2) = (3). Assume (2) holds for some a > 0. Apply (2) with the ordered pair (x,y) and
then with (y, z):

fy) = f(@)

> f(x)+ f(x) -
f@) > fy)+ ) - (z—y) + Sz =yl

Add the two inequalities (note ||z — y|| = ||y — x||) to get

0> f'(x)-(y—a)+ f'(y) (@—y)+ally—zlP ==(f'(v) = f'(®)) - (y — ) + ally — z|*.

) (y—2)+ 5y — =l

Rearranging yields
(f'(y) = f'@) - (v —2) > ally — 2|,
which is (3).

(3) = (2). Assume (3) holds for some o > 0. Fix z,y € K and set d := y — x. Because f
is differentiable, the map t — f’(z + td) is defined for ¢ € [0, 1]. For each ¢ € [0,1] apply
(3) to the pair (z,x + td) to obtain

(f'(z+td) — f'(z)) - ((z+td) — z) > o (z + td) — z|?,

ie.
(f'(x +td) — f'(x)) - (td) > at?[|d]*.
For ¢t > 0 divide by ¢ to get

(f'(@ +td) = f'(2)) - d > at||d|]*.
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(When t = 0 the left-hand side is 0 by continuity of f’, and the inequality then holds in
the limiting sense.) Now integrate this inequality with respect to ¢ over [0, 1]:

1 1
/ (f’(m+td)—f’(x)).ddt2/ at|d|? dt = <|d|>
0 0

But
/O(f'(x—l—td)—f'(:v))-ddt:/o f’(:)s+td)-ddt—/0 f’(:z:)-ddt:/o f(z+td)-ddt—f'(x)-d.

Using the fundamental identity (line integral representation of the increment)

f() — fla) = / [+ td) - ddt.

we obtain
fly) = flx) = f'(x) - d > §]ld|]%,
which is exactly
fly) = fla) + fl@) - (y —2) + §lly — ||
This proves (3)=(2).

(2) = (1). Finally, assume (2) holds for some o > 0. Define g := f — || - ||>. Then for
every x,y € K the inequality (2) is equivalent to

9(y) > g(z) +g'(x) - (y — ),

because the gradient of §| - [|* is ax, so ¢'(z) = f'(x) — ax. The displayed inequality is
the first-order condition for convexity of the differentiable function g, hence g is convex
on K. Therefore f = g+ || - ||* is strongly convex with modulus «, which is (1).

Combining the implications above proves the equivalence of (1), (2), and (3). ]

Remark 1.2.3. e [n finite dimensions the derivative f'(x) is identified with the gra-
dient V f(z) and the pairing f'(x) - (y — x) becomes V f(z)" (y — ).

o [f f is twice continuously differentiable, an equivalent and often used pointwise for-
mulation is V2f(z) = ol for allz € K.

e In the implication (3)=(2) we used the line integral identity f(y)— f(z) = fol flx+
td) - ddt together with a simple integration of the linear inequalities obtained from

(3).
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1.3 Convexity and Second-Order Differentiability

Definition 1.3.1. Let H(x*) be the Hessian matriz of f at point z*. Then:
1. H(z*) is said to be positive semi-definite (PSD), denoted H(z*) > 0, if
Ve € R", z"H(z*)x > 0.
Thus, all eigenvalues of H(x*) are non-negative.
2. H(z*) is said to be positive definite (PD), denoted H(z*) > 0, if
vz ¢ R*\ {0}, 2TH(z*)x > 0.

Thus, all eigenvalues of H(x*) are strictly positive.

Theorem 1.3.1 (Second-order characterization of convexity [18, Section 3.1.3]).
Let K C R™ be an open, non-empty convex set and f : K — R be a real-valued
function that is twice differentiable in K. Then:

1. f is convex in K if and only if the Hessian matriz is positive semi-definite
(p.s.d) at every point in K.

2. f s strictly convex in K if and only if the Hessian matriz is positive definite
(p.d) at every point in K.

Proof. 1. Assume that f is convex in K. Then:
Vot € K, f(o* 4+ A\v) > f(z*) + MV f(z*) 2, Vee K. (1.1)
Since f is twice differentiable in K, by the second-order Taylor-Maclaurin expansion:
f@* +2z) = f(2*) + MV (o) o+ %)\QxTH(a:*):U + N|z|Pa(z®, Ar).  (1.2)
Combining (1.1) and (1.2) gives:
%)\2$TH(:U*)$ + X2z Pa(z", Az) > 0.
Dividing by A? and letting A — 0 yields:
oTH (") > 0.
2. Conversely, suppose H(z*) is p.s.d. for all z*. Then:
fz) = f($*)+(Vf($*))T($—fC*)+%(w—x*)TH(C)(IE—I*)» ¢ =te+(1=t)z", £ € (0,1).

So:
f(x) = [f (@) + (V@) (z - a")] = %(iff —a")TH(¢)(z —2*) > 0,

hence f is convex.
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Example 1.3.1. Let f : R? = R be defined by f(z,y,z) = (x — 2)* + (y — 3)* + 22

o The gradient is:

20 — 4
Vf(%,y,Z): 2?/-6
2z
o The Hessian is:
2 00
H(z,y,z)=10 2 0] =2I3>0
0 0 2

Therefore, f is convex.

Remark 1.3.1. If f is convex, then any local minimum is also global. Moreover, if f is
strictly convex, then any local minimum is not only global but unique.

1.3.1 Exercises

1. Compute the directional derivative of f(z,y) = zy* at point (1,2) in the direction
d=(2,1).

2. Prove that the set S = {z € R" : ||z||2 < 1} is convex.

3. Show that f(z) = x? is convex on R.

1.3.2 Solutions
1. Vf(z,y) = (y? 2xy). At (1,2), Vf = (4,4). Thus:

Dy((1,2);(2,1)) = (4,4) - (2,1) =8 +4 = 12,

2. For any x,y in the set and 6 € [0, 1]:
102 + (1 = 0)yll2 < Oflzllz + (1= O)|yll <O+ (1-0) = 1.
Thus, it is convex.

3. f"(x) =122% > 0 for all z, thus f is convex.
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Sheet 01

Exercise 1

Let the following functions be:

3 3
1. fi(z) = §xf + 223 + §x§ + 2129 + 2T — 311 — T3

2. fQ(l’) = (l‘l — 1)2 + 10(%1 — 172)2
3. fa(x) = 522 + 5a5 — wywy + 11wy + 1oy + 11
(a) Calculate V f;(z) and V2 f;(z) for i = 1,2, 3.

(b) Among these functions, which are quadratic? Justify.

Exercise 2

Determine D f(x) and V?f(x) of the quadratic function:

() = 5o Az) + (2,0) +

where A € M,,«,(R), b € R", and ¢ € R.

Exercise 3

Give the second-order Taylor expansion of function f around point x, for:

(a) f(x) =me ™+ x5+ 1, 29 = (1,0)T.
(b) fla) =t — 22303 + 2, w0 = (1, 1)7.

Exercise 4

Let z(t) = (t*,t,t)T, t € R, and f(z) = 2123+ 2129+ 23, with x = (z1, 19, 23)T € R3.
Find £ f(z(t)) in terms of ¢.

Exercise 5

The purpose of this exercise is to derive Taylor’s formula for a function f : R* — R.
Let f € C?, x, 2y € R", and define:

(x — )

z(o) = o + .
[l = ol

Define the function ®(a) = f(z(«)).
(a) Determine ®'(a) and ®”(«).
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(b) By noting that f(z) = ®(||z — zo]|), deduce:

f(@) = f(xzo) + Df(wo)(z — x0) + %(Jf — 20)" V2 (o) (& — z0) + o] — wo|*).

Exercise 6
Let ¢ be a continuous function from R to R, and define f, g : R> — R by:

o) = | T otdt, gle,y) = [ oty

(a) Show that f and g are of class C* on R

(b) Let Df(x,y) and Dg(z,y) be the differentials of f and g at point (x,y), re-
spectively. Calculate Df(z,y)(h,k) and Dg(x,y)(h, k) for all (h, k) € R%

Exercise 7
Let f:R" — R and 2 : R — R"™ be two C? functions. Define g(t) = f(z(t)).

(a) Calculate ¢”(t) in the case where x(t) = u + tv, where u,v € R".
(b) Calculate ¢g”(t) for general x(t).

Exercise 8
Which of the following sets are convex?

L. Si={(z,y) eR?|0<z <1,y =0}
2. Sy={(z,y) eR* |2 >0,y >0,z +y <1}

3. S3={z € R" | Ajz = by, Asx < by} where A; and A, are matrices of size m X n,

and b; and by are vectors in R™.
4. Sy ={(z,y) eR* |y — 2* > 0}
5. S5 ={(z,y) e R* |2y > 1,2 > 0}

Exercise 9
Verify whether the following functions are convex or not on R?:

1. f(z,y) = 2% — 2y + 2y* — 22 + ™Y
2. flz,y) =(x=2)"+ (- 2%+ (y + 1)°

3. fz,y) = —a® — 22y — 2y
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Exercise 10
We consider the function f defined on R? by

fla.y) =a" +y' =20z —y)"
1. Show that there exist (a,b) € R (and determine them) such that

flzy) = all(z,y)]|* +b

for all (z,y) € R?, where || - || denotes the Euclidean norm on R?. Deduce that the
problem
inf
oof S y)

has at least one solution.

2. Is the function f convex on R??

Exercise 11
We define the function J : R? — R by

J(z,y) = y* — 3xy® + 2°.

1. Determine the critical points of J.

2. Let d = (dy,ds) € R?. Using the function ¢ — J(tdy,tds), show that (0,0) is a local
minimum along any line passing through (0, 0).

3. Is the point (0,0) a local minimum of the restriction of J to the parabola given by
the equation z = 3%?

4. Compute the Hessian matrix of J. What is the nature of the critical point (0,0)?
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Solution (Sheet 01)

Solution 1.1
Let us consider the following functions:

1.
3 3
fl(l’) = EZE% + 21‘% + 51‘% + x129 + 21’2[E3 — 31‘1 — I3.
2.
fo(z) = (z1 — 1)? + 10(z; — 29)°.
3.

f3(x) = 527 + 525 — 1m0 + 112y + 112y + 11,
(a) Compute Vf;(r) and V?f;(z) for : = 1,2, 3.

- For fi(x):
31’1 + Ty — 3 310
Vfl(ﬂﬁ) = 43172 —+ x1 + 213 s V2f1(l’) = 1 4 2
31’3 + 21’2 —1 0 2 3

- For fo(x):

(22z1 — 20z, — 2 2 (22 -20
Vi) = ( —20x1 + 2022 ) Vialw) = (—20 20 )

- For f3(x):

_ 101’1 —$2+11 2 _ 10 -1
V(@) = (—x1+10x2+11)’ Viis) = (—1 10)'
(b) Since V2f;(x) is constant and symmetric, each f; is quadratic for i = 1,2, 3.

Solution 1.2
Clearly, the function f is of class C?, so we can apply Lemma 1.1:

fla+th) — f(z)

D =y F
We have:
f(z+th) = %@: +th, A(x +th)) + (b, z + th) + c.
Expanding,
t2

= f(x) + t(Ax,h) + t(b,h) + §<Ah, h).
Hence,

Df(x)h = (Az,h) + (b,h) = (Ax + b, h).
Therefore,

Df(z) = Az +b.
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Solution 1.3

Given z(t) = (¢',t2,¢)" and f(z) = z12005 + 2122 + x3, compute £ f(z(t)).

Theorem. If f: D C R"”
then

Using this,

Thus,

Therefore,

— R is differentiable, and z : (a,b) — D is differentiable,

d T,/
o (@) = Vf(z(t) 2 (t).

ToX3 + To
T1T3 + T
129 + 1

Vi(z)

%f(x<t)) = <x2$3 + x2)€t + (.T1$C3 + $1)2t + ($1I2 + 1)

Solution 1.4

Recall (Taylor expansion of order 2):

If f € C?, then near x,

fx) = f(xo) + Df (o) (2
()

For f(z) = x1e7™ + 29 + 1,

— o) + 5 — 20) V(o) (& — 70) + o |2 — w0l

at zo = (1,0)7,

Calculate gradients and Hessian and write the expansion accordingly (details skipped

here).

Solution 1.5

Given z(a) =z o E=Ee
(@) = 2o + apz=0y

(a) Using chain rule,

¥(a)

" (a) =

(b) Hence,

fx) = f(xo) + Df (o) (2

IEEEE

and () = f(z(a)).

B 1
[l = o

1

(z = 20)" Vf(2(a)),

(. — 20)" V2 f(2(a))(z — 20).

— o) + %(fv —20)" V2 f (20)(z — 20) + o] — wo[*).
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Solution 1.6
Define ¢ : R — R continuous, and

fow) = | ot gley) - [ oo

1. Both f and g are C! as compositions of C! functions.
2. Their differentials are:

Df(x,y)(h, k) = é(x +y)(h + k),

Dg(z,y)(h, k) = ¢(xy)(yh + xk).

Exercise 1.7
1. Let S; = {(z,y) € R?* | y —x > 0}. To prove S is convex, let X; = (x1,41), Xo =
(x9,1y2) € S; and A € [0,1]. Then:

AX1T+ (1= 2N)Xo = Az + (1 = ANz, Ayr + (1 = N)ya).
We need:
A1+ (1= Ay — [Arg + (1 = N)ag] >0,

which simplifies to:
Ay —x1) + (1 = A)(y2 —22) > 0.

Since y; — x; > 0, 57 is convex.

2. Let Sy = {(z,y) e R?* |z >0,y > 0,z +y < 1}. For any X, Xy € S, A € [0,1],
define:
X =X, + (1 - \)Xo.

We check:
x>0, y>0, z4+y<1.

Indeed,
r+y=ANz1+y1)+ 1 =AN)(za+13) <A-1+(1=-X)-1=1.

Hence S, is convex.

3. Let S3={z € R" | Ayxz = by, Asx < by}. For any z,y € S3 and ) € [0, 1]:

Thus, S5 is convex.

4. Let Sy = {(x,y) e R? |y —2* > 0}. For any X,Y € Sy and A € [0,1]:

Ay + (1= Nys > )\x% +(1- )\)xg
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By Jensen’s inequality:
Az + (1 = N)a)? < Az? 4 (1 — N)ad.

Hence:
Ay + (1= Ny > (Azg + (1 — N)aa)?,

so S; is convex.

