With Constraints:
LP, NIP (Convex/Non-convex), QF MILP MINLF SOCP, SDP

-

. | Without Constraints:
With / Without Constraints Gradient-based, Stochastic, Direct Search

Continuous Variables

Integer / Combinatorial Variables

_—__.__'___——.
T T Mixed Variables

By Variable Type

By Problem Nature » Deterministic Optimization

Stochastic / Robust Optimization

Exact Methods:
Simplex, Branch-and-Bound, Branch-and-Cut, Dynamic Programming

. Heuristic Methods:
By Solution Method Local Search, Tabu Search, Simulated Annealing

Metaheuristics:
Genetic Algorithms, PSO, ACO, Differential Evolution

Learning-based:
Bayesian Optimization, RL, Surrogate Models

Abbreviations:

LF: Linear Programming | KLP: Fonlineayr Programming | 0PF: (uadratic Programming

HMILP: Mixed-Integer Linear Programming | MINLE: Mixed-Integer Homlinear Programming
50CP: Second-0rder Come Programming | SDP: Semidefinite Programming

BEE: Branch—and-Bowmd | BEC: Branch—and—Cut | 5R: Simulated Amealing

&h: Gemetic Algordithms | PS0: Particle Swarm optimizatiom | ARC0: Ant Colowy optimization
DE: Differential Evolution | RL: Reinforcement Leavning

Figure 1: Comprehensive diagram of the main types of optimization and their relation-
ships, with abbreviations explained below the figure.



Chapter 3

Algorithms

Introduction

In this chapter, we will present some algorithms that allow us to compute (approx-
imately) the solution(s) of the initial problem (P). Optimization algorithms are mathe-
matical procedures that aim to determine the set of input parameters of a function giving
it its maximum or minimum value. More precisely, they seek to solve:

inf f(z) (3.1)

z€R

where f is a real-valued function called the objective function.

With X* = (z7, 25, 2%,...) being the coordinates of the critical point. Optimization
algorithms are used to solve problems of various kinds, such as finding the zeros of nonlin-
ear functions, fitting experimental data using linear and nonlinear least squares criteria,
solving systems of equations with one or more variables, etc.

In general, the search for extrema is carried out by computing the first derivatives
(the gradient of the function) and the second derivatives (the Hessian of the function).
Metaheuristics are a class of optimization algorithms that attempt to obtain an approx-
imate value of the global optimum in difficult optimization problems. However, they do
not provide any guarantee on the reliability of the result.

We assume that x* exists (possibly unique) and aim to find a numerical approximation
of z* by constructing a sequence:

{zW}en CR” (3.2)
such that

e®) — g% as k — +oo. (3.3)

The principle is to construct an iterative algorithm of the form:

T4l = T — pkdk (34)

where dj, is the descent direction and py is the step size. The step size can be fixed
(possibly the same for all iterations, in which case it is called a variable step size method)
or computed at each iteration to minimize f in the direction dj (in which case it is called
an optimal step size method).

To approach the optimal solution of problem (3.2) (in the general case, this is a point
where the necessary optimality conditions of f are satisfied with a certain precision), one
naturally moves from the point z; in the direction of decrease of the function f.
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Definition 3.1 (Algorithm).

An algorithm is defined as an application A from R"™ allowing the generation of a
sequence of elements in R™ by the formula:

Initialization step:

Given xg € R", set k = 0.

Iteration:

Tpr1 = A(xy) (3.5)

Increment k£ =k + 1.
Writing an algorithm is defining a sequence (z)ren in R”. Studying its convergence
means studying the convergence of (z)ren-

Definition 3.2 (Convergence of an algorithm).
An algorithm A converges if the sequence (zy)ren converges to a limit z*.

The error is defined as:

e =x — T (3.6)

Definition 3.3 (Rate of convergence of an algorithm).
Let (x)gen be a sequence converging to z* generated by algorithm A. Its conver-

gence is:
Linear if
3AC €]0,1[, ko € N,VE > ko,  lexs1ll < Clex| (3.7)
Superlinear if
k—+oo |||

If % converges geometrically to zero, the algorithm’s convergence is geometric.

Of order p if

ElC > 07 Elko € N7Vk Z k07 ||6k+1|| S OHek”p (39)

If p = 2, the convergence is quadratic.

Convergence is local if it only occurs for starting points xy in a neighborhood of
x*. Otherwise, it is global.

Remark 3.1.
If e, # 0, linear convergence means 6’;—:1 = O(1), while superlinear convergence implies

“e =o(1). Similarly, an algorithm of order p satisfies 5+ = O(1).
k

It is desirable to have the highest possible convergence rate to achieve the solution
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with minimal iterations for a given accuracy.

