Sheet 01

Exercise 1

Let the following functions be:

3 3
1. fi(z) = §xf + 223 + §x§ + 2129 + 2T — 311 — T3

2. fQ(l’) = (l‘l — 1)2 + 10(%1 — 172)2
3. fa(x) = 522 + 5a5 — wywy + 11wy + 1oy + 11
(a) Calculate V f;(z) and V2 f;(z) for i = 1,2, 3.

(b) Among these functions, which are quadratic? Justify.

Exercise 2

Determine D f(x) and V?f(x) of the quadratic function:

() = 5o Az) + (2,0) +

where A € M,,«,(R), b € R", and ¢ € R.

Exercise 3

Give the second-order Taylor expansion of function f around point x, for:

(a) f(x) =me ™+ x5+ 1, 29 = (1,0)T.
(b) fla) =t — 22303 + 2, w0 = (1, 1)7.

Exercise 4

Let z(t) = (t*,t,t)T, t € R, and f(z) = 2123+ 2129+ 23, with x = (z1, 19, 23)T € R3.
Find £ f(z(t)) in terms of ¢.

Exercise 5

The purpose of this exercise is to derive Taylor’s formula for a function f : R* — R.
Let f € C?, x, 2y € R", and define:

(x — )

z(o) = o + .
[l = ol

Define the function ®(a) = f(z(«)).
(a) Determine ®'(a) and ®”(«).
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(b) By noting that f(z) = ®(||z — zo]|), deduce:

f(@) = f(xzo) + Df(wo)(z — x0) + %(Jf — 20)" V2 (o) (& — z0) + o] — wo|*).

Exercise 6
Let ¢ be a continuous function from R to R, and define f, g : R> — R by:

o) = | T otdt, gle,y) = [ oty

(a) Show that f and g are of class C* on R

(b) Let Df(x,y) and Dg(z,y) be the differentials of f and g at point (x,y), re-
spectively. Calculate Df(z,y)(h,k) and Dg(x,y)(h, k) for all (h, k) € R%

Exercise 7
Let f:R" — R and 2 : R — R"™ be two C? functions. Define g(t) = f(z(t)).

(a) Calculate ¢”(t) in the case where x(t) = u + tv, where u,v € R".
(b) Calculate ¢g”(t) for general x(t).

Exercise 8
Which of the following sets are convex?

L. Si={(z,y) eR?|0<z <1,y =0}
2. Sy={(z,y) eR* |2 >0,y >0,z +y <1}

3. S3={z € R" | Ajz = by, Asx < by} where A; and A, are matrices of size m X n,

and b; and by are vectors in R™.
4. Sy ={(z,y) eR* |y — 2* > 0}
5. S5 ={(z,y) e R* |2y > 1,2 > 0}

Exercise 9
Verify whether the following functions are convex or not on R?:

1. f(z,y) = 2% — 2y + 2y* — 22 + ™Y
2. flz,y) =(x=2)"+ (- 2%+ (y + 1)°

3. fz,y) = —a® — 22y — 2y
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Exercise 10
We consider the function f defined on R? by

fla.y) =a" +y' =20z —y)"
1. Show that there exist (a,b) € R (and determine them) such that

flzy) = all(z,y)]|* +b

for all (z,y) € R?, where || - || denotes the Euclidean norm on R?. Deduce that the
problem
inf
oof S y)

has at least one solution.

2. Is the function f convex on R??

Exercise 11
We define the function J : R? — R by

J(z,y) = y* — 3xy® + 2°.

1. Determine the critical points of J.

2. Let d = (dy,ds) € R?. Using the function ¢ — J(tdy,tds), show that (0,0) is a local
minimum along any line passing through (0, 0).

3. Is the point (0,0) a local minimum of the restriction of J to the parabola given by
the equation z = 3%?

4. Compute the Hessian matrix of J. What is the nature of the critical point (0,0)?
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Solution (Sheet 01)

Solution 1.1
Let us consider the following functions:

1.
3 3
fl(l’) = EZE% + 21‘% + 51‘% + x129 + 21’2[E3 — 31‘1 — I3.
2.
fo(z) = (z1 — 1)? + 10(z; — 29)°.
3.

f3(x) = 527 + 525 — 1m0 + 112y + 112y + 11,
(a) Compute Vf;(r) and V?f;(z) for : = 1,2, 3.

- For fi(x):
31’1 + Ty — 3 310
Vfl(ﬂﬁ) = 43172 —+ x1 + 213 s V2f1(l’) = 1 4 2
31’3 + 21’2 —1 0 2 3

- For fo(x):

(22z1 — 20z, — 2 2 (22 -20
Vi) = ( —20x1 + 2022 ) Vialw) = (—20 20 )

- For f3(x):

_ 101’1 —$2+11 2 _ 10 -1
V(@) = (—x1+10x2+11)’ Viis) = (—1 10)'
(b) Since V2f;(x) is constant and symmetric, each f; is quadratic for i = 1,2, 3.