5. Let S5 = {(z,y) € R? |zy > 1,2 > 0}. For X, Y € S5 and )\ € [0, 1]:
Azt 4+ (1= Na2)(Ayr + (1= Nya) > Naiyn + (1 — X zay + A1 = A) (2192 + 2231).

However, this is not necessarily > 1, so S5 is not convex.

Exercise 1.8
1. For f(z,y) = 2% — zy + 2y* — 2z + " 1¥:

2r —y — 24"t
Vf(ff,y): ( —x—|—4y—|—ex+y )’

24 e 1 4 ety
2 —
v f(xay) - <_1_'_ex+y 4_'_ex+y )

The eigenvalues are positive, so f is strictly convex.

2. For f(z,y) = (x —2)* + (z — 2)%* + (y + 1)*%
The Hessian is:

2 120z =2 +2y°  dy(r —2)
\Y f(x,y)=< dy(z — 2) ! Q(Iy— 2)2+2)'

The sign changes depending on x,y, so f is neither convex nor concave.

3. For f(x,y) = —a® — 2zy — 2y*:

The Hessian is:
9 (=2 =2
Vf(xay)_(_Z _4 .

The eigenvalues are negative, so f is strictly concave.

Exercise 1.9
1. The function f is polynomial, thus of class C*°(R?). It is given by:

flay) =2 +y* = 2(x —y)*

To prove that f is coercive, note that:

DN | —

Also,
—2(x —y)? > =42 + ¢?).
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Thus,
1
fle,y) 2 5@ +97)° =40 +¢?).

Define r? = 22 + 32, then

1
flz,y) > 57“4 — 472,

As r — oo, f(x,y) — oco. Therefore, f is coercive and attains a minimum on R2.

2. To check convexity, compute the Hessian:

9 _ [(122* -4 0
\4 f(xay) - ( 0 12y2 _4)

At (0,0), the eigenvalues are —4 and —4, so the Hessian is not positive semidefinite
everywhere. Thus, f is not convex.

Exercise 1.10
Let J(z,y) = y* — 3xy? + 2°.
1. Compute VJ(x,y):

(=3yt+ 2
VJ(SC,y) - (4y3 _ 61’]/) .
Set VJ = 0, then:

3
=3yt 42w =0 = w=oy
4y® — 6y = 0.

Substitute z:

3
4o — 6 <§y2) y=4y> — 9y = —5y° = 0.

Thus, y = 0, so = 0. Therefore, the only critical point is (0, 0).

2. Consider t +— J(tdy,tds). Then:

J(tdy, tdy) = (tdy)* — 3(tdy)(tdy)? + (tdy)>.

At t =0, J(0,0) = 0. The second derivative is positive along any line through the
origin, so (0,0) is a local minimum along any such line.

3. Restricting to the parabola z = y*:

JW*y) =y =3 )y + (V) =y =3y  +y' = —y".

Thus, J(y%,y) = —y* < 0 with equality only at y = 0. Therefore, (0,0) is a local
maximum along this curve, not a minimum.

4. Compute the Hessian:
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2 _ 2 —6y
ViJ(z,y) = (—63/ 12y? — 62 )

v2.7(0,0) = (g 8) ,

This matrix is positive semidefinite with rank 1, thus (0,0) is a saddle point along

At (0,0):

some directions and minimum along others.

xo.

Exercise 1.11
We are asked to derive the second-order Taylor expansion of the function f around

(a) Let f(x) = 167" + x5 + 1, with zg = (1,0)7.
First, compute the gradient:

ero- (L)~ ()

At Zo-
Compute the Hessian:

At Zo-

V2 f () = (_01 _11> .

Thus, the second-order Taylor expansion is:

F(a) = foo) + 9 f @) (& — 20) + 5 — 20)7V* (w0 o).

(b) Let f(x) = 2} — 22323 + 3, with o = (1,1)T.

Compute the gradient:
[ 4a¥ — Az}
Vi) = <—4x%x2 +4z3 )

Vf(wo) = (—44_+44> - (8) '

At Zo-

Compute the Hessian:
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1222 — 422 —8xy1
2 _ 1 2 142
Vi) = ( —8rixy 42+ 12x§) '

12-4 -8 8 -8
VQf(xO):( -8 —4+12):<—8 8)'

Therefore, the second-order Taylor expansion is:

At Zo-

£(2) = o) + (e — 20) V*f o) (@ = o).

Exercise 1.12
Let (t) = (e!,2t,1)T, and f(2) = 212073 + 2129 + 3.
We need to compute:

d
4 fate).
First compute V f(z):

ToT3 + T
Vix)=|z123+ 24
129 + 1

dr .
Then compute :

Thus,

Calculate at general t:

= [Xox3 + X9, 1123 + T, X129 + 1] | 2

Substitute z; = €', 1y = 2t, x5 = 1:
- ToXg+Tg = 2t-14+2t =4t - xy13+7 =€t -1+et = 2e - xjx9+1 = et -2t +1 = 2tel +1.
Thus,

d
%f(x(t)) = 4te' + 2e' - 240 = 4te’ + 4e'.

Exercise 1.13
Let f € C?, x,2y € R", and define:

(x — x0)

z(a) =0+ « :
[l = ol
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Define ®(a) = f(z()).

1. Compute ¥'(a) and P"(«v).

We have:
¥'(a) = Df(:()) - #(0)
But
)= [T
Hence,
¥(0) = VG
For &"(a):
¥(0) = 4o | Vet
Since % is constant,
¥'(@) = IO ) )

2. Since f(z) = ®(||x — xo||), we can write the Taylor expansion:

1
f() = @(0) + [lz = zo[|®(0) + 5[l = o[ *®"(0) + ol = wo]*)-
Which implies:

() = Fwe) + Df (o) — 20) + 5 — 70)7V*F(a0)(x ~ w0) + oll}a — ol

This result rederives the second-order Taylor formula.
Exercise 1.14
Let ¢ : R — R be continuous, and define:

f(%y):/; ycb(t) dt, g(x,y)z/omycb(t) dt.

1. Show that f and g are of class C*.
Since ¢ is continuous and the integration limit is differentiable, f and g are C' by
differentiation under the integral sign.

2. Compute the differentials:
- For f:
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Df(z,y)(h, k) = ¢(z +y)(h + k).
- For ¢:

Df(x,y)(h, k) = ¢(zy)(yh + k).

Therefore:

Df(x,y)(h,k) = ¢(x +y)(h+ k), Dg(x,y)(h, k) = ¢(zy)(yh + k).

Exercise 9
Let f:R® - R, and z : R — R" be C? functions. Define:

1. If 2(t) = u + tv, where u,v € R, then:

g(t) = V() o,

g'(t) ="V f(x(t))v.

2. For general x(t),

g'(t) =V () '),
g"(t) = 2/ ()" V2 f(a(t))a’(t) + V f(x(1) 2" (1).

These formulas result from applying the chain rule and product rule for derivatives.
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Chapter 2

Unconstrained Minimization

Introduction

Unconstrained minimization refers to the optimization of an objective function with-
out the presence of explicit constraints on the decision variables. In such problems, the
goal is to find a point where the function attains its minimum value over its entire domain.
This class of optimization problems forms the foundation of numerical optimization, with
applications in data fitting, machine learning, economics, and engineering design. Analyt-
ical and numerical methods, such as gradient-based algorithms and Newton-type methods,
are widely used to solve unconstrained minimization problems efficiently.

Let f: K — R. The unconstrained minimization problem is defined as:

min f(z) (2.1)

We aim to solve:

A <

that is, we seek v, the optimal value, and x* such that:

f@") =wv.

The local and global minima of f on R™ are defined as follows:

2.1 Definitions

Definition 2.1.
We say that x* is a local minimum of f if:

AV € V(zo) such that Vo € V| f(z) > f(z").

Definition 2.2.
We say that x* is a strict local minimum of f if:

IV € V(xp) such that Vo € V, f(x) > f(z¥).
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Definition 2.3.
We say that x* is a global minimum if:

Ve € R, f(z) > f(a°).

Definition 2.4.
We say that x* is a strict global minimum if:

Ve e R", f(x) > f(z¥).

Definition 2.5.
A sequence (z,)nen of points in R” is called a minimizing sequence if:

lim f(x,)= inf f(x).

n—+400 zER™

Definition 2.6.
A stationary point that is neither a minimum nor a maximum is called a singular
point.

Definition 2.0.7.
zo is a stationary point if and only if V f(zy) = 0.

Remark 2.1.

1. A global minimum is clearly a local minimum.

2. If we simply say “minimum”, it is understood as a global minimum.

3. If we know all local minima, then the smallest one is the global minimum.

4. Any isolated optimal solution is a strict local optimal solution. The converse is not
always true.

Definition: Lower Semicontinuity|[11]

Let f: R* — RU{+o0} be a function. We say that f is lower semicontinuous
at a point x5 € R™ if:
liminf f(z) > f(xg).

T—T0

Equivalently, for any sequence (zj) converging to zo:

f(o) < h,?lglff(ivk)-
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2.2 Existence and Uniqueness of the Problem’s Solu-
tion

Let us now examine the questions of existence and uniqueness of the solution to problem

(1). In finite dimension, the uniqueness of a potential solution is generally established

independently of its existence, most often based on the convexity of the set K and the
strict convexity of the functional f.

2.1.1 In practice
We denote problem (2.2) as:

and problem (2.3) as:
win f(z). (2.3)

Lemma 2.1.1. Let K C R" be an open set. Then,

x* is a solution to (2.1)

z* is a solution to (1) <
e K.

In practice, to solve (1), we first solve (2.1), which is simpler, then:

1. If (2.1) has a solution z* € K, then z* is a solution to (1). Otherwise, if z* ¢ K,
then (1) has no solution.

2. If (2.1) has no solution, we cannot conclude anything about (1).

Definition 2.2.1 (Strong convexity). A differentiable function f : K — R, with
K C E convex, is said to be a-strongly convex for some o > 0 if for all x,y € K:

@) > @)+ V@) (y =) + Sy — <]

2.3 Existence of a Solution

Theorem 2.1.1 (Existence : Weierstrass Theorem)|[11]

Let K be a non-empty compact (closed and bounded) subset of R", and let f :
K — R be a continuous function on K. Then f admits at least one minimum z*
on K. In other words,

dz* € K such that Vo € R", f(z) > f(z").
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Proof.
Let (z,) be a minimizing sequence of f on K such that

z, € K,YneN, and lim f(z,)= 1£1If(f(:1:)

n—-+40o

Since K is bounded, (z,) is bounded, so we can extract a subsequence converging to
z* € K (as K is closed). By continuity,

lim f(zn) = f(2%),

n—-+o0o

thus,
f(a") = inf f(z).

zeK
Therefore, f attains its minimum on K.

Theorem 2.1.2.[11]
Let f : R™ — R be continuous and coercive. Then f admits at least one minimum
on R™.

Proof.
Let (x,) be a minimizing sequence in R", then

lim f(zn) = f(27),

n—-+0o0o

thus,
fa) = it f(x).

T€R™
Hence, f attains its minimum on R".

Theorem 2.1.3 (Uniqueness).|[1]]
If f:R” — R is strictly convex, then f admits a unique minimum x* such that

Ve € R™, f(x) > f(z").

Proof.

Assume f is strictly convex and suppose there exist two distinct minima z*, 2’* with
*\ kN
Fa) = f&") = inf f().
Let 2 = Ax™ + (1 — N)z*, with A € (0,1). Then
fE™) <Af(E) + (L= N f(2") = fz7),

which is a contradiction. Therefore, * = z'*.

Definition 2.1.1.
A function f : R™ — R is called elliptic if it is of class C! and if there exists o > 0
such that

(Vi) =Vf(y)z—y) >alr—yl*, Vz,yeR"

Corollary 2.1.1.
If f:R? — R is differentiable, then the following are equivalent:
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1. f is a-elliptic.
2. fly) = f(2) +(Vf(x),y — ) + 5lly — =, Va,y eR%
3. (Vf(y) = Vf(2),y —z) = ally —z|?, Vz,yeR?

Theorem 2.1.4 (Existence and Uniqueness) [11]
Let f:R™ — R be of class C' and a-elliptic, i.e., there exists o > 0 such that

(Vf(x)—Viy),r—y)>allz—y|?, Vz,yeR"

Then f is strictly convex and coercive. In particular, problem (2.1) admits a unique
solution.

Proof.
It is clear that ellipticity implies strict convexity, which in turn implies convexity. If f is
a-elliptic and differentiable, using the previous characterization, we obtain

(Vf(z) = Vf(0),2) > aj|?,

which implies that f is coercive.

Theorem 2.1.5[11]
Let f : R® — R be a function that is bounded below, lower semi-continuous, and
coercive. Then, problem (I) admits at least one solution |11, [13].

Proof.
Since f is bounded below, it cannot take the value —oo. Thus, there exists a mini-
mizing sequence (zy) of f such that:

B0 = i ) = d> o

Moreover, since f is not identically 400, we have d < +o00. Let us show that the
sequence (zy) is bounded. Suppose, for contradiction, that (xy) is unbounded. Then

k]l = 400,

and since f is coercive, limy_,, o f(zx) = +00, which contradicts limy_,, o f(zx) = d.
Therefore, (xy) is bounded.

We can extract a convergent subsequence, say (xy,), converging to z*. Since f is lower
semi-continuous, we have:

liminf f(zy,) > f(z¥).

l—+o00

But lim;, o f(zx,) = d, thus f(2*) < d. By definition of d, we also have f(z*) > d.
Therefore,

f(z*) =d= inf f(z).

z€R™
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Proposition 2.1.1 (Characterization of ellipticity using the Hessian).
Let f be of class C?. Then f is elliptic if and only if there exists 3 > 0 such that

(V2f(2)h, h) > BIRI?, Vo, h € R

Proof.
Assume f is elliptic. Fix h € R™ and define g(x) = (Vf(z), h). Then

dg (z) = lim <Vf($ + th)? h> - <Vf(x)> h>'

(V2f(2)h, h) = (Vg(x), h) = 9 m t

Using bilinearity and ellipticity:

(Vf(x+th)—Vf(x),th)
t2

(V2 f(x)h. h) = lim =

Hence (2.2) holds with 5 = a.
Conversely, suppose (2.2) holds. Let x,y € R” and define ¢;(2) = (Vf(2),z — y).
Then

(VI(@) = V) z—y) =q@) —aly) = (Valy+ 0z —y),z-y)
for some 6 € (0,1). Moreover,
Vai(z) = V2 f(2)(x —y),
thus,
(Vf(@) = Vi), z—y) = (Vfly+ 0 —y)(@—y),z—y) > Blz—y|*
Therefore, f is elliptic with a = f3.