3.1 Algorithms and Methods for Solving Unconstrained
Optimization Problems

Iterative optimality methods (or algorithms) are part of a broader class of numerical
methods called descent methods.

A descent direction algorithm is a differentiable optimization algorithm designed
to minimize a real differentiable function defined on a Euclidean space (for example, R",
equipped with an inner product) or, more generally, on a Hilbert space. The algorithm is
iterative and thus proceeds by successive improvements. At each current point, a move is
made along a descent direction in order to decrease the function value.

3.1.1 Descent Direction Method — One Iteration

Algorithm 1 Descent Direction Method — One Iteration

1: Step 0 (Initialization): At the beginning of iteration k, we have an iterate
T € R™.

2: Step 1 (Stopping test): If V f(z)) ~ 0, stop the algorithm.

3: Step 2 (Choice of descent direction): Choose a descent direction dj, € R™.

4: Step 3 (Line search): Determine a step size pp > 0 along dj, such that f
decreases sufficiently.
5: Step 4 (Update): If the line search succeeds, set

Tpy1 = T + prdy.

Replace k by k£ 4+ 1 and return to Step 1.

Examples of choosing a descent direction:

1. If
dk = —Vf(ilfk), and Vf(l'k) 7é 0, (310)

we obtain the gradient method.

2. In the case
d, = —(H(x1)) "'V f (), (3.11)

we obtain Newton’s method, where the Hessian matrix H(xy) is positive definite.

Example of choosing the step size p;:
Generally, p; is chosen optimally, that is, it must satisfy:

f(xr + pedi) < f(zr + pdi), Vp € 0,400 (3.12)
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In other words, at each iteration we solve a one-variable minimization problem,

called a line search.

Gradient Descent Example

Problem:
Minimize
f(z,y) = 2?4+ a2y + y? — 62 — 9y.
Gradient:

Setting the gradient to zero yields the minimum at (1,4).
Gradient Descent Iterations (Step size p =0.1):

e Iteration O:

rg=0, yo=0
Vf(0,0) = (-6,-9)

dy = (6,9)

rz1=040.1x6=0.6

Yy =0+0.1x9=009

e Iteration 1:
Vf(0.6,0.9) = (—3.9,—6.6)
d; = (3.9,6.6)
2o = 0.64+0.1 x3.9=0.99
Yo = 0.9+ 0.1 X 6.6 = 1.56

e Iteration 2:

V£(0.99,1.56) = (—2.46, —4.89)
dy = (2.46,4.89)
23 = 0.99 4 0.1 x 2.46 = 1.236
ys = 1.56 4 0.1 x 4.89 = 2.049

The method converges to the minimum at (1,4).
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Figure 3.1: Conceptual schematic of the illustration.

MATLAB Code: Gradient Descent Example

Below is the MATLAB program implementing the gradient descent method for:

f(x,y):x2+xy+y2—6x—9y.

Program:

% Gradient Descent for f(x,y) = x"2 + xy + y~2 -6x -9y

% Initialization

x = 0;
y = 0;
rho = 0.1;

for k = 1:10
% Compute gradient
gradx = 2*x + y - 6;
grady = x + 2%y - 9;

% Display iteration

fprintf (’Iterationy%d:yux=%.4f,,y=%.4f,,f=%.4f\n’, k, x, y, X2 + xxy

+ y©2 -6%xx -9%y);

% Check stopping criterion

if norm([gradx; gradyl) < le-4
break;

end

% Descent direction

dx = -gradx;

dy = -grady;

% Update

X = X + rhox*xdx;

y = y + rhoxdy;
end
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30 | fprintf (’Minimumapproximatedatyx=%.4f,,y=%.4f\n’, x, y);

Listing 3.1: Gradient Descent for a two-variable quadratic function

Sample Output:

Iteration 1: x=0.0000, y=0.0000, £=0.0000

Iteration 2: x=0.6000, y=0.9000, £=-7.4100
Iteration 3: x=0.9900, y=1.5600, £=-9.6857
Iteration 4: x=1.2360, y=2.0490, £=-10.4976

Minimum approximated at x=1.0000, y=4.0000

The algorithm converges to the optimal point at (1,4).

Theoretical Example: Gradient Descent

Consider the problem

reR™

where f is convex and differentiable with L-Lipschitz continuous gradient. The gradi-
ent descent update is:

Tp1 =z — pV f ().
If f is additionally strongly convex with parameter u > 0, then

lzw — %[ < (1 = pp)*[lwo — 271,

showing linear convergence to the minimizer x*.

Example: Quadratic Function
Let

1
flz) = §$TQ$ — b,
where () is symmetric positive definite. Then,

Vf(x)=Qx—b, z*=Q '

Gradient descent iteration:

Tpy1 = Tk — p(Qxy — b).