Solution 1.2
Clearly, the function f is of class C?, so we can apply Lemma 1.1:

fla+th) — f(z)

D =y F
We have:
f(z+th) = %@: +th, A(x +th)) + (b, z + th) + c.
Expanding,
t2

= f(x) + t(Ax,h) + t(b,h) + §<Ah, h).
Hence,

Df(x)h = (Az,h) + (b,h) = (Ax + b, h).
Therefore,

Df(z) = Az +b.

38



Solution 1.3

Given z(t) = (¢',t2,¢)" and f(z) = z12005 + 2122 + x3, compute £ f(z(t)).

Theorem. If f: D C R"”
then

Using this,

Thus,

Therefore,

— R is differentiable, and z : (a,b) — D is differentiable,

d T,/
o (@) = Vf(z(t) 2 (t).

ToX3 + To
T1T3 + T
129 + 1

Vi(z)

%f(x<t)) = <x2$3 + x2)€t + (.T1$C3 + $1)2t + ($1I2 + 1)

Solution 1.4

Recall (Taylor expansion of order 2):

If f € C?, then near x,

fx) = f(xo) + Df (o) (2
()

For f(z) = x1e7™ + 29 + 1,

— o) + 5 — 20) V(o) (& — 70) + o |2 — w0l

at zo = (1,0)7,

Calculate gradients and Hessian and write the expansion accordingly (details skipped

here).

Solution 1.5

Given z(a) =z o E=Ee
(@) = 2o + apz=0y

(a) Using chain rule,

¥(a)

" (a) =

(b) Hence,

fx) = f(xo) + Df (o) (2

IEEEE

and () = f(z(a)).

B 1
[l = o

1

(z = 20)" Vf(2(a)),

(. — 20)" V2 f(2(a))(z — 20).

— o) + %(fv —20)" V2 f (20)(z — 20) + o] — wo[*).
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Solution 1.6
Define ¢ : R — R continuous, and

fow) = | ot gley) - [ oo

1. Both f and g are C! as compositions of C! functions.
2. Their differentials are:

Df(x,y)(h, k) = é(x +y)(h + k),

Dg(z,y)(h, k) = ¢(xy)(yh + xk).

Exercise 1.7
1. Let S; = {(z,y) € R?* | y —x > 0}. To prove S is convex, let X; = (x1,41), Xo =
(x9,1y2) € S; and A € [0,1]. Then:

AX1T+ (1= 2N)Xo = Az + (1 = ANz, Ayr + (1 = N)ya).
We need:
A1+ (1= Ay — [Arg + (1 = N)ag] >0,

which simplifies to:
Ay —x1) + (1 = A)(y2 —22) > 0.

Since y; — x; > 0, 57 is convex.

2. Let Sy = {(z,y) e R?* |z >0,y > 0,z +y < 1}. For any X, Xy € S, A € [0,1],
define:
X =X, + (1 - \)Xo.

We check:
x>0, y>0, z4+y<1.

Indeed,
r+y=ANz1+y1)+ 1 =AN)(za+13) <A-1+(1=-X)-1=1.

Hence S, is convex.

3. Let S3={z € R" | Ayxz = by, Asx < by}. For any z,y € S3 and ) € [0, 1]:

Thus, S5 is convex.

4. Let Sy = {(x,y) e R? |y —2* > 0}. For any X,Y € Sy and A € [0,1]:

Ay + (1= Nys > )\x% +(1- )\)xg
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By Jensen’s inequality:
Az + (1 = N)a)? < Az? 4 (1 — N)ad.

Hence:
Ay + (1= Ny > (Azg + (1 — N)aa)?,

so S; is convex.

5. Let S5 = {(z,y) € R? |zy > 1,2 > 0}. For X, Y € S5 and )\ € [0, 1]:
Azt 4+ (1= Na2)(Ayr + (1= Nya) > Naiyn + (1 — X zay + A1 = A) (2192 + 2231).

However, this is not necessarily > 1, so S5 is not convex.

Exercise 1.8
1. For f(z,y) = 2% — zy + 2y* — 2z + " 1¥:

2r —y — 24"t
Vf(ff,y): ( —x—|—4y—|—ex+y )’

24 e 1 4 ety
2 —
v f(xay) - <_1_'_ex+y 4_'_ex+y )

The eigenvalues are positive, so f is strictly convex.

2. For f(z,y) = (x —2)* + (z — 2)%* + (y + 1)*%
The Hessian is:

2 120z =2 +2y°  dy(r —2)
\Y f(x,y)=< dy(z — 2) ! Q