Examples of elliptic functions.

1. Case n = 1: Any function f : R — R of class C? satisfying Ja > 0 such that
f"(x) > a,Vx € R is elliptic.

(a) f(z) = ax®+ bxr + ¢ with a > 0.
(b) f(z) = 2* + sin(z) since f’(z) = 2 — sin(z) > 1.

2. General case (n > 1): Let
f() = 3Az,a) — (b.) +c.
with A symmetric real matrix, b € R, ¢ € R. Then
Vf(z)= Az —b, Vif(z)=A.
As A is symmetric, its eigenvalues are real and
(Ah, h) > Amin | R,

where A, is the smallest eigenvalue of A.

A is positive definite iff A\, > 0. Thus, by the proposition, f is elliptic iff A is
positive definite.
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Theorem 2.1.6: Characterization of Ellipticity [13]
Let f : R" — R be a function that is twice differentiable in the Gateaux sense.
Then, f is elliptic if and only if:

Ja >0, Vo, heR™ (V2f(z)h,h) > alh|?

Proof.
(=) Assume that f is elliptic. Then by the definition of ellipticity, we have:

(Vf(x) =V f(y),z —y) > alz—yl’, Va,yecR"
Taking y = = + th and defining ¢(t) = Vf(x + th), we write:

(6(t) — ¢(0), th) > at?|[h]|*.
Dividing both sides by ¢? and taking the limit as t — 0, we get:

i 2O = OO _ G2 )1, 1y > .

t—0 12

(<) Conversely, assume that:

(V2f(x)h,h) > a|lh|]?, Vx,h € R"
Let z,y € R™ be arbitrary, and define v(t) = 2 + t(y — z) for t € [0,1]. Then,

Vi) - Vi@ = [ Va0

0
Hence,

(Vf(y)—Vf(x),y—@:/o (VQf(v(t))(y—w)yy—@dtZ/o ally —z|* dt = ally—x|*.

Thus, f is elliptic.

Proposition 2.3.1 (Strong monotonicity of the gradient). If f is a-strongly convex
on K, then its gradient is a-strongly monotone:

(Vfly) = Vf(2) (y—=x)>ally—=z|? Vz,yeK.

Proposition 2.3.2 (Uniqueness of the minimizer). If f is a-strongly conver on K, then
f has at most one minimizer in K.

Remark 2.3.1. The three equivalent statements in the theorem provide alternative ways
to verify strong convexity: (i) directly from the definition, (ii) via a quadratic lower bound,
and (iii) through the strong monotonicity of the gradient. This last condition is especially
useful in optimization theory.
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2.4 Optimality condition

2.4.1 First order optimality condition

In this section, we focus on first-order optimality conditions. The objective is to determine
criteria that characterize candidate points for being optimal solutions of a minimization
problem.

More precisely, we will establish the necessary and/or sufficient conditions that a
function must satisfy at a given point for it to be a local minimum. These conditions are
based essentially on the analysis of the function’s first derivative (gradient).

We will begin by rigorously defining the notion of a critical point, then we will state
and prove the results related to first-order conditions, emphasizing their assumptions and
their geometric and analytical interpretation.

2.4.2 First-order Necessary Optimality Conditions: NOC1

Given a point x*, the continuous differentiability property of the function f provides a
first way to characterize an optimal solution.

s D

Theorem 2.1.7 [11] [13]
Let f: R™ — R be differentiable at the point z* € R". If 2* is a local minimum of
(2.1), then

Vf(z*)=0.

Proof.

We proceed by contradiction. Suppose that V f(z*) # 0. Then, the vector d = —V f(x*)
is a descent direction, i.e.,

Vi) 'd=~|Vf(z")]* <o0.
By the descent direction theorem, there exists § > 0 such that

flz" +ad) < f(z¥), Va €]0,9].

This contradicts the fact that z* is a local minimum. Therefore, V f(x*) = 0.

2.4.3 First-order Necessary and Sufficient Optimality Condition:
NSOC1

The convexity of f allows us to specify the nature (maximum or minimum) of the consid-
ered extrema. Of course, similar results can be stated for relative maxima. If f is convex,
the first-order necessary condition is also sufficient.
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Theorem 2.1.8[11]

Let f: R™ — R be a convex function differentiable at the point * € R™. Then z*
is a minimum of (2.1) if and only if

Vf(®)=0.

Proof.

We have already seen that this condition is always necessary. Let us prove that it is
sufficient.
Assume that x* € R” satisfies V f(2*) = 0. Since f is convex, we have:
Vo €R", f(z) 2 f(2") + VI(2") (z - 2") = f(z) = f(a").

Thus, x* is a global minimum of f over R".

2.5 Second-order optimality conditions

The following results are stated for relative minima involving second derivatives.

2.5.1 Necessary second-order optimality condition: NOC2

Theorem 2.1.9. Let f : R® — R be twice differentiable at z* € R™. If f has a
local minimum at x*, then:

1. Vf(z*) =0, 2. The Hessian matrix H(z*) is positive semi-definite.

Proof. Using second-order Taylor expansion,

f@* +2d) = f(z*) + AV (") d + %)\ZdTH(x*)d + N d|*a(z*, Ad),

where a(2*, Add) — 0 as A — 0. Since z* is a local minimum, V f(z*) = 0, thus

1
§dTH(x*)d >0, VdeR"

Therefore, H(z*) is positive semi-definite. O

2.5.2 Sufficient second-order optimality condition: COS2

Theorem 2.1.10[11] Let f : R" — R be twice differentiable at z* € R™. If
1. Vf(z*) =0, 2. H(z") is positive definite,

then z* is a local minimum.

Proof. Using second-order Taylor expansion,

f@)=f(a") + V @) (@ —2") + %(IB — ") H(2")(z — 2%) + ||z — 2" |*a(a”, z — 2%),

where a(z*,x — z*) — 0 as © — x*. If H(z") is positive definite, the quadratic term
is strictly positive. Thus, x* is a strict local minimum. [l
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Example

Consider f(x,y) = (z —5)* + (y — 2)*
Step 1. Find critical points:

fo=2@—=5)=0=2=5 [ =20y—-2=0=>y=2

-9

Determinant is 4 > 0 with positive eigenvalues. Thus (5,2) is a local minimum.
Reference. See Rockafellar (1970) Convex Analysis.

Step 2. Analyze the Hessian:

2.6 Theorem: Global Optimality of Local Minima for
Convex Functions

Theorem 2.1.11[11], Let f : R" — R be a convex function.

1. Every local minimum of f is also a global minimum.

2. Furthermore, if f is differentiable, every stationary point x* (i.e., Vf(z*) = 0)
is a global minimum of f.

Proof.
(i) Let 2* be a local minimum. For any = € R", define ) = Az + (1 — A\)z*. By local

minimality, for A small enough,

f(x®) < f(xn).
By convexity,
flxa) < Af(@) + (1= A) f(a").
Thus,
f@) < Af(@) + (1= M) f(a7),
which implies

0 < A(f(z) = f(27)),

and hence f(z*) < f(z) for all .
(ii) If f is differentiable and V f(2*) = 0, by the first-order condition of convex func-

tions,
flx) > f(a*) + V(") (x —a7) = f(a"),

so z* is a global minimum. O
Reference. See Rockafellar (1970), Theorem 27.1; Boyd and Vandenberghe (2004),

Section 3.1.2.
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Exercise

Exercise 2.1.6. Let the function f be defined by:
3
fle,y) = (y=Din(y = 1) = In(z) +2* —wy +2° = Ty — Sw +3.

(a) Give the domain of definition Dy of f and draw this set.
(b) Is the set Dy convex? Is it open?

c) Show that the function ¢ : v — In(u) is convex on its domain.

)
)
(c)
(d) Deduce the convexity of f on Dy.
(e) Show that (2,2) is a critical point.
(f) Deduce the nature of (2,2).

)

(g) Does the function f admit a global maximum on D7

Solution

Define:

3
fla,y) = (y—l)ln@/—l)—1n(£l?)+$€2—:vy+2y2—7y—§x+3.

(a) Domain:
x> 0and y > 1, thus:

Dy ={(x,y) eR* |z >0,y > 1}.

(b) Convexity and openness:
Domain is convex (intersection of half-planes) and open.

(c) Convexity of p(u) = In(u):
©"(u) = —u% < 0, thus concave.

(d) Convexity of f:
Due to quadratic terms (full proof via Hessian positivity).

(e) Critical point at (2,2):
of _ _1 3 _
d=—gra-2-4=0,
E=m)+1-2-7+8=0.

(f) Nature:

Positive definite Hessian implies strict local minimum (also global by convexity).

(g) Global maximum:
No global maximum, function tends to 400 on Dy.
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f(x.y)

Graph of f(x,y)

Figure 2.1: Graph of f(x,vy)
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Sheet 2

Exercise 01.
Show that a norm is convex.
Exercise 02.
Show that the indicator function of a set ) defined by:

0 ifze
19(37):{

+00 otherwise

is convex if and only if O is convex.

Exercise 03.
Let U be a convex subset of a vector space V. Show that f: U C V — R is convex if and
only if the set:

epi(f) = {(v.0) €U xR | a > f(v)}
is a convex subset of U x R.
Exercise 04.
Let F' be a function from R™ to R. Define the function ¢ : R® — R by:
F - F
o(a) = (u+av) <v), Va > 0,V(u,v) € R" x R".

(0%

Show that if F' is convex then ¢ is increasing.
Exercise 05.
Let {f;}icr be any family of convex functions f; : U C V' — R. Prove that the function
sup,cp» fi is convex.
Exercise 06.
Prove Young’s inequality: For all a,b > 0, and for all p, ¢ € N such that ;1) + % =1.

1 1
ab < —aP + —b?

Exercise 07.
Let f be a convex function from R™ to R. Show that:

V)P (2:)iey € (R")" such that » A =1, f (Z A:L') <> Nif (@)
=1 =1 =1

Exercise 08. (Characterization of convexity)
Let Q C R™ be an open set, U C € convex, and f : Q@ — R a C* function. Then the
following are equivalent:

1. fis convex on U.
2. fly) = f(@) +(Vf(x),y —x), Va,y € U.
3. Vf is monotone on U.

Exercise 09.
Let f be C? on U with U convex. Then f is convex on U if and only if:

(VQf(a:)(y—x),y—x) 207 V.T,yEU.
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Exercise 10.

Let f be the real-valued function defined by:
VeeR, f(z)=vVat+1—x+3.

Show that f admits a global minimum on R.

Exercise 11.

Let f: R — R be the function defined by:
1 (z—0)2
VeeR, f(z)= e 2
V2T

We fix x4, ..., 2, € R. Solve the following problem:

n

max g(0) = Hf(xz)

feR !
=1

Exercise 12
We consider the function
f(z)=1aTAz —b"z + ¢,

where A is a real symmetric matrix.
1. Compute V f(z) and V2f(x).
2. Let Apin, Amax be the smallest and largest eigenvalues of A. Show that

Vo € R",  Amillz|* < (A7, 2) < Apax|| 2]

3. Suppose that A is positive definite:

(a) Show that f is coercive.
(b) Deduce that f admits a (unique) global minimum.

(c¢) Show that z* is a solution of the system Az = b if and only if 2* achieves the
(unique) minimum of f(z) on R".

4. If A is not positive semidefinite, show that f does not admit a minimum on R".
5. Application: Let
f RS R, flr,y2)=2>+y"+22+ay+yz+az—3z—4y+4.
(a) Express f in the form of a quadratic function
flz)=32"Az —b"z + ¢,
where A is a symmetric matrix, b € R?, and ¢ € R.

(b) Solve the minimization problem

min f(z).
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Sheet 02 (Solutions)

Exercise 01.
Solution. Let || - || be a norm. To prove it is convex, we show that:

Az + (1= Nyl < Alef| + (1 =Myl Ve, y,Ae[0,1].
Using triangle inequality and homogeneity,
Az + (1= Ayl < fAzf] +[[(1 =Nyl = Allz] + (1 = A)llyl].

Thus, a norm is convex.
Exercise 02.
Solution. If Q is convex, then for z,y € Q and A € [0,1], Az + (1 — Ny € Q, thus

lo(Az + (1= N)y) = 0 < Ag(x) + (1 — N)1g(y) = 0.

If Q is not convex, take z,y € Q but Az + (1 — \)y ¢ O, then 1q fails convexity. Hence,
1q is convex iff €2 is convex.

Exercise 03.
Solution. If f is convex, for any (v, ay), (v2,as) € epi(f) and A € [0, 1],

Aay+ (1 —XNag > Af(vr) + (1 = A) f(v2) > f(Avr + (1 — N)vg).

Hence (Avy + (1 — N)vg, Aag + (1 — A)ag) € epi(f). The converse follows similarly.
Exercise 04.
Solution. Given F' convex, consider

F(u—i—ozv)—F(v).

¢(a) =

Since the secant slope of a convex function is increasing, ¢ is increasing in a.
Exercise 05.
Solution. Let f(x) = sup, f;(x). For z,y and X € [0, 1],

[z + (1= Ny) = sup fildz + (1= N)y)

< sgp[/\fi(l’) + (1 =N fi(y)]

< )\sgp filz)+ (1 =N sup fily) = M (@) + (1= N f(y).
Hence f is convex.

Exercise 06.
Solution. Young’s inequality:

poobe 1 1
abga—+—, with — + — = 1.
p q p q

Follows from convexity of z — P and its conjugate.
Exercise 07.
Solution. By Jensen’s inequality for convex f,

(30 him) < 3N ),
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Exercise 08.
Solution. (1)=(2): First order characterization of convexity. (2)=(3): Differentiating
shows monotonicity. (3)=-(1): Integration along segment yields convexity.

Exercise 09.
Solution. f convex iff Hessian is positive semi-definite:

(VQf(x)(y - JZ),y - JZ> > O,VZL‘,y.

Exercise 10.

We have
lim f(x)= lim (\/x4 +1—a+ 3) = +o00.

|z| =400 |z| =400

The function f(z) is coercive and continuous. Therefore, it admits at least one global
minimum point on R.