Convergence is guaranteed if 0 < p < %, where L = Apax(Q) is the largest eigenvalue

of Q.
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Gradient Descent Example in 3D

Problem:
Minimize
flr,y,2) =2 +y* + 22 + oy + yz + 22 — 4v — 5y — 62.
Gradient:
2r+y+2—4
Vf<$,y,2): IIZ'—|-2y—|—Z—5
r+y+22—6
Solution:
Solving
Vf(l‘, Y, Z) -
yields

(z*, 4", 2%) = (0.25,1.25,2.25).

Conceptual 3D Schematic:

Figure 3.2: Conceptual 3D schematic of the illustration.

Advantages and Disadvantages of Gradient Descent Method

Gradient descent is widely used due to its simplicity and general applicability [14, [15].
However, it also presents limitations that motivate the development of advanced opti-
mization algorithms [16].

Advantages:
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Simple implementation: easy to code and understand for various optimization prob-
lems [14].

2. Low computational cost per iteration: requires only gradient evaluation [15].

3. Applicable to a wide range of differentiable problems (convex and non-convex) [14].

4. Flexible descent directions (steepest descent, Newton, quasi-Newton) [16].

5. Guaranteed convergence under convexity with proper step size [15].

6. Foundation for advanced methods such as conjugate gradient and quasi-Newton
[14].

Disadvantages:

1. Slow convergence rate, especially for ill-conditioned problems [14].

2. Sensitive to step size: small steps cause slow progress, large steps cause divergence
[15].

3. Sensitive to initial guess: may converge to local minima in non-convex problems
[16].

4. Line search (optimal step size) may be computationally expensive [14].

5. Does not exploit curvature information (no second derivatives used) [15].

6. Limited performance in high-dimensional problems [16].

3.1.2 Gradient Method

Principle

The gradient method is an iterative descent technique used to find the minimum
of a given function. The most natural way to determine a descent direction is by using
the derivative. Thus, to find the direction of descent, we use the opposite direction of the
derivative. In this approach, we take:

AX = -Vf(X)".

The corresponding iterative relation for the gradient method is:

f(Xeq1) = f(Xi) + oV f(Xp) AXG.

If py is constant, this method is called the fixed step gradient method. When py varies,
it is called the variable step gradient method.
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Algorithm 2 Gradient Algorithm

1: Step 0 (Initialization): Set &k = 0. Choose initial point x, € R™ and step size
po > 0.
2: Step 1 (Iteration):
Tht1 — T — kaJ(l‘k)

3: Step 2 (Stopping criterion): If
|Zr1 — zil| <

stop the algorithm; otherwise, set £k = k£ + 1 and return to Step 1.

Throughout what follows, € is a given small positive real number representing the
desired precision. This method has the advantage of being very easy to implement.
Unfortunately, its convergence conditions are quite restrictive (mainly strict convexity),
and in general, the method is rather slow.

Theorem 3.1.1 (Convergence Criterion [17]). Let J be a C' function from R™ to
R, coercive and strictly convex. Suppose there exists a strictly positive constant M
such that

J(z) = J(y) = M|z —y|I*, Vz,y €R™

Then, if the step size py is chosen in an interval [y, as] such that

2
0<061<C¥2<M,

the gradient method converges to the minimum of J.

Remark. When J satisfies the above condition, the constant step gradient algorithm
can also be interpreted as the method of successive approximations applied to finding the
fixed point of the function

S(x) =x — pVJ(zx),

where VJ(z) = 0. Indeed, S is Lipschitz continuous with constant (1 — pM). Thus, it is
a strict contraction if the contraction factor is in (0, 1). Therefore, it has a unique fixed
point, and the convergence is that of a geometric series with ratio (1 — pM). This is
optimal for p = Z.

In practice, the constant step gradient method is most often used. However, the step
can vary at each iteration, leading to the wvariable step gradient method.

The optimal step gradient method chooses the step size that minimizes the cost function
along the chosen descent direction. More precisely, step 2 becomes:

T+l = T — kaj(xk),

where pp minimizes
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p = J(xr — pVJ(zk)).

In practice, the exact minimum is not computed, and p; is determined by performing
a line search according to a specific rule, for example.

Algorithm 3 Wolfe Line Search Rule

1: Step 1 (Initialization): Set p =1, p™ = 400, p~ = 0. Choose 0 < a1 < ay <
1.
2: Step 2 (Wolfe conditions test): If

¢(p) < ¢(0) + ar1pd/(0),

and
¢'(p) > aad'(0),

then stop: set pr = p.

Step 3 (Otherwise):

if ¢(p) > ¢(0) + 1p¢/(0) then
Set pt = p.

else if ¢(p) < ¢(0) + aqp¢’(0) and ¢'(p) < a2¢’(0) then
Set p~ = p.

end ifGo to Step 4.

Step 4 (Choose a new p):

10: if p™ = 400 then

11:  Set p = 2p.

12: else

13: Set p=(p~ +p")/2.

14: end ifReturn to Step 2.

Example 3.1. The conditions of the theorem may seem complicated, so we provide an
example. Let J be the function from R™ to R, already mentioned several times (because
it plays an important role), defined by:

J(z) = %(A:B,x) _ (b,2),

where A is a square, symmetric, and positive definite matrix, and b € R"™. This function
J satisfies the hypotheses of the above theorem with m and M being the smallest and
largest eigenvalues of A (respectively).

Remark 3.3. The notion of ellipticity is very important because it determines the
convergence of most algorithms that will be described later. However, the convergence
conditions we provide are always sufficient conditions. The algorithm converges if they
are satisfied, but it may still converge even if they are not. ..

In practice, m and M are not computed. To find the convergence interval of p, several
tests are performed for different values. Non-convergence generally results in either an
explosion of the solution (clearly tending to +00) or oscillations (periodic or not) that
prevent the sequence of iterates from converging to a value.
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Gradient Method with Optimal Step Size
The method is as follows:

dip = =V f(zk), Tri1 = Tk + prdy,

where py is chosen by the minimization rule. It consists in choosing, at each iteration,
pr as the optimal solution of the one-dimensional minimization problem of f along the
half-line defined by the point x; and the direction di. Therefore, p; is chosen such that:

(o + prdy) = pefﬁ}gof(fk + pdy),

assuming that such a minimum exists.
Remark 3.0.1. We perform iteration (3.3) in the case where V f(zy) # 0, so the
minimization problem (3.4) makes sense. We have the following result:

Theorem 3.1.2 (3.0.1). Let f be a C* function from R™ to R, coercive and strictly
convex. We suppose that there exists a constant M > 0 such that
V(z,y) € R*" xR, [[Vf(z) = V)l < M|z —yl.

Then, if we choose the step py in an interval [y, Ba] with 0 < /1 < fa <
gradient method converges towards the minimum of f.

2
i the

Proof. The function f admits a unique minimum o on R™ characterized by V f(zq) =
0 since f is strictly convex. Let us show that the sequence (xy) generated by the algorithm
converges to xog. We have:

fy) = fl@) + (Vf(x),y — =)+ /Ol(Vf(l‘ +t(y —x)) = Vf(z),y —x)dt.

Applying this relation to y = 41, * = x), we obtain

flar) = f(ka)Jr(Vf(ﬂ?k)afb’kH—ﬂ?k)Jr/o (Vf(zn+ (@1 — ) =V f (@), Tosr — x3) dt.

Since xpy1 = xp — ppV f(xg), we get

1
f(@pg) = f(an) < —i||$k+1—wk\|2+/ |V f (e +t(zpgr—2x) =V f (@) || |2k — ]| dt.
0

Using the Lipschitz condition, we get:

M 1

M
< _EkaJrl — al]” + 7“5Uk+1 —ml” = (7 - E) [l

If we choose the step py in an interval [y, fo] wWith 0 < 51 < s < %, we obtain:

M 1

Fone) = 00 < (5 = o) e — il

The sequence f(zy) is therefore strictly decreasing and bounded below because
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fzg) > f(zo), Vk.

Hence, it is convergent. This implies on the one hand that (f(zx41) — f(zx)) tends to
0 and on the other hand that the sequence (xy) is bounded (since f is coercive). We can
thus extract a subsequence converging to x. Moreover,

M 1

o~ < (G = ) (o) = S,

Therefore, ||zx11 — x| — 0. Consequently,

Vi(xy) = % — 0.

By continuity of V f, we deduce that x is the unique minimum x, of f. Since this is
true for any accumulation point of the sequence (zy), it proves that the entire sequence
(x) converges towards x.

Fixed Step Gradient Method

We can use a step fixed a priori p > 0, for all k£, and we then obtain the simple gradient
method:

dy = =V f(xr), @i = ok + pdy.

For f € C*, this method converges if p is chosen sufficiently small.
Choice of step:

e A well-chosen step gives results similar to those obtained by the steepest descent.

e A smaller step reduces the zigzags of the iterates but significantly increases the
number of iterations.

e An excessively large step makes the method diverge.