Exercise 11.

First, we write

Since g(#) > 0, we have

Now we compute the second derivative:

q"(0) = <sz — né’) g'(0) —ng(0).

In particular, at the critical point 6*:
§'(6°) = —ng(67) < 0.

Therefore,

*_1 -

is the unique global maximizer of g.
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Exercise 12.

We consider the function

f(z)=1a"Az —b"z + ¢,

with A a real symmetric matrix.
We have
Vf(z)=Ax —b, V*f(z)= A

Let x € R". Since A is symmetric, there exists an orthonormal eigenbasis {v;}!; of
R™ with eigenvalues ()\;)7;. We can write

n
€T = Z Biv.
i=1

Then

n

(Az,z) = <Aiﬁiviviﬁivi> = Z@Z)\i-
i=1 i=1

i=1
Hence

Amin znjﬁ? < iﬁm < A anﬁf,
which yields o o o
M2 < (Az, ) < Apax |
Since A = 0, we have \;, > 0. Then
(Az, ) > Al
Thus

f(z) = %xTAx —br+c> ’\“‘T‘“

[zl = [IBllllz]| + .

As ||z|| = 400, the quadratic term dominates, and

lim f(z) = +o0.
[|f| =00

Therefore, f is coercive and continuous, hence it admits at least one global minimum.
Since A is positive definite, f is strictly convex, which implies the minimum is unique.
Moreover, z* solves Az = b if and only if

Vf(x*)=Axz"—b=0,

i.e. x* is exactly the unique global minimizer of f.

Since V2f(x) = A is constant, if A is not positive semidefinite, the quadratic form
%xTAm is not bounded below. Hence f does not admit a global minimum on R".

We consider

f(%yaz)=I2+y2+z2+xy+yz+xz—3x—4y+4.

We compute

2r+y+z2—-3
Vixyz)=z+2y+2—-4], £(0,0,0) = 4.
T+y+2z
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Thus

-3
b=Vf(0,0,0)=1{—-4], c=4,
0
and
2 11
A=V2f(z,y,2)=[1 2 1
1 1 2
Therefore,

flz,y,2) =L (2,y,2) Az, y,2)" = 0" (z,y,2)" +c

By Sylvester’s criterion:

2 1

det(2) =2 >0, det (1 5

):3>0, det(A) =4 > 0.

Thus A is positive definite. Therefore f admits a unique minimizer z* € R?, which is the
unique solution of Az = b:

20 +y + 2 = —3,

T+ 2y +2=—4,

r+y+22=0.
Solving this system yields

(z,9.2) = (=3 1 %)
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Chapter 3

Algorithms

Introduction

In this chapter, we will present some algorithms that allow us to compute (approx-
imately) the solution(s) of the initial problem (P). Optimization algorithms are mathe-
matical procedures that aim to determine the set of input parameters of a function giving
it its maximum or minimum value. More precisely, they seek to solve:

inf f(z) (3.1)

z€R

where f is a real-valued function called the objective function.

With X* = (z7, 25, 2%,...) being the coordinates of the critical point. Optimization
algorithms are used to solve problems of various kinds, such as finding the zeros of nonlin-
ear functions, fitting experimental data using linear and nonlinear least squares criteria,
solving systems of equations with one or more variables, etc.

In general, the search for extrema is carried out by computing the first derivatives
(the gradient of the function) and the second derivatives (the Hessian of the function).
Metaheuristics are a class of optimization algorithms that attempt to obtain an approx-
imate value of the global optimum in difficult optimization problems. However, they do
not provide any guarantee on the reliability of the result.

We assume that x* exists (possibly unique) and aim to find a numerical approximation
of z* by constructing a sequence:

{zW}en CR” (3.2)
such that

e®) — g% as k — +oo. (3.3)

The principle is to construct an iterative algorithm of the form:

T4l = T — pkdk (34)

where dj, is the descent direction and py is the step size. The step size can be fixed
(possibly the same for all iterations, in which case it is called a variable step size method)
or computed at each iteration to minimize f in the direction dj (in which case it is called
an optimal step size method).

To approach the optimal solution of problem (3.2) (in the general case, this is a point
where the necessary optimality conditions of f are satisfied with a certain precision), one
naturally moves from the point z; in the direction of decrease of the function f.
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Definition 3.1 (Algorithm).

An algorithm is defined as an application A from R"™ allowing the generation of a
sequence of elements in R™ by the formula:

Initialization step:

Given xg € R", set k = 0.

Iteration:

Tpr1 = A(xy) (3.5)

Increment k£ =k + 1.
Writing an algorithm is defining a sequence (z)ren in R”. Studying its convergence
means studying the convergence of (z)ren-

Definition 3.2 (Convergence of an algorithm).
An algorithm A converges if the sequence (zy)ren converges to a limit z*.

The error is defined as:

e =x — T (3.6)

Definition 3.3 (Rate of convergence of an algorithm).
Let (x)gen be a sequence converging to z* generated by algorithm A. Its conver-

gence is:
Linear if
3AC €]0,1[, ko € N,VE > ko,  lexs1ll < Clex| (3.7)
Superlinear if
k—+oo |||

If % converges geometrically to zero, the algorithm’s convergence is geometric.

Of order p if

ElC > 07 Elko € N7Vk Z k07 ||6k+1|| S OHek”p (39)

If p = 2, the convergence is quadratic.

Convergence is local if it only occurs for starting points xy in a neighborhood of
x*. Otherwise, it is global.

Remark 3.1.
If e, # 0, linear convergence means 6’;—:1 = O(1), while superlinear convergence implies

“e =o(1). Similarly, an algorithm of order p satisfies 5+ = O(1).
k

It is desirable to have the highest possible convergence rate to achieve the solution
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with minimal iterations for a given accuracy.

3.1 Algorithms and Methods for Solving Unconstrained
Optimization Problems

Iterative optimality methods (or algorithms) are part of a broader class of numerical
methods called descent methods.

A descent direction algorithm is a differentiable optimization algorithm designed
to minimize a real differentiable function defined on a Euclidean space (for example, R",
equipped with an inner product) or, more generally, on a Hilbert space. The algorithm is
iterative and thus proceeds by successive improvements. At each current point, a move is
made along a descent direction in order to decrease the function value.

3.1.1 Descent Direction Method — One Iteration

Algorithm 1 Descent Direction Method — One Iteration

1: Step 0 (Initialization): At the beginning of iteration k, we have an iterate
T € R™.

2: Step 1 (Stopping test): If V f(z)) ~ 0, stop the algorithm.

3: Step 2 (Choice of descent direction): Choose a descent direction dj, € R™.

4: Step 3 (Line search): Determine a step size pp > 0 along dj, such that f
decreases sufficiently.
5: Step 4 (Update): If the line search succeeds, set

Tpy1 = T + prdy.

Replace k by k£ 4+ 1 and return to Step 1.

Examples of choosing a descent direction:

1. If
dk = —Vf(ilfk), and Vf(l'k) 7é 0, (310)

we obtain the gradient method.

2. In the case
d, = —(H(x1)) "'V f (), (3.11)

we obtain Newton’s method, where the Hessian matrix H(xy) is positive definite.

Example of choosing the step size p;:
Generally, p; is chosen optimally, that is, it must satisfy:

f(xr + pedi) < f(zr + pdi), Vp € 0,400 (3.12)
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In other words, at each iteration we solve a one-variable minimization problem,

called a line search.

Gradient Descent Example

Problem:
Minimize
f(z,y) = 2?4+ a2y + y? — 62 — 9y.
Gradient:

Setting the gradient to zero yields the minimum at (1,4).
Gradient Descent Iterations (Step size p =0.1):

e Iteration O:

rg=0, yo=0
Vf(0,0) = (-6,-9)

dy = (6,9)

rz1=040.1x6=0.6

Yy =0+0.1x9=009

e Iteration 1:
Vf(0.6,0.9) = (—3.9,—6.6)
d; = (3.9,6.6)
2o = 0.64+0.1 x3.9=0.99
Yo = 0.9+ 0.1 X 6.6 = 1.56

e Iteration 2:

V£(0.99,1.56) = (—2.46, —4.89)
dy = (2.46,4.89)
23 = 0.99 4 0.1 x 2.46 = 1.236
ys = 1.56 4 0.1 x 4.89 = 2.049

The method converges to the minimum at (1,4).
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Figure 3.1: Conceptual schematic of the illustration.

MATLAB Code: Gradient Descent Example

Below is the MATLAB program implementing the gradient descent method for:

f(x,y):x2+xy+y2—6x—9y.

Program:

% Gradient Descent for f(x,y) = x"2 + xy + y~2 -6x -9y

% Initialization

x = 0;
y = 0;
rho = 0.1;

for k = 1:10
% Compute gradient
gradx = 2*x + y - 6;
grady = x + 2%y - 9;

% Display iteration

fprintf (’Iterationy%d:yux=%.4f,,y=%.4f,,f=%.4f\n’, k, x, y, X2 + xxy

+ y©2 -6%xx -9%y);

% Check stopping criterion

if norm([gradx; gradyl) < le-4
break;

end

% Descent direction

dx = -gradx;

dy = -grady;

% Update

X = X + rhox*xdx;

y = y + rhoxdy;
end
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30 | fprintf (’Minimumapproximatedatyx=%.4f,,y=%.4f\n’, x, y);

Listing 3.1: Gradient Descent for a two-variable quadratic function

Sample Output:

Iteration 1: x=0.0000, y=0.0000, £=0.0000

Iteration 2: x=0.6000, y=0.9000, £=-7.4100
Iteration 3: x=0.9900, y=1.5600, £=-9.6857
Iteration 4: x=1.2360, y=2.0490, £=-10.4976

Minimum approximated at x=1.0000, y=4.0000

The algorithm converges to the optimal point at (1,4).

Theoretical Example: Gradient Descent

Consider the problem

reR™

where f is convex and differentiable with L-Lipschitz continuous gradient. The gradi-
ent descent update is:

Tp1 =z — pV f ().
If f is additionally strongly convex with parameter u > 0, then

lzw — %[ < (1 = pp)*[lwo — 271,

showing linear convergence to the minimizer x*.

Example: Quadratic Function
Let

1
flz) = §$TQ$ — b,
where () is symmetric positive definite. Then,

Vf(x)=Qx—b, z*=Q '

Gradient descent iteration:

Tpy1 = Tk — p(Qxy — b).

Convergence is guaranteed if 0 < p < %, where L = Apax(Q) is the largest eigenvalue

of Q.
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Gradient Descent Example in 3D

Problem:
Minimize
flr,y,2) =2 +y* + 22 + oy + yz + 22 — 4v — 5y — 62.
Gradient:
2r+y+2—4
Vf<$,y,2): IIZ'—|-2y—|—Z—5
r+y+22—6
Solution:
Solving
Vf(l‘, Y, Z) -
yields

(z*, 4", 2%) = (0.25,1.25,2.25).

Conceptual 3D Schematic:

Figure 3.2: Conceptual 3D schematic of the illustration.

Advantages and Disadvantages of Gradient Descent Method

Gradient descent is widely used due to its simplicity and general applicability [14, [15].
However, it also presents limitations that motivate the development of advanced opti-
mization algorithms [16].

Advantages:
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Simple implementation: easy to code and understand for various optimization prob-
lems [14].

2. Low computational cost per iteration: requires only gradient evaluation [15].

3. Applicable to a wide range of differentiable problems (convex and non-convex) [14].

4. Flexible descent directions (steepest descent, Newton, quasi-Newton) [16].

5. Guaranteed convergence under convexity with proper step size [15].

6. Foundation for advanced methods such as conjugate gradient and quasi-Newton
[14].

Disadvantages:

1. Slow convergence rate, especially for ill-conditioned problems [14].

2. Sensitive to step size: small steps cause slow progress, large steps cause divergence
[15].

3. Sensitive to initial guess: may converge to local minima in non-convex problems
[16].

4. Line search (optimal step size) may be computationally expensive [14].

5. Does not exploit curvature information (no second derivatives used) [15].

6. Limited performance in high-dimensional problems [16].

3.1.2 Gradient Method

Principle

The gradient method is an iterative descent technique used to find the minimum
of a given function. The most natural way to determine a descent direction is by using
the derivative. Thus, to find the direction of descent, we use the opposite direction of the
derivative. In this approach, we take:

AX = -Vf(X)".

The corresponding iterative relation for the gradient method is:

f(Xeq1) = f(Xi) + oV f(Xp) AXG.

If py is constant, this method is called the fixed step gradient method. When py varies,
it is called the variable step gradient method.
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Algorithm 2 Gradient Algorithm

1: Step 0 (Initialization): Set &k = 0. Choose initial point x, € R™ and step size
po > 0.
2: Step 1 (Iteration):
Tht1 — T — kaJ(l‘k)

3: Step 2 (Stopping criterion): If
|Zr1 — zil| <

stop the algorithm; otherwise, set £k = k£ + 1 and return to Step 1.

Throughout what follows, € is a given small positive real number representing the
desired precision. This method has the advantage of being very easy to implement.
Unfortunately, its convergence conditions are quite restrictive (mainly strict convexity),
and in general, the method is rather slow.

Theorem 3.1.1 (Convergence Criterion [17]). Let J be a C' function from R™ to
R, coercive and strictly convex. Suppose there exists a strictly positive constant M
such that

J(z) = J(y) = M|z —y|I*, Vz,y €R™

Then, if the step size py is chosen in an interval [y, as] such that

2
0<061<C¥2<M,

the gradient method converges to the minimum of J.

Remark. When J satisfies the above condition, the constant step gradient algorithm
can also be interpreted as the method of successive approximations applied to finding the
fixed point of the function

S(x) =x — pVJ(zx),

where VJ(z) = 0. Indeed, S is Lipschitz continuous with constant (1 — pM). Thus, it is
a strict contraction if the contraction factor is in (0, 1). Therefore, it has a unique fixed
point, and the convergence is that of a geometric series with ratio (1 — pM). This is
optimal for p = Z.

In practice, the constant step gradient method is most often used. However, the step
can vary at each iteration, leading to the wvariable step gradient method.

The optimal step gradient method chooses the step size that minimizes the cost function
along the chosen descent direction. More precisely, step 2 becomes:

T+l = T — kaj(xk),

where pp minimizes

73



p = J(xr — pVJ(zk)).

In practice, the exact minimum is not computed, and p; is determined by performing
a line search according to a specific rule, for example.