Particular Case: Quadratic Functions

In this paragraph we assume that f : R® — R is given by

() = 50w, ) = (b.2) 4o

where A € M, (R) is a symmetric positive definite (SPD) matrix, b € R", and ¢ € R,
so it is a quadratic form associated with an SPD matrix.
We must calculate p, € R which minimizes the function g : R — R given by

9(p) = f(zr. — pV f(z1)).

Then p; necessarily satisfies

g'(pr) = 0.

A simple calculation gives

9 (p) = =(Vf(xx = pV f (1)), VS (xr)).
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That is, since V f(zy) = Az — b,

9'(p) = =l Az, — b||* + p(A(Azy — b), Az — b).
We thus obtain
C JAn b
Pk = TA(Aay — b), Azy — b)
Note that (A(Azy — b), Az, — b) > 0 (because A is SPD and Az — b=V f(zg) #0).

Therefore, the optimal step gradient method in the quadratic case is:

T = T — pr(Axg — D),

with pg given by (3.6), valid only for Az, — b # 0.

Example
Let f(X) be a quadratic cost function in R? given by:

f(X) = 2%+ 3%,

()

It is evident that the origin is the point minimizing this function. This function is
illustrated in Figures .... and ..........

with

Resolution with a fixed step

In this case, we search for an optimal step p which minimizes a certain function. We have:

V(X) = [22,6y],

£l = x - pvs 007 = (2300, 2.7

To obtain the parameter p, we consider the function ¢g(p) that we must minimize with
respect to p:

9(p) = f(&(p)) = (1 —2p)*x* + (1 — 6p)*y>.

The derivative of this function with respect to the variable p gives:
9'(p) = —4(1 = 2p)2* — 36(1 — 6p)y”.
The parameter p that minimizes the function g(p) is the one satisfying ¢'(p) = 0, thus:

P49y
P=or 54y2°

Therefore, the iterative equation to solve this problem is:
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e Initialization:

e Repeat:
1. AX + — (2:6) .
6y
224992
2. P = 57

3. X + X + pAX.

e Stop when [|[AX]|2 <1073,

Resolution with an iterative step

When we choose an iterative step, the second step in the algorithm is replaced by the

following loop:
Let « =0.25, B = 0.5, p =1, then:
For a given direction

do:

1. Y =X+ pAX,

2. f(Y)=Y(1)? +3Y(2)?

3. VA(X)=1[2X(1),6X(2)],

4. if f(Y) < f(X) + apV f(X)AX, end,

5. else p = fp,
6. end.

3.1.3 Newton’s Method

The Newton algorithm in optimization is a direct application of Newton’s method for
solving equations of the form J(x) = 0. In unconstrained optimization, the Newton
algorithm seeks solutions of the equation J(x) = 0. This is a nonlinear equation (or
rather a system of nonlinear equations) in R”, and we will use Newton’s method to solve
it. However, we will only obtain the critical points of J: it is then necessary to check that
they are indeed minima.

Here f = J is indeed a function from R" to R™. The derivative of f is none other than
the Hessian matrix of J: H(z) = D?J(z).

The Newton method is thus written as:
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f(xy) = x2 + 3y?

16

14

12

110

Figure 3.3: Shape of the function f(z,y) = 2 + 3y>.
Top view of f(x,y) = X2+ 3y2

Pl
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Figure 3.4: Top view of the function f(x,y) = 22 + 3y>.

Algorithm 4 Newton’s Algorithm in R”

1: Imitialization: k& = 0; choose o € R" in a neighborhood of x.
2: Iteration k:
Tl = T — [H(xk)]_lj(xk)

return to step 2.
79

3: Stopping criterion: if ||z, — zx]| < €, STOP; otherwise, set k = k + 1 and




Step 2 of the method amounts to solving the following linear system:
where Hy, = H(xy), then setting

Tpp1 = Tp — Ay

Newton’s Method: Advanced 3D Example

Problem. Minimize:

f(y,2) =a?+ay+y> +yz+ 2>+ 22 — 62 — 9y — 152,

Gradient.
2v+y+2—6
r+y+22—15
Hessian.

211
H(z,y,z)= |1 2 1
1 1 2

Inverse Hessian.

1 3 -1 -1
H ' = 11713 -1
-1 -1 3
First iteration with =z, =[0,0,0]”.
—6
Vf(zo) = | =9
—15
1 6 1.5
H W f(zy) = vl B Bl s
—30 —7.5
—1.5
1 = Ty — H_IVf(ZE()) = 1.5
7.5

The algorithm converges in one iteration.
Minimum point: (—1.5,1.5,7.5)

Minimum value calculation.

F(=1.5,1.5,7.5) = —58.5.
Minimum value: f(—1.5,1.5,7.5) = —58.5.

80



Graphical Illustration

Contour plot of f(x,y,z)

Figure 3.5: 3D surface plot of f(x,y, z).

3.1.3.1 Disadvantages of Newton’s Method

1. This method works very well for small dimensions (1 < n < 10) when it is easy to
compute H(x) and H(z)~!'. However, this calculation requires more numerous and
costly iterations for large-scale problems.

2. Since x4 1 = xp—H(x,) "'V f(21), the point x; is not always well-defined, i.e., it is
possible that H (x;)~! does not exist (this typically occurs when the method reaches
a region where f is linear, and thus its second partial derivatives are zero). Even if
it exists, the direction d, = —H () 'V f(xy) is not always a descent direction (if
H(xy) is positive definite, then dj, is a descent direction).

3. The major disadvantage of the method is its sensitivity to the choice of the starting
point xq: if this point is poorly chosen (too far from the solution), the method
can either diverge or converge to another solution. To choose the starting point g
sufficiently close to x*, one tries to approach x* by using a gradient-type method,
and then applying Newton’s method.
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Surface plot of f(x,y,z)

-60 =L

Figure 3.6: Contour (level) plot of f(z,y, z) showing the minimum.

3.1.3.2 Quasi-Newton Method

Quasi-Newton methods are developed for optimization to overcome the drawbacks of
Newton’s method:

1. They maintain the speed of Newton’s method.
2. They avoid the (costly) computation of the matrix [H (z)] at each iteration.

3. They are more robust with respect to the starting point. There are methods called
“trust region” methods that aim to make the method robust (i.e., not very sensitive)
to xg.

4. (H(z))™! is not necessarily known, it can be very expensive to compute, and H (z)
can be very difficult to invert. Thus, (H (z;))~! is replaced by a matrix Dy, possibly
constant, which is supposed to approximate H(zj) or its inverse. Sometimes, even
(H(x1)) 'V f(zy) is replaced by an easily computable vector .

Therefore, the algorithm of this method is given as follows:
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Algorithm 5 Quasi-Newton Algorithm

1: Initialization: k£ = 0; choose xg, ap, €.
2: Iteration k:
Tp+1 = T — oszka(xk)

3: Stopping criterion: if ||z — zx|| < ¢, STOP; otherwise, set k = k + 1 and
return to step 2.

Remark 3.0.3. In this algorithm, we use an approximation Dy, of (H(x;))™' and
then find ay (by a line search) which minimizes the function ¢(a) = f(zr + ardy).

Problem
We consider the following difficult optimization problem in R

f(x,y) = («'E2 +y— 11)2 + (aj—|—y2 — 7)2 4 et

We apply the **BFGS Quasi-Newton method** starting from xy = [1;2]| with identity
as initial inverse Hessian approximation.

Detailed Solution

Let x = [zx; yx] at iteration k.

e Gradient:

Az +y—11) + 2@+ y* —T) + "V
Viw.y) = 20 +y—11) +4dy(z +y*> = 7) —e* ¥

e Update:
T+l = Tk — OékaVf(l'k),

where Hj, is the inverse Hessian approximation, updated via BFGS formula.

Algorithm
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Algorithm 6 Quasi-Newton (BFGS) Algorithm

1: Initialization: k£ = 0; choose zy € R", set Hy = I, tolerance ¢ = 1075,
2: Iteration k:
3: Compute the descent direction:

4: Perform line search to find oy that minimizes f(z) + axdy).
5: Update:
Thy1 = Tk ol Oékdk.

6: Compute:
Sk = Th1 — Ty Yo = V[ (Trr1) — V().

7: Update the inverse Hessian approximation Hj using the BFGS formula:

T T T
o = ([ _ Sk ) H, ([ - y’f’“) o A
Y. Sk Yi. Sk Yi. Sk

8: Stopping criterion: If ||V f(zx11)|| < €, STOP; otherwise, set k = k + 1 and
return to step 2.

MATLAB Code: Quasi-Newton BFGS Advanced

Below is the MATLAB program implementing the Quasi-Newton BFGS method for:

flay) =@ +y—112+ (z+> = 7) + V.