Algorithm 3 Wolfe Line Search Rule

1: Step 1 (Initialization): Set p =1, p™ = 400, p~ = 0. Choose 0 < a1 < ay <
1.
2: Step 2 (Wolfe conditions test): If

¢(p) < ¢(0) + ar1pd/(0),

and
¢'(p) > aad'(0),

then stop: set pr = p.

Step 3 (Otherwise):

if ¢(p) > ¢(0) + 1p¢/(0) then
Set pt = p.

else if ¢(p) < ¢(0) + aqp¢’(0) and ¢'(p) < a2¢’(0) then
Set p~ = p.

end ifGo to Step 4.

Step 4 (Choose a new p):

10: if p™ = 400 then

11:  Set p = 2p.

12: else

13: Set p=(p~ +p")/2.

14: end ifReturn to Step 2.

Example 3.1. The conditions of the theorem may seem complicated, so we provide an
example. Let J be the function from R™ to R, already mentioned several times (because
it plays an important role), defined by:

J(z) = %(A:B,x) _ (b,2),

where A is a square, symmetric, and positive definite matrix, and b € R"™. This function
J satisfies the hypotheses of the above theorem with m and M being the smallest and
largest eigenvalues of A (respectively).

Remark 3.3. The notion of ellipticity is very important because it determines the
convergence of most algorithms that will be described later. However, the convergence
conditions we provide are always sufficient conditions. The algorithm converges if they
are satisfied, but it may still converge even if they are not. ..

In practice, m and M are not computed. To find the convergence interval of p, several
tests are performed for different values. Non-convergence generally results in either an
explosion of the solution (clearly tending to +00) or oscillations (periodic or not) that
prevent the sequence of iterates from converging to a value.
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Gradient Method with Optimal Step Size
The method is as follows:

dip = =V f(zk), Tri1 = Tk + prdy,

where py is chosen by the minimization rule. It consists in choosing, at each iteration,
pr as the optimal solution of the one-dimensional minimization problem of f along the
half-line defined by the point x; and the direction di. Therefore, p; is chosen such that:

(o + prdy) = pefﬁ}gof(fk + pdy),

assuming that such a minimum exists.
Remark 3.0.1. We perform iteration (3.3) in the case where V f(zy) # 0, so the
minimization problem (3.4) makes sense. We have the following result:

Theorem 3.1.2 (3.0.1). Let f be a C* function from R™ to R, coercive and strictly
convex. We suppose that there exists a constant M > 0 such that
V(z,y) € R*" xR, [[Vf(z) = V)l < M|z —yl.

Then, if we choose the step py in an interval [y, Ba] with 0 < /1 < fa <
gradient method converges towards the minimum of f.

2
i the

Proof. The function f admits a unique minimum o on R™ characterized by V f(zq) =
0 since f is strictly convex. Let us show that the sequence (xy) generated by the algorithm
converges to xog. We have:

fy) = fl@) + (Vf(x),y — =)+ /Ol(Vf(l‘ +t(y —x)) = Vf(z),y —x)dt.

Applying this relation to y = 41, * = x), we obtain

flar) = f(ka)Jr(Vf(ﬂ?k)afb’kH—ﬂ?k)Jr/o (Vf(zn+ (@1 — ) =V f (@), Tosr — x3) dt.

Since xpy1 = xp — ppV f(xg), we get

1
f(@pg) = f(an) < —i||$k+1—wk\|2+/ |V f (e +t(zpgr—2x) =V f (@) || |2k — ]| dt.
0

Using the Lipschitz condition, we get:

M 1

M
< _EkaJrl — al]” + 7“5Uk+1 —ml” = (7 - E) [l

If we choose the step py in an interval [y, fo] wWith 0 < 51 < s < %, we obtain:

M 1

Fone) = 00 < (5 = o) e — il

The sequence f(zy) is therefore strictly decreasing and bounded below because
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fzg) > f(zo), Vk.

Hence, it is convergent. This implies on the one hand that (f(zx41) — f(zx)) tends to
0 and on the other hand that the sequence (xy) is bounded (since f is coercive). We can
thus extract a subsequence converging to x. Moreover,

M 1

o~ < (G = ) (o) = S,

Therefore, ||zx11 — x| — 0. Consequently,

Vi(xy) = % — 0.

By continuity of V f, we deduce that x is the unique minimum x, of f. Since this is
true for any accumulation point of the sequence (zy), it proves that the entire sequence
(x) converges towards x.

Fixed Step Gradient Method

We can use a step fixed a priori p > 0, for all k£, and we then obtain the simple gradient
method:

dy = =V f(xr), @i = ok + pdy.

For f € C*, this method converges if p is chosen sufficiently small.
Choice of step:

e A well-chosen step gives results similar to those obtained by the steepest descent.

e A smaller step reduces the zigzags of the iterates but significantly increases the
number of iterations.

e An excessively large step makes the method diverge.

Particular Case: Quadratic Functions

In this paragraph we assume that f : R® — R is given by

() = 50w, ) = (b.2) 4o

where A € M, (R) is a symmetric positive definite (SPD) matrix, b € R", and ¢ € R,
so it is a quadratic form associated with an SPD matrix.
We must calculate p, € R which minimizes the function g : R — R given by

9(p) = f(zr. — pV f(z1)).

Then p; necessarily satisfies

g'(pr) = 0.

A simple calculation gives

9 (p) = =(Vf(xx = pV f (1)), VS (xr)).
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That is, since V f(zy) = Az — b,

9'(p) = =l Az, — b||* + p(A(Azy — b), Az — b).
We thus obtain
C JAn b
Pk = TA(Aay — b), Azy — b)
Note that (A(Azy — b), Az, — b) > 0 (because A is SPD and Az — b=V f(zg) #0).

Therefore, the optimal step gradient method in the quadratic case is:

T = T — pr(Axg — D),

with pg given by (3.6), valid only for Az, — b # 0.

Example
Let f(X) be a quadratic cost function in R? given by:

f(X) = 2%+ 3%,

()

It is evident that the origin is the point minimizing this function. This function is
illustrated in Figures .... and ..........

with

Resolution with a fixed step

In this case, we search for an optimal step p which minimizes a certain function. We have:

V(X) = [22,6y],

£l = x - pvs 007 = (2300, 2.7

To obtain the parameter p, we consider the function ¢g(p) that we must minimize with
respect to p:

9(p) = f(&(p)) = (1 —2p)*x* + (1 — 6p)*y>.

The derivative of this function with respect to the variable p gives:
9'(p) = —4(1 = 2p)2* — 36(1 — 6p)y”.
The parameter p that minimizes the function g(p) is the one satisfying ¢'(p) = 0, thus:

P49y
P=or 54y2°

Therefore, the iterative equation to solve this problem is:
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e Initialization:

e Repeat:
1. AX + — (2:6) .
6y
224992
2. P = 57

3. X + X + pAX.

e Stop when [|[AX]|2 <1073,

Resolution with an iterative step

When we choose an iterative step, the second step in the algorithm is replaced by the

following loop:
Let « =0.25, B = 0.5, p =1, then:
For a given direction

do:

1. Y =X+ pAX,

2. f(Y)=Y(1)? +3Y(2)?

3. VA(X)=1[2X(1),6X(2)],

4. if f(Y) < f(X) + apV f(X)AX, end,

5. else p = fp,
6. end.

3.1.3 Newton’s Method

The Newton algorithm in optimization is a direct application of Newton’s method for
solving equations of the form J(x) = 0. In unconstrained optimization, the Newton
algorithm seeks solutions of the equation J(x) = 0. This is a nonlinear equation (or
rather a system of nonlinear equations) in R”, and we will use Newton’s method to solve
it. However, we will only obtain the critical points of J: it is then necessary to check that
they are indeed minima.

Here f = J is indeed a function from R" to R™. The derivative of f is none other than
the Hessian matrix of J: H(z) = D?J(z).

The Newton method is thus written as:
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f(xy) = x2 + 3y?

16
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Figure 3.3: Shape of the function f(z,y) = 2 + 3y>.
Top view of f(x,y) = X2+ 3y2
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Figure 3.4: Top view of the function f(x,y) = 22 + 3y>.

Algorithm 4 Newton’s Algorithm in R”

1: Imitialization: k& = 0; choose o € R" in a neighborhood of x.
2: Iteration k:
Tl = T — [H(xk)]_lj(xk)

return to step 2.
79

3: Stopping criterion: if ||z, — zx]| < €, STOP; otherwise, set k = k + 1 and




Step 2 of the method amounts to solving the following linear system:
where Hy, = H(xy), then setting

Tpp1 = Tp — Ay

Newton’s Method: Advanced 3D Example

Problem. Minimize:

f(y,2) =a?+ay+y> +yz+ 2>+ 22 — 62 — 9y — 152,

Gradient.
2v+y+2—6
r+y+22—15
Hessian.

211
H(z,y,z)= |1 2 1
1 1 2

Inverse Hessian.

1 3 -1 -1
H ' = 11713 -1
-1 -1 3
First iteration with =z, =[0,0,0]”.
—6
Vf(zo) = | =9
—15
1 6 1.5
H W f(zy) = vl B Bl s
—30 —7.5
—1.5
1 = Ty — H_IVf(ZE()) = 1.5
7.5

The algorithm converges in one iteration.
Minimum point: (—1.5,1.5,7.5)

Minimum value calculation.

F(=1.5,1.5,7.5) = —58.5.
Minimum value: f(—1.5,1.5,7.5) = —58.5.
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Graphical Illustration

Contour plot of f(x,y,z)

Figure 3.5: 3D surface plot of f(x,y, z).

3.1.3.1 Disadvantages of Newton’s Method

1. This method works very well for small dimensions (1 < n < 10) when it is easy to
compute H(x) and H(z)~!'. However, this calculation requires more numerous and
costly iterations for large-scale problems.

2. Since x4 1 = xp—H(x,) "'V f(21), the point x; is not always well-defined, i.e., it is
possible that H (x;)~! does not exist (this typically occurs when the method reaches
a region where f is linear, and thus its second partial derivatives are zero). Even if
it exists, the direction d, = —H () 'V f(xy) is not always a descent direction (if
H(xy) is positive definite, then dj, is a descent direction).

3. The major disadvantage of the method is its sensitivity to the choice of the starting
point xq: if this point is poorly chosen (too far from the solution), the method
can either diverge or converge to another solution. To choose the starting point g
sufficiently close to x*, one tries to approach x* by using a gradient-type method,
and then applying Newton’s method.
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Surface plot of f(x,y,z)

-60 =L

Figure 3.6: Contour (level) plot of f(z,y, z) showing the minimum.

3.1.3.2 Quasi-Newton Method

Quasi-Newton methods are developed for optimization to overcome the drawbacks of
Newton’s method:

1. They maintain the speed of Newton’s method.
2. They avoid the (costly) computation of the matrix [H (z)] at each iteration.

3. They are more robust with respect to the starting point. There are methods called
“trust region” methods that aim to make the method robust (i.e., not very sensitive)
to xg.

4. (H(z))™! is not necessarily known, it can be very expensive to compute, and H (z)
can be very difficult to invert. Thus, (H (z;))~! is replaced by a matrix Dy, possibly
constant, which is supposed to approximate H(zj) or its inverse. Sometimes, even
(H(x1)) 'V f(zy) is replaced by an easily computable vector .

Therefore, the algorithm of this method is given as follows:
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Algorithm 5 Quasi-Newton Algorithm

1: Initialization: k£ = 0; choose xg, ap, €.
2: Iteration k:
Tp+1 = T — oszka(xk)

3: Stopping criterion: if ||z — zx|| < ¢, STOP; otherwise, set k = k + 1 and
return to step 2.

Remark 3.0.3. In this algorithm, we use an approximation Dy, of (H(x;))™' and
then find ay (by a line search) which minimizes the function ¢(a) = f(zr + ardy).

Problem
We consider the following difficult optimization problem in R

f(x,y) = («'E2 +y— 11)2 + (aj—|—y2 — 7)2 4 et

We apply the **BFGS Quasi-Newton method** starting from xy = [1;2]| with identity
as initial inverse Hessian approximation.

Detailed Solution

Let x = [zx; yx] at iteration k.

e Gradient:

Az +y—11) + 2@+ y* —T) + "V
Viw.y) = 20 +y—11) +4dy(z +y*> = 7) —e* ¥

e Update:
T+l = Tk — OékaVf(l'k),

where Hj, is the inverse Hessian approximation, updated via BFGS formula.

Algorithm
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Algorithm 6 Quasi-Newton (BFGS) Algorithm

1: Initialization: k£ = 0; choose zy € R", set Hy = I, tolerance ¢ = 1075,
2: Iteration k:
3: Compute the descent direction:

4: Perform line search to find oy that minimizes f(z) + axdy).
5: Update:
Thy1 = Tk ol Oékdk.

6: Compute:
Sk = Th1 — Ty Yo = V[ (Trr1) — V().

7: Update the inverse Hessian approximation Hj using the BFGS formula:

T T T
o = ([ _ Sk ) H, ([ - y’f’“) o A
Y. Sk Yi. Sk Yi. Sk

8: Stopping criterion: If ||V f(zx11)|| < €, STOP; otherwise, set k = k + 1 and
return to step 2.

MATLAB Code: Quasi-Newton BFGS Advanced

Below is the MATLAB program implementing the Quasi-Newton BFGS method for:

flay) =@ +y—112+ (z+> = 7) + V.