Program:

function quasi_newton_bfgs_advanced()
% Function definition
f=0(x,y) (x.72 +y - 11).72 + (x + y.”2 - 7).72 + exp(x - y);

% Gradient
grad = @(x) [

4xx (1) *(x(1)~2 + x(2) - 11) + 2x(x(1) + x(2)"2 - 7) + exp(x(1l)-x

(2));

2% (x(1)72 + x(2) - 11) + 4x*x(2)*(x(1) + x(2)"2 - 7) - exp(x(1)-x

(2))
1;

% Initialization
xk = [1; 2];

Hk = eye(2);
epsilon = 1le-5;
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end

maxIter = 1000;
path = xk’;

for k = 1l:maxIter
gk = grad(xk);
if norm(gk) < epsilon
break;
end

dk = -Hk * gk;

% Backtracking line search

alpha = 1;
rho = 0.5;
c = le-4;

while f(xk(1)+alphax*dk (1), xk(2)+alpha*dk(2)) >
f(xk (1) ,xk(2)) + c*alpha*gk’xdk
alpha = rho * alpha;

end

% Update

xk_new = xk + alpha * dk;
sk = xk_new - xk;

yk = grad(xk_new) - gk;

% BFGS update formula
Hk = (eye(2) - sk*xyk’/(yk’*sk)) * Hk x
(eye(2) - yk*sk’/(yk’*sk)) + (sk*sk’)/(yk’#*sk);
xk = xk_new;
path = [path; xk’];
end

% Plotting
[X,Y] = meshgrid(-5:0.05:5, -5:0.05:5);
Z = (X."2 +Y - 11).72 + (X +Y."2 - 7).72 + exp(X - Y);

figure;

contour (X,Y,Z,logspace(0,5,40)); hold on;

plot(path(:,1), path(:,2), ’r.-’, ’LineWidth’, 1.5);

xlabel (’x’); ylabel(’y’);

title (’BFGSOptimization, Pathon Modified Himmelblau,+ Exponential’)

colorbar;

% Save as PNG
saveas (gcf, ’bfgs_himmelblau.png’);

Listing 3.2: BFGS Optimization on Modified Himmelblau + Exponential
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Graphical Illustration

3D Surface Plot of f(x,y) x10%
16

114

Figure 3.7: Optimization path using BFGS Quasi-Newton on the modified Himmelblau
+ exponential function.

3.1.4 Conjugate Gradient Method

Conjugate gradient methods are used to solve linear systems whose matrix is symmetric
positive definite. They are also used to solve large linear systems. It is an iterative
method that converges in a finite number of iterations (at most equal to the dimension
of the linear system).

Definition 3.1.1. Let A be an n X n symmetric positive definite matriz. Two
vectors x and y in R™ are said to be A-conjugate (or conjugate with respect to A)
if they satisfy:

zT Ay = 0.

Principle of Conjugate Gradient Method
Let {dg,dy, ..., d,} be a family of A-conjugate vectors. We then call conjugate direction
method any iterative method applied to a strictly convex quadratic function of n variables:

1
flz) = éxTAa: + bl +c,

with x € R", A € M,,,, symmetric positive definite, b € R", and ¢ € R, leading to
the optimum in at most n steps.

They rely on the concept of conjugate directions because successive gradients are
orthogonal to each other and to previous directions.

The idea of the method is, given an initial point xy in R™ and n conjugate directions,
to iteratively construct mutually conjugate directions di, ..., d,. We define the following
scheme:
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Tpy1 = Tk + prdy,
where py is the scalar minimizing f(x) along the direction xy + prdy and is defined by:

T%dk
Pl = "0 Ady,
k k

T = —Vf(l‘k) =b-— Al'k

The algorithm below solves Az = b, where A is a real, symmetric, positive definite
matrix. The input vector xy can be an approximation of the initial solution or zero.

Algorithm 7 Conjugate Gradient Method

1: Step 0 (Initialization): Set k& = 0.
2: Choose zp € R™; compute o = =V f(zo) = b — Axy, set py = ro.
3: Step 1 (Compute step size):

o
P;;FApk .

A — —

4: Step 2 (Update):

Thi1 = T + PrPky  Thi1 = Tk — QpADE.

5. Step 3 (Stopping criterion): If ., is sufficiently small, STOP the algo-
rithm.
6: Step 4 (Direction update):

T
B, = Tit1Tk+1
= L T

7> Dkl = Tk+1 + BrPk-

7: Replace k by k + 1 and return to Step 1.

Theorem 3.1.3. If f : R® — R is quadratic and elliptic, the conjugate gradient
method converges in at most n iterations, where n is the order of A.

Example: Conjugate Gradient Method (Detailed)

Problem. Minimize:

f(z,y) = 42* + 2y + 3y* — 8z — 9y.