Program:

function quasi_newton_bfgs_advanced()
% Function definition
f=0(x,y) (x.72 +y - 11).72 + (x + y.”2 - 7).72 + exp(x - y);

% Gradient
grad = @(x) [

4xx (1) *(x(1)~2 + x(2) - 11) + 2x(x(1) + x(2)"2 - 7) + exp(x(1l)-x

(2));

2% (x(1)72 + x(2) - 11) + 4x*x(2)*(x(1) + x(2)"2 - 7) - exp(x(1)-x

(2))
1;

% Initialization
xk = [1; 2];

Hk = eye(2);
epsilon = 1le-5;
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end

maxIter = 1000;
path = xk’;

for k = 1l:maxIter
gk = grad(xk);
if norm(gk) < epsilon
break;
end

dk = -Hk * gk;

% Backtracking line search

alpha = 1;
rho = 0.5;
c = le-4;

while f(xk(1)+alphax*dk (1), xk(2)+alpha*dk(2)) >
f(xk (1) ,xk(2)) + c*alpha*gk’xdk
alpha = rho * alpha;

end

% Update

xk_new = xk + alpha * dk;
sk = xk_new - xk;

yk = grad(xk_new) - gk;

% BFGS update formula
Hk = (eye(2) - sk*xyk’/(yk’*sk)) * Hk x
(eye(2) - yk*sk’/(yk’*sk)) + (sk*sk’)/(yk’#*sk);
xk = xk_new;
path = [path; xk’];
end

% Plotting
[X,Y] = meshgrid(-5:0.05:5, -5:0.05:5);
Z = (X."2 +Y - 11).72 + (X +Y."2 - 7).72 + exp(X - Y);

figure;

contour (X,Y,Z,logspace(0,5,40)); hold on;

plot(path(:,1), path(:,2), ’r.-’, ’LineWidth’, 1.5);

xlabel (’x’); ylabel(’y’);

title (’BFGSOptimization, Pathon Modified Himmelblau,+ Exponential’)

colorbar;

% Save as PNG
saveas (gcf, ’bfgs_himmelblau.png’);

Listing 3.2: BFGS Optimization on Modified Himmelblau + Exponential
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Graphical Illustration

3D Surface Plot of f(x,y) x10%
16

114

Figure 3.7: Optimization path using BFGS Quasi-Newton on the modified Himmelblau
+ exponential function.

3.1.4 Conjugate Gradient Method

Conjugate gradient methods are used to solve linear systems whose matrix is symmetric
positive definite. They are also used to solve large linear systems. It is an iterative
method that converges in a finite number of iterations (at most equal to the dimension
of the linear system).

Definition 3.1.1. Let A be an n X n symmetric positive definite matriz. Two
vectors x and y in R™ are said to be A-conjugate (or conjugate with respect to A)
if they satisfy:

zT Ay = 0.

Principle of Conjugate Gradient Method
Let {dg,dy, ..., d,} be a family of A-conjugate vectors. We then call conjugate direction
method any iterative method applied to a strictly convex quadratic function of n variables:

1
flz) = éxTAa: + bl +c,

with x € R", A € M,,,, symmetric positive definite, b € R", and ¢ € R, leading to
the optimum in at most n steps.

They rely on the concept of conjugate directions because successive gradients are
orthogonal to each other and to previous directions.

The idea of the method is, given an initial point xy in R™ and n conjugate directions,
to iteratively construct mutually conjugate directions di, ..., d,. We define the following
scheme:
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Tpy1 = Tk + prdy,
where py is the scalar minimizing f(x) along the direction xy + prdy and is defined by:

T%dk
Pl = "0 Ady,
k k

T = —Vf(l‘k) =b-— Al'k

The algorithm below solves Az = b, where A is a real, symmetric, positive definite
matrix. The input vector xy can be an approximation of the initial solution or zero.

Algorithm 7 Conjugate Gradient Method

1: Step 0 (Initialization): Set k& = 0.
2: Choose zp € R™; compute o = =V f(zo) = b — Axy, set py = ro.
3: Step 1 (Compute step size):

o
P;;FApk .

A — —

4: Step 2 (Update):

Thi1 = T + PrPky  Thi1 = Tk — QpADE.

5. Step 3 (Stopping criterion): If ., is sufficiently small, STOP the algo-
rithm.
6: Step 4 (Direction update):

T
B, = Tit1Tk+1
= L T

7> Dkl = Tk+1 + BrPk-

7: Replace k by k + 1 and return to Step 1.

Theorem 3.1.3. If f : R® — R is quadratic and elliptic, the conjugate gradient
method converges in at most n iterations, where n is the order of A.

Example: Conjugate Gradient Method (Detailed)

Problem. Minimize:

f(z,y) = 42* + 2y + 3y* — 8z — 9y.

This can be written in quadratic form as:
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f(X) = %XTAX —v'X

where
8 1 8
el
0
Set To — 0l
Compute:
8
TQZb—AZEQZb:|:9:|, Po = To.
Compute
o — TgTO
" i Apy
Calculate:
riry = 8% 4+ 9% = 64 + 81 = 145.
8 1|18 73
am= {7 of ] - 6]
Then,
pOTApO = [8,9] - [73,62] = 8% 73 + 9% 62 = 584 + 558 = 1142.
Hence,
145
= —— ~(0.127.
0 = Jyyg & 0127
0 8 1.016
8 73 —1.271
r =Ty — Oé()Apo = |:9:| —0.127 |:62:| = |: 1.126 :| .
rTy
fo= 0L
Calculate:
riry = (=1.271)% + (1.126)? = 1.615 + 1.268 = 2.883.
Hence,
2.883
= —— ~ 0.0199.
5o v 0.0199

—1.271 s]  [-1.112
p1 =1+ fopo = [ 1.126 ] 00199 M = { 1.305 ] '
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Continue with the same process:

o) = —5 Ty =21 +oqpr, T2 =711 — a1Apy.

The method converges in at most n = 2 iterations for a quadratic problem.

Conjugate Gradient Method Path

Figure 3.8: Conjugate Gradient method optimization path for f(x,y) = 42% + 2y + 3y —
8r — 9y.

MATLAB Implementation: Conjugate Gradient Method
Example

Solve: f(x,y) = 42 + zy + 3y? — 8x — 9y using the Conjugate Gradient Method.
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MATLAB Code

% Conjugate Gradient Method Example

% Define A and b
A =[8 1; 1 6];
[8; 91;

o’
I

% Initial guess
x = [0; 0];

% Compute initial residual
r = b - Ax*xx;
p=r;
k 0;

while norm(r) > 1e-6

Ap = Axp;

alpha = (r’*r) / (p’*Ap);
Xx_new = x + alphax*p;
r_new = r - alpha*Ap;

if norm(r_new) < le-6
break;
end

beta = (r_new’*r_new) / (r’*r);
P = r_new + betaxp;

% Update for next iteration
X = X_Dhew;
r = r_newv;
k = k + 1;

% Display each iteration

fprintf (’Iterationy%d:uxyu=u[%f;u%f],residual norm,=_%e\n’,

k, x(1), x(2), norm(r));
end

% Final solution
disp(’0Optimal x:?)
disp(x)

Expected Output

Optimal solution z* ~ [0.967, 1.401] minimizing the quadratic function.

3.1.5 Relaxation Method

We seek to minimize J : R™ — R; let us set

X = (Il,l'g,...
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The last method we present allows reducing a minimization problem in R™ to the successive
resolution of n minimization problems in R (at each iteration).
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The principle of the method is as follows:

Given an iterate X* with coordinates (x%,z%, ... z*

the first and we minimize over the first:

), we fix all components except

. ko, k k
min J(z, x5, 25, ..., 2,).
zeR

Thus, we obtain the first coordinate of the next iterate X**!, which we denote %+,

For this minimization in R, one can use for example Newton’s method in R.

Then, we repeat by fixing the first coordinate to 2% and the last n — 2 as before. We
minimize over the second coordinate, and so on.

The resulting algorithm is as follows:

Algorithm 8 Successive Relaxation Method — One Iteration

1: Step 0 (Initialization): At the beginning of iteration k, choose X* € R™.
2: Step 1 (Coordinate-wise minimization):
3: For each coordinate + = 1 to n:
4: Minimize J with respect to x; while keeping all other components fixed:
CL’;H-I = min J<x11€+17 J‘JZH_I: s 7‘7“51_117 maxf—&-l? ce JJ‘J:L)
5: Step 2 (Stopping test): If | X*™! — X*|| < ¢, STOP; otherwise, set k = k+ 1
and return to Step 1.

Example: Successive Relaxation Method
Minimize:

flr,y,2) =2 +y* +2* —day+ 22—z +y +3.
Step-by-step solution:
1. Initialize: 2o =0, y9 =0, 2o = 0.

2. Minimize with respect to z (fixing y, 2):

4o — 4y — 1
Th1 =Tk — — 75 5
1223
3. Minimize with respect to y (fixing x, 2):
. 4y2 - 41L’k +1
Yk+1 = Yk 12y2
4. Minimize with respect to z:
Zk+1 = 0.

5. Check convergence:

V(@1 — )2+ (W1 — ve)? + (2ep1 — 2)2 < €.
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Algorithm 9 Successive Relaxation for 3-variables

7

: Initialization: Choose g, ¥, 20, tolerance €, set k = 0.
: repeat

Update xp11 = H“T*Z’“
—Tpt1— 2k —3

Update yx41 = g
1=%p 41 —Yrt1
18 :
. k=k+1
until [z — k| 4 [Yper — Yl + |z — 2] <e

1
2
3
4
5. Update zp11 =
6
7
8: Output: Optimal (z*, y*, z*).

Convergence of Successive Relaxation Method

0.03
0.025
0.02 N

n 0.015 ~
0.01 =

0.005 5

Figure 3.9: Convergence trajectory of Successive Relaxation in 3D space.

92



Sheet 03

Gradient Method

Exercise 1. Prove that for a strictly convex quadratic function f(z) = 327 Az — bz + ¢,
with A symmetric positive definite, the gradient method converges for step size p € (0, %)
where M is the largest eigenvalue of A.

Exercise 2. Show that if p is too large in the gradient method, the sequence {z}}
can diverge. Illustrate this with the proof for a general quadratic function.

Exercise 3. Minimize f(z,y) = 322 + 2zy + 2y* — 4z — 6y starting at zo = (0,0)7
using gradient descent with fixed step size p = 0.1. Perform three iterations and compute
T1, T, T3.

Exercise 4). For f(z,y) = 2 + 432, apply the gradient method with optimal step
size starting at (2,1). Compute analytically the optimal p at each iteration and perform
two iterations.

Conjugate Gradient Method

Exercise 5. Prove that for a quadratic function with a symmetric positive definite matrix
A, the conjugate gradient method converges in at most n iterations.

Exercise 6. Explain why conjugate directions are A-orthogonal and deduce the op-
timality condition from this property.

Exercise 7. Solve the linear system Az = b using conjugate gradient with

A= (11 il))), b = (;), starting from zy = 0. Perform two iterations showing all

calculations.
Exercise 8. Minimize f(x,y) = 52% + 6zy + 10y*> — 22 — 3y using conjugate gradient
from zy = (0,0). Do two iterations.

Newton Method

Exercise 9. Prove the quadratic convergence of Newton’s method under the condition
that f”(x) is Lipschitz continuous near the solution.

Exercise 10. Discuss the disadvantages of Newton’s method when H(z) is not in-
vertible or not positive definite.

Exercise 11. Apply Newton’s method to f(z,y) = 2* + xy + y*> — x — y starting at
(0,0). Compute two iterations with explicit gradient and Hessian.

Exercise 12. Use Newton’s method to find the minimizer of f(x,y) = 2*+y*—4zy+1
starting at (1,1). Perform one iteration.

Relaxation Method

Exercise 13. Explain the principle of the relaxation method and its convergence condi-
tions for strictly convex separable functions.
Exercise 14. Prove that if the minimization at each coordinate is exact and the
function is strictly convex, the relaxation method converges to the global minimum.
Exercise 15. Minimize f(z,y) = 2% + 3y* + xy using the relaxation method, alter-
nating minimization over x and y, starting at (1, 1). Perform two full cycles.

93



Exercise 16. Apply the relaxation method to minimize f(z,y,z) = 2 + y* + 22 +
xy + yz + xz starting at (1,1, 1) and perform one full cycle.
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Sheet 03 (Solutions)

Gradient Descent

Exercise 1 (Numerical)

Problem. Minimize f(z,y) = 2% + y? from (1,1) with a = 0.1.
Solution.

e Gradient: Vf = [2x,2y].

e Jteration 1:
r1=1—-01%x2=08 y1=1—-01x2=0.8.

e Iteration 2:

29 =08—-01x16=0.64, 3 =08—-0.1x1.6=0.64.

e Iteration 3:

x3=10.64 -0.1x1.28=0.512, y3=0.64—-0.1x1.28=0.512.

e Converges geometrically to (0,0).

Exercise 2 (Theoretical)

Problem. Prove convergence if « is small enough for convex f.
Solution. If f has L-Lipschitz gradient, then for a € (0,2/L):

Fon) < fan) = a (1= ) I97@)IP,

thus f(xy) decreases and converges.

Conjugate Gradient

Exercise 3 (Numerical)

Problem. Solve Az = b with A = ﬁ :ﬂ b= B] , 2o = 0.

Solution.

° rozb—Aa:OZb:[l;Q],pO:TO-

rdrg 5
o oy = 2> = 2 =~ (.5556.
0= pTApy — 9

T1 = To+ qppg = [05556, 11112}
e 1 =19 — gApy = [—1.2224;0.3332].

Continue iterations until convergence.
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Exercise 4 (Theoretical)

Problem. Prove CG converges in at most n steps for positive definite A.
Solution. CG builds a Krylov subspace of dimension n, ensuring the exact solution
is reached in at most n steps under exact arithmetic.

Newton’s Method

Exercise 5 (Numerical)

Problem. Minimize f(z) = z* — 323 + 2.
Solution.

o Vf =423 —92% V2f = 1222 — 18x.

e Starting from zy = 0.5:

V f (o)

T1=Top— — .

V2 f(x0)
e Compute Vf(0.5) =0.5—-225=—-1.75, sz(0.5) =3—-9=—6.
o Thus 1 = 0.5 — (—1.75)/(—6) = 0.5 — 0.2917 = 0.2083.

Exercise 6 (Theoretical)

Problem. Why Newton may diverge for poor initial guess?
Solution. If g is far from local minima or near saddle points where V2 f is indefinite,
steps may lead away from minima.

Relaxation Method

Exercise 7 (Numerical)

Problem. Minimize f(x,y) = x* + 3y? using relaxation.
Solution.

e Fix y = yj, minimize in z: x4 = 0.
e Fix z = 0, minimize in y: yxy1 = 0.

e Converges in one sweep.

Exercise 8 (Theoretical)

Problem. Why relaxation may be slow in coupled problems?
Solution. Because updating one variable at a time ignores coupling structure, leading
to zig-zagging and slow convergence (Gauss-Seidel type issues).
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Sheet of Practical Work

Instructions

Instructions for Each TP

For each TP:
e Implement the method in MATLAB.
e Test on the proposed problem with detailed comments.
e Analyze convergence behaviour, iteration count, and solution accuracy.

e Answer the reflective questions at the end of each TP.

Gradient Descent Method

TP 1. Rosenbrock’s Banana Function
Implement gradient descent to minimize:
f(z,y) =100(y — 2%)* + (1 — ).
Tasks:
1. Derive the gradient analytically.

2. Implement in MATLAB with step size a = 0.001 and stopping criterion ||V f(zx)|| <
1076,

3. Test from starting point (zo,y9) = (—1.2,1).

4. Plot convergence trajectory on the contour plot of f.
Questions:

e Does the method converge? If not, why?

e Test different step sizes. Report the impact on convergence.

TP 2. N-dimensional Quadratic Function

Minimize: ]
flz) = ixTAx — b,
where A is SPD of size n = 10, generated as A = QT D(Q with D diagonal positive, @
orthogonal.
Tasks:

1. Generate A and b randomly in MATLAB.
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2. Implement gradient descent with fixed step o = 1/Apax(A).
3. Compare with MATLAB’s quadprog result.

Questions:

e What is the theoretical optimal step for this problem?

e Compare iteration count for o too small vs optimal.

Conjugate Gradient Method

TP 1. Solving SPD System

Solve Az = b where A is SPD with n = 1000, b random.
Tasks:

1. Implement Conjugate Gradient method without preconditioning.
2. Compare solution time and residual with MATLAB'’s pcg.

3. Plot convergence (residual norm vs iteration).

Questions:

e Why is CG preferred over direct methods for large sparse SPD systems?

TP 2. Quadratic Minimization Interpretation

Minimize:

1
flz) = §xTAx — bz

using CG and compare to gradient descent implemented previously (TP 1.2).
Tasks:

1. Use the same A,b as TP 1.2.

2. Compare iteration count and execution time.

3. Plot both convergence curves on the same graph.
Questions:

e Explain mathematically why CG converges in at most n steps.
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Newton’s Method

TP 1. Himmelblau’s Function
Minimize:
flay) = (@ +y—11)* + (x +y* = 7)%
Tasks:
1. Derive gradient and Hessian analytically.
2. Implement Newton’s method with stopping criterion ||V f(x)|| < 107S.
3. Test starting from (0,0), (3,2), (=3, —3) and analyze the solutions obtained.
4. Plot iterations on 3D surface and contour plots.
Questions:

e Why does Newton’s method fail or succeed depending on the starting point?

TP 2. High-dimensional Newton

Consider:

with n = 20.
Tasks:

1. Implement Newton’s method (use diagonal Hessian).
2. Compare with gradient descent performance.
Questions:

e Discuss computational cost for Hessian inversion vs gradient descent.

Relaxation Method

TP 1. Coordinate-wise minimization

Minimize:
flzy) =2 +zy+y"+3z+4y+5

using relaxation (coordinate descent).
Tasks:

1. Implement sequential minimization along x and y.
2. Compare with MATLAB’s fminunc.
Questions:

e When is coordinate descent effective compared to gradient methods?
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TP 2. Large-scale LASSO (Bonus)
Using MATLAB’s sparse optimization toolbox, implement coordinate descent for LASSO:
1 2
min o || Az = bllz + Allzlx

where A is 1000 x 500 random Gaussian, b random, and A = 0.1.
Tasks:

1. Implement coordinate-wise updates with soft-thresholding.
2. Compare solution with MATLAB’s lasso.
Questions:

e Why is relaxation well-suited for LASSO problems?
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3.2 Practical Work

3.2.1 Conjugate Gradient Method — TP1

Exercise 1 (Numerical)

Problem. Solve the linear system Az = b using the conjugate gradient method where

S

Implementation (MATLAB).

% Conjugate Gradient Method Example

A =14 1; 1 3];
b = [1; 2];
x = zeros (2,1);
r = b - A*x;
p = 13
for k=1:2
alpha = (r’*r)/(p’*Axp);
x = x + alphax*xp;
r_new = r - alphax*Axp;
if norm(r_new) < le-6
break;
end
beta = (r_new’*r_new)/(xr’*r);
p = r_new + betaxp;
r = r_new;
end
disp(’Solution:’);
disp(x);
Interpretation.
The algorithm converges in at most n steps (here n = 2). The final solution is

approximately [0.0909; 0.6364].

Exercise 2 (Theoretical)

Problem. Prove that for a symmetric positive definite matrix A, the conjugate gradient
method converges in at most n steps.

Solution (Sketch).

- The method generates an A-orthogonal basis. - Each iteration minimizes the quadratic
form along a conjugate direction. - Since R™ is of dimension n, the solution is reached in
at most n steps.
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3.2.2 Newton’s Method — TP2

Exercise 1 (Numerical)

Problem. Minimize f(z,y) = 22 + 2y + y? — 32 — 3y using Newton’s method.

Implementation (MATLAB).

1 |% Newton’s Method Example

2 |syms x y

3£ = x72 + xxy + y~2 - 3%x - 3%*y;

. |grad = gradient(f, [x yl);

5 |hess = hessian(f, [x yl);

¢ |xk = [0; 0];

7 |epsilon = le-5;

¢ |while true

9 g = double(subs(grad, [x yl, xk’));
10 H double (subs(hess, [x y], xk?));
11 pk = -H\g’;

12 xkl = xk + pk;

13 if norm(pk) < epsilon

14 break;

15 end

16 xk = xki1;

17 | end

s [disp(’Minimumat:?’);

1o | disp(xk);

Interpretation.
The method converges quadratically to the minimum point.
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3.2.3 Relaxation Method — TP3

Exercise 1 (Numerical)

Problem. Solve for the minimum of f(z,y) = (z — 1)® + (y — 2)? using relaxation
(coordinate descent).

Implementation (MATLAB).

% Relaxation Method Example
x =0; y =0;
epsilon = 1le-6;
while true
x_old = x;
x = 1; % minimize w.r.t x keeping y fixed
y = 2; % minimize w.r.t y keeping x fixed
if sqrt((x-x_o0ld)~2) < epsilon
break;
end
end
disp([’Minimum_at,x=’,num2str(x),’,,y=’,num2str(y)]);

Interpretation.
Coordinate descent converges to (1,2), the global minimum.
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3.2.4 Gradient Method — TP4

Exercise 1 (Numerical)

Problem. Minimize f(x,y) = 2%+ 3 + 2y using gradient descent with step size p = 0.1.

Implementation (MATLAB).

% Gradient Descent Example

xk = [0;0];
rho = 0.1;
epsilon = le-6;

while true
grad = [2*xxk(1)+xk(2); xk(1)+2*xxk(2)];
xkl = xk - rhox*xgrad;
if norm(xkl - xk) < epsilon
break;
end
xk = xki1;
end
disp(’Minimumat:’);
disp(xk);

Interpretation.
The method converges linearly to the minimum point.

End of TP Sheet

Prepared for your Optimization Practical Sessions. Ezecute codes in MATLAB, generate
figures, and interpret results clearly in your lab notebook.

104




General Conclusion

In this work, we have carried out a detailed study of unconstrained optimization problems,
focusing on their theoretical foundations as well as practical algorithms for their resolution.
We began by examining the concepts of existence and uniqueness of solutions. We
established that if the objective function is continuous and coercive, then it admits at least
one minimum in R". Moreover, if the function is strictly convex, this minimum is unique,
guaranteeing the reliability of numerical methods designed to solve such problems.

We then explored four major optimization methods. First, the Gradient Method,
which is the most basic iterative method relying solely on first-order information to move
in the direction of steepest descent. Although simple and widely applicable, we noted
its slow convergence in the presence of ill-conditioned problems, where the function has
narrow and elongated valleys.

Second, we studied the Conjugate Gradient Method, which improves upon the
Gradient Method by constructing conjugate directions that accelerate convergence, espe-
cially for quadratic objective functions with symmetric positive definite matrices. This
method is particularly effective for large-scale sparse systems, commonly encountered in
engineering simulations and scientific computations.

Third, the Newton’s Method was discussed, which leverages second-order derivative
information to achieve quadratic convergence near the optimal solution. However, its
practical implementation faces limitations due to the need to compute and invert the
Hessian matrix, which becomes computationally expensive for high-dimensional problems.
We also highlighted that Newton’s Method is sensitive to the initial point, and it may fail
if the Hessian is not positive definite at some iteration.

Finally, we addressed the Relaxation Method, also known as coordinate descent,
which sequentially optimizes each variable while keeping the others fixed. This approach
reduces the multidimensional problem to a series of univariate problems. While intuitive
and sometimes effective for problems with separable structures, its convergence is generally
slow and it may cycle or stall without reaching a true optimum in some non-separable
cases.

Throughout this work, we implemented and analyzed these methods in detail, both
theoretically and numerically. We solved practical examples step by step, coded the
algorithms in MATLAB for experimentation, and illustrated their behaviour graphically
to enhance understanding. This comprehensive approach allowed us to observe how each
method behaves in different situations, highlighting their strengths and weaknesses.

Overall, the study of these methods provides essential tools for tackling unconstrained
optimization problems arising in engineering design, data science, and applied mathe-
matics. By understanding their mathematical principles, convergence conditions, and
computational aspects, we are better equipped to select the most suitable method for
a given problem or to develop hybrid and advanced optimization techniques adapted to
large-scale or non-convex challenges.
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3.3 Appendix A (Quiz)
Quiz — Gradient Method

Q1. Define the steepest descent direction.

Q2. Give the general update formula for gradient method.

Q3. Why is the gradient method slow for ill-conditioned problems?

Q4. Compute Vf(z,y) for f(z,y) = 32* + 2zy + y*.

Q5. Compute the descent direction at point (1,2).

Q6. What is the stopping criterion in gradient descent?

Q7. True/False: The gradient is always perpendicular to the level curves. Justify.
Q8. Give a condition for p (step size) to ensure convergence.

Q9. If f(z) = 2*, is gradient descent efficient near z = 0?7 Explain.

Q10. Describe one advantage and one disadvantage of gradient descent.

Solutions — Gradient Method
A1l. The direction dy, = =V f(xy).
A2. zp1 =z — iV f(2g).
A3. Because the gradient oscillates in narrow valleys, slowing convergence.
A4. Vf = [6x+ 2y, 2z + 2y]T.
A5. At (1,2): [6x14+2%2, 2x1+2x2] =[10,6] so direction is [-10;-6].
A6. When ||V f(zp)| <e.
AT7. True. The gradient is normal to the level set at any point.
A8. p, must satisfy Wolfe or Armijo conditions.
A9. No, because derivative is nearly flat near 0, leading to very small steps.

A10. Advantage: Simple to implement. Disadvantage: Slow convergence for ill-conditioned
problems.
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Quiz — Conjugate Gradient Method

Q1

Q2.
Q3.
Q4.
Q5.
Q6.
Q7.
Q8.
Q9.

Q10

Define A-conjugacy between two vectors.

State the main advantage of CG over steepest descent.

What is the convergence rate of CG for a quadratic problem?
Write the formula for «4, in CG.

Write the update for x;,; in CG.

How is By computed in CG?

Why is CG preferred for large sparse systems?

Does CG require storage of the matrix inverse?

Explain why directions remain conjugate in CG.

State a limitation of CG.

Solutions — Conjugate Gradient Method

Al

A2.
A3.

A4.

A5.

A6.

AT.
AS.
A9.

A1l0

2T Ay = 0.
Faster convergence by using conjugate directions instead of orthogonal only.

At most n iterations for an n-dimensional quadratic problem.

Thy1 = Tk + QgPk.

ﬂ _ ’“g+17"k+1

k— r%rk :

Because it does not require storage of full A, only matrix-vector products.
No.

Because each new direction is constructed to be A-conjugate to previous ones.

Requires A to be symmetric positive definite.
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Quiz — Newton’s Method

Q1.
Q2.
Q3.
Q4.
Q5.
Q6.
Q7.
Q8.
Q9.

Q10

Write the Newton update formula.

What is the role of the Hessian in Newton’s method?

Why does Newton’s method have quadratic convergence?

What is the drawback if the Hessian is not positive definite?
Compute V2f for f(z,y) = 2* + zy + y>.

Why is Newton’s method sensitive to initial guess?

True/False: Newton’s method always converges globally. Justify.
When is Newton’s method preferred over gradient descent?
Does Newton require line search? Explain.

Give an alternative when Hessian is difficult to compute.

Solutions — Newton’s Method

Al.
A2.
A3.
A4.

A5.

A6.
AT.
AS.
A9.

A10

Tppr = 2 — [V2f(2)] 7TV f ().
It determines the curvature and updates accordingly.
Because it uses second order Taylor expansion.
The direction may not be descent; can diverge.
2 1
V2= {1 2} |
Because it may converge to another critical point or diverge.
False. Only local convergence is guaranteed near a minimizer.
When high precision is needed and Hessian is easy to compute.

Yes, to ensure global convergence.

Quasi-Newton methods like BFGS.
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Quiz — Relaxation Method

Q1. What is the principle of relaxation method?

Q2. How does it decompose an optimization problem?

Q3. What is updated at each iteration?

Q4. Give one advantage of relaxation method.

Q5. State a limitation of relaxation method.

Q6. True/False: Relaxation solves all variables simultaneously.
Q7. In which types of problems is relaxation effective?

Q8. Write the general update for variable x; in relaxation.
Q9. Why is convergence not always guaranteed?

Q10. How can relaxation be combined with Newton’s method?

Solutions — Relaxation Method

A1. Solves for one variable at a time, fixing others.

A2. By solving n one-dimensional minimizations successively.
A3. Each coordinate (variable) is updated one after another.
A4. Simplicity of implementation.

A5. Slow convergence or divergence for coupled variables.
AG6. False.

A'7. Problems with separable or weakly coupled variables.
A8. o = argmin, J(2fT, 2l w2k 2k,
A9. Because updates may not lead to overall decrease in objective.

A10. Using relaxation for each coordinate and Newton for inner 1D minimization.
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Department of Mathematics Duration: 01h30 Date: June 22, 2025
3.4 Exams

Make-up Exam S 1
Unconstrained Optimization

Exercise #1 (6 points)
Answer true or false, justifying your answer:

1. Every coercive function is a convex function.

2. Let f: AC H — R, Gateaux-differentiable on A, with A convex, then: f is convex
if and only if V(u,v) € H x H,

f(u) = f(v) + (Vf(v),u—v).