This can be written in quadratic form as:
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f(X) = %XTAX —v'X

where
8 1 8
el
0
Set To — 0l
Compute:
8
TQZb—AZEQZb:|:9:|, Po = To.
Compute
o — TgTO
" i Apy
Calculate:
riry = 8% 4+ 9% = 64 + 81 = 145.
8 1|18 73
am= {7 of ] - 6]
Then,
pOTApO = [8,9] - [73,62] = 8% 73 + 9% 62 = 584 + 558 = 1142.
Hence,
145
= —— ~(0.127.
0 = Jyyg & 0127
0 8 1.016
8 73 —1.271
r =Ty — Oé()Apo = |:9:| —0.127 |:62:| = |: 1.126 :| .
rTy
fo= 0L
Calculate:
riry = (=1.271)% + (1.126)? = 1.615 + 1.268 = 2.883.
Hence,
2.883
= —— ~ 0.0199.
5o v 0.0199

—1.271 s]  [-1.112
p1 =1+ fopo = [ 1.126 ] 00199 M = { 1.305 ] '
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Continue with the same process:

o) = —5 Ty =21 +oqpr, T2 =711 — a1Apy.

The method converges in at most n = 2 iterations for a quadratic problem.

Conjugate Gradient Method Path

Figure 3.8: Conjugate Gradient method optimization path for f(x,y) = 42% + 2y + 3y —
8r — 9y.

MATLAB Implementation: Conjugate Gradient Method
Example

Solve: f(x,y) = 42 + zy + 3y? — 8x — 9y using the Conjugate Gradient Method.
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MATLAB Code

% Conjugate Gradient Method Example

% Define A and b
A =[8 1; 1 6];
[8; 91;

o’
I

% Initial guess
x = [0; 0];

% Compute initial residual
r = b - Ax*xx;
p=r;
k 0;

while norm(r) > 1e-6

Ap = Axp;

alpha = (r’*r) / (p’*Ap);
Xx_new = x + alphax*p;
r_new = r - alpha*Ap;

if norm(r_new) < le-6
break;
end

beta = (r_new’*r_new) / (r’*r);
P = r_new + betaxp;

% Update for next iteration
X = X_Dhew;
r = r_newv;
k = k + 1;

% Display each iteration

fprintf (’Iterationy%d:uxyu=u[%f;u%f],residual norm,=_%e\n’,

k, x(1), x(2), norm(r));
end

% Final solution
disp(’0Optimal x:?)
disp(x)

Expected Output

Optimal solution z* ~ [0.967, 1.401] minimizing the quadratic function.

3.1.5 Relaxation Method

We seek to minimize J : R™ — R; let us set

X = (Il,l'g,...
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The last method we present allows reducing a minimization problem in R™ to the successive
resolution of n minimization problems in R (at each iteration).
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The principle of the method is as follows:

Given an iterate X* with coordinates (x%,z%, ... z*

the first and we minimize over the first:

), we fix all components except

. ko, k k
min J(z, x5, 25, ..., 2,).
zeR

Thus, we obtain the first coordinate of the next iterate X**!, which we denote %+,

For this minimization in R, one can use for example Newton’s method in R.

Then, we repeat by fixing the first coordinate to 2% and the last n — 2 as before. We
minimize over the second coordinate, and so on.

The resulting algorithm is as follows:

Algorithm 8 Successive Relaxation Method — One Iteration

1: Step 0 (Initialization): At the beginning of iteration k, choose X* € R™.
2: Step 1 (Coordinate-wise minimization):
3: For each coordinate + = 1 to n:
4: Minimize J with respect to x; while keeping all other components fixed:
CL’;H-I = min J<x11€+17 J‘JZH_I: s 7‘7“51_117 maxf—&-l? ce JJ‘J:L)
5: Step 2 (Stopping test): If | X*™! — X*|| < ¢, STOP; otherwise, set k = k+ 1
and return to Step 1.

Example: Successive Relaxation Method
Minimize:

flr,y,2) =2 +y* +2* —day+ 22—z +y +3.
Step-by-step solution:
1. Initialize: 2o =0, y9 =0, 2o = 0.

2. Minimize with respect to z (fixing y, 2):

4o — 4y — 1
Th1 =Tk — — 75 5
1223
3. Minimize with respect to y (fixing x, 2):
. 4y2 - 41L’k +1
Yk+1 = Yk 12y2
4. Minimize with respect to z:
Zk+1 = 0.

5. Check convergence:

V(@1 — )2+ (W1 — ve)? + (2ep1 — 2)2 < €.
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Algorithm 9 Successive Relaxation for 3-variables

7

: Initialization: Choose g, ¥, 20, tolerance €, set k = 0.
: repeat

Update xp11 = H“T*Z’“
—Tpt1— 2k —3

Update yx41 = g
1=%p 41 —Yrt1
18 :
. k=k+1
until [z — k| 4 [Yper — Yl + |z — 2] <e

1
2
3
4
5. Update zp11 =
6
7
8: Output: Optimal (z*, y*, z*).

Convergence of Successive Relaxation Method

0.03
0.025
0.02 N

n 0.015 ~
0.01 =

0.005 5

Figure 3.9: Convergence trajectory of Successive Relaxation in 3D space.
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