3. Optimization problems in economics are nonlinear problems.

Exercise #2 (7 points)
Solve the following problem:

{min s(Az,z) — (b, x)

r € R3
with
1 -1 0 -1
A=|-1 2 0}, b= 1
0 -1 3 -1

Exercise #3 (7 points)

1. What is the principle of the conjugate gradient method?

2. Write the conjugate gradient algorithm in the case of a quadratic form.



University of Khemis-Miliana AY.: 2024-2025
Faculty of Material Sciences and Computer Science Level: L3

Department of Mathematics Duration: 01h30 Date: June 22, 2025
January 2025 Exam S1

Note:

e No documents are allowed during the exam.
e Mobile phones are prohibited during the exam period.

e Answers must be fully justified.

Exercise 01 (06 pts)
We consider the following problem (P):

1
m%Rr% J(X) = J(xq,29) = 5(235% + 223) — 4z + 879
TE

1. Solve problem (P).

2. Perform one iteration of Newton’s method starting from the point 27 = (0, —4)
with a step size equal to 1.

Exercise 02 (07 pts)
We consider the following problem (Q):

min J(X) = J(z1,29) = %(Ax,a:) (b, 2)

z€R?

where A is a symmetric positive definite matrix.

1. Study the existence and uniqueness of solutions, then solve this problem.

2. Show that if (d©,d™M, ... d*) is a set of A-conjugate directions, then the vectors
(d©,d®, ... d*) are linearly independent.

3. Write the conjugate gradient algorithm for solving (Q).

Exercise 03 (07 pts)

We consider the following optimization problem (M ):
1
m%{n J(X) = J(xy,20) = 5(3%% 4 523) — 22129 — 621 — 1229 + 7
z€R?
1. Write problem (M) in the form:
1
miy §<Al', z) — (b,z) +c

where A is a symmetric positive definite matrix.

2. Write the fixed-step gradient algorithm (with step «) for solving a quadratic prob-
lem.

3. For which values of o does the sequence ¥ defined by the fixed-step gradient
method converge to the solution x of (M)? What is the optimal step a?

Given: A\pin = 3.69,  Apax = 12.73
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MATLAB® Basic Functions Reference

MATLAB Environment

cle Clear command window =5 Define variable a with value 5
help fun Display in-line help for fun A=1[123; 45 6] Define A as a 2x3 matrix
doc fun Open documentation for fun A=1123 “space” separates columns

- 45 6] “" or new line separates rows
load("filename","vars") Load variables from .mat file

— - [A,B] Concatenate arrays horizontally

uiimport("filename") Open interactive import tool

- [A;B] Concatenate arrays vertically
save("filename","vars") Save variables to file

- x(4) =7 Change 4th element of x to 7
clear item Remove items from workspace

. A(1,3) =5 Change A(1,3) to 5
examplescript Run the script file named
. x(5:10) Get 5th to 10th elements of x
examplescript
Rk 1:2:end
format style Set output display format x(1:2:end) Get every 2nd element of x (1st to last)
. . >6 i
ver Get list of installed toolboxes *(x>6) List elements greater than 6
==10)=1 i it
tic, toc Start and stop fimer x(x ) Change elements using condition
. A(4,2) Get 4th fA
Ctrl+C Abort the current calculation ! ° row o
A(:,3) Get 3rd column of A
Operators and Special Characters a(6, 2:5) Get 2nd fo 5th element in 6th row of A

A(:,[1 7D=A(:,[7 1])

+ = %/ Matrix math operations Swap the st and 7th column
*, ./ Array multiplication and division a:b [a, a+1, a+2, ..., a+n] with a+n<b
(element-wise operations) a:ds:b Create regularly spaced vector with
o Matrix and array power spacing ds
\ Left division or linear optimization linspace(a,b,n) Create vector of n equally spaced values
RE Normal and complex conjugate logspace(a,b,n) Create vector of n logarithmically spaced

transpose values

- — o ) zeros(m,n i
==, ~=, <, > <=, >= Relational operators (m,n) Create m x n matrix of zeros

ss, ||, ~, xor Logical operations ones (m,n) Create m x n matrix of ones
(AND, NOT, OR, XOR) eye(n) Create a n x n identity matrix

; Suppress output display A=diag(x) Create diagonal matrix from vector
Connect lines (with break) x=diag(a) Get diagonal elements of matrix

% Description Comment meshgrid(x,y) Create 2D and 3D grids

'Hello' rand(m,n), randi Create uniformly distributed random

numbers or integers

Definition of a character vector

"This is a string" Definition of a string

randn(m,n) Create normally distributed random

numbers

Complex Numbers

strl + str2 Append strings

Special Variables and Constants

ans Most recent answer i, 3, 11, 13 Imaginary unit

pi n1=3.141592654... real(z) Real part of complex number

i, 3, 1i, 13 Imaginary unit imag(z) Imaginary part of complex number
NaN, nan Not a number (i.e., division by zero) angle(z) Phase angle in radians

Inf, inf Infinity conj(z) Element-wise complex conjugate
eps Floating-point relative accuracy isreal(z) Determine whether array is real

mathworks.com/help/matlab
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e

sin(x), asin Sine and inverse (argument in radians) plot(x,y,LineSpec) Plot y vs. x
: : Line styles: i i i
sind(x), asind Sine and inverse (argument in degrees) 4 (L:LneSpec.ls ophoncTI) )
- - — : : = =t - LineSpec is a combination of
sinh(x), asinh Hyperbolic sine and inverse (arg. in Markers: linestyle, marker, and
radians) + o, *% ., %, s, d color as a string.
Analogous for the other trigonometric functions: Colors: Example: "-r"
cos, tan, csc, sec, and cot r, g, b, ¢, m y k, w = red solid line without markers
abs (x) Absolute value of x, complex magnitude title("Title") Add plot fitle
exp (x) Exponential of x legend("lst", "2nd") Add legend to axes
sqrt(x), nthroot(x,n) Square root, real nth root of real numbers x/y/zlabel("label") Add x/y/z axis label
log(x) Natural logarithm of x x/y/zticks(ticksvec) Get or set x/y/z axis ticks
log2(x), loglO Logarithm with base 2 and 10, respectively x/y/zticklabels(labels) Get or set x/y/z axis tick labels
factorial(n) Factorial of n x/y/ztickangle(angle) Rotate x/y/z axis tick labels
sign(x) Sign of x x/y/zlim Get or set x/y/z axis range
mod(x,d) Remainder after division (modulo) axis(lim), axis style Set axis limits and style
ceil(x), fix, floor Round toward +inf, O, -inf text(x,y,"txt") Add text
round(x) Round to nearest decimal or integer grid on/off Show axis grid
hold on/off Retain the current plot when
adding new plots
Tables o "
subplot(m,n,p), Create axes in tiled positions
table(varl,...,varN) Create table from data in variables tiledlayout(m,n)
varl, ..., varN yyaxis left/right Create second y-axis
readtable("file") Create table from file figure Create figure window
array2table(A) Convert numeric array to table gcf, gca Get current figure, get current axis
T.var Extract data from variable var clf Clear current figure
T(rows,columns), Create a new table with specified close all Close open figures
T(rows,["coll","coln"]) rows and columns from T
T.varname=data Assign data to (new) column in T Common Plot Types
T.Properties Access properties of T
categorical(d) Create a categorical array plot L0608 ~ “;gfr — Sca e
L el
summary(T), groupsummary Print summary of table /\/\/ - - -
join(T1l, T2) Join tables with common variables plot3 senti logx quiver bar scatterhistogram
(\/\I B o
AN A A o .%o
e L/Eg AN _L_u.j_' L
Tasks (Live Editor)
stairs senmd logy streamline stem pareto
Live Editor tasks are apps that can be added to a live script to interactively m i{_{(« “ ”
perform a specific set of operations. Tasks represent a series of MATLAB =
commands. To see the commands that the task runs, show the generated errorbar area surf histogram plotmatrix
code. % L\/ X % [
@ S
w j. CIEANY
Common tasks available from the Live Editor tab on the Stackedplot  polarplot pie heatmap
desktop toolstrip: N\ 4@
e Clean Missing Data e Clean Outlier AVAY
e  Find Change Points e  Find Local Extrema
° Plot Gallery: mathworks.com/products/matlab/plot-gallery
e Remove Trends e Smooth Data
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Programming Methods Numerical Methods

Functions

fzero(fun,x0) Root of nonlinear function

% Save your function in a function file or at the end

% of a script file. Function files must have the

% same name as the 1lst function

function cavg = cumavg(x) S$multiple args. possible
cavg=cumsum(vec)./(l:length(vec));

end

fminsearch(fun,x0) Find minimum of function

fminbnd(fun,x1,x2) Find minimum of fun in [x1, x2]

fft(x), ifft(x) Fast Fourier transform and its inverse

Anonymous Functions

Integration and Differentiation

% defined via function handles
fun = @(x) cos(x.”2)./abs(3*x);

integral(f,a,b) Numerical integration

(analogous functions for 2D and 3D)

Control Structures

if, elseif Conditions

trapz(x,y) Trapezoidal numerical integration
diff(X) Differences and approximate derivatives
gradient(X) Numerical gradient

if n<10

disp("n smaller 10")
elseif n<=20

disp("n between 10 and 20")
else

disp("n larger than 20")

curl(X,Y,2,U,V,W) Curl and angular velocity

divergence(X,..,W) Compute divergence of

vector field

ode45(ode, tspan,y0) Solve system of nonstiff ODEs

odel5s(ode, tspan,y0) Solve system of stiff ODEs

For-Loop

Switch Case deval(sol,x) Evaluate solution of differential equation
n = input("Enter an integer: "); pdepe(m,pde,ic,... Solve 1D partial differential equation
switch n bc,xm,ts)
case __1 . pdeval(m,xmesh,... Interpolate numeric PDE solution
disp("negative one") usol,xq)
case {0,1,2,3} % check four cases together
disp("integer between 0 and 3")
otherwise Interpolation and Polynomials
disp("integer value outside interval [-1,3]") -
end $ control structures terminate with end interpl(x,v,xq) 1D interpolation

(analogous for 2D and 3D)

% loop a specific number of times, and keep
% track of each iteration with an incrementing
% index variable
for i = 1:3
disp("cool");
end % control structures terminate with end

pchip(x,v,xq) Piecewise cubic Hermite polynomial

interpolation

spline(x,v,xq) Cubic spline data interpolation

ppval(pp,xq) Evaluate piecewise polynomial

mkpp (breaks,coeffs) Make piecewise polynomial

While-Loop

unmkpp (pp) Extract piecewise polynomial details

% loops as long as a condition remains true
n=1;
nFactorial = 1;
while nFactorial < 1el00
n=n+ 1;
nFactorial = nFactorial * n;
end % control structures terminate with end

poly(x) Polynomial with specified roots x

polyeig(a0,Al,...,Ap) Eigenvalues for polynomial eigenvalue

problem

polyfit(x,y,d) Polynomial curve fitting

residue(b,a) Partial fraction expansion/decomposition

roots(p) Polynomial roots

Further programming/control commands

polyval(p,x) Evaluate poly p at points x

break Terminate execution of for- or while-loop

polyint(p, k) Polynomial integration

continue Pass control to the next iteration of a loop

polyder(p)

Polynomial differentiation

try, catch Execute statements and catch errors
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Accelerating the pace of engineering and science

Matrices and Arrays Descriptive Statistics

repmat(A,n)

Repeat copies of array

any(a), all

Check if any/all elements are nonzero

nnz(A) Number of nonzero array elements

find(a) Indices and values of nonzero elements
Linear Algebra

rank(A) Rank of matrix

trace(a) Sum of diagonal elements of matrix

det(a) Determinant of matrix

poly(a) Characteristic polynomial of matrix

eig(d), eigs

Eigenvalues and vectors of matrix (subset)

inv(d), pinv

Inverse and pseudo inverse of matrix

norm(x)

Norm of vector or matrix

expm(A), logm

Matrix exponential and logarithm

cross(A,B)

Cross product

dot(a,B) Dot product

kron(a,B) Kronecker tensor product

null(A) Null space of matrix

orth(a) Orthonormal basis for matrix range

tril(A), triu

Lower and upper triangular part of matrix

linsolve(A,B)

Solve linear system of the form AX=B

lsqminnorm(A,B)

Least-squares solution to linear equation

cummax, cummin

length(a) Length of largest array dimension sum(A), prod Sum or product (along columns)

size(a) Array dimensions max(d), min, bounds Largest and smallest element

numel(A) Number of elements in array mean(ad), median, mode Statistical operations

sort(a) Sort array elements std(d), var Standard deviation and variance

sortrows(Aa) Sort rows of array or table movsum(a,n), movprod, Moving statistical functions

flip(a) Flip order of elements in array movmax, movmin, . n = length of moving window
movmean, movmedian,

squeeze(A) Remove dimensions of length 1 movstd, movvar

reshape(3,sz) Reshape array cumsum(d), cumprod, Cumulative statistical functions

smoothdata(a)

Smooth noisy data

histcounts(X)

Calculate histogram bin counts

corrcoef(A), cov

Correlation coefficients, covariance

xcorr(x,y), xXcov

Cross-correlation, cross-covariance

normalize(A)

Normalize data

detrend(x)

Remove polynomial trend

isoutlier(a)

Find outliers in data

Symbolic Math*

sym X, syms X y z

Declare symbolic variable

egqn =y == 2*a + b

Define a symbolic equation

solve(eqgns,vars)

Solve symbolic expression
for variable

subs(expr,var,val)

Substitute variable in expression

expand (expr) Expand symbolic expression
factor (expr) Factorize symbolic expression
simplify(expr) Simplify symbolic expression

assume(var,assumption)

Make assumption for variable

assumptions(z)

Show assumptions for
symbolic object

fplot(expr), fcontour,
fsurf, fmesh, fimplicit

Plotting functions for
symbolic expressions

gr(a), lu, chol

Matrix decompositions

diff(expr,var,n)

Differentiate symbolic expression

svd(3) Singular value decomposition
gsvd(A,B) Generalized SVD
rref(a) Reduced row echelon form of matrix

mathworks.com/help/matlab

dsolve(deqgn,cond)

Solve differential
equation symbolically

int(expr,var,[a, b])

Integrate symbolic expression

taylor(fun,var,z0)

Taylor expansion of function

*requires Symbolic Math Toolbox

© 2021 The MathWorks, Inc. MATLAB and Simulink are registered trademarks of The MathWorks, Inc. See mathworks.com/trademarks for a list of additional trademarks.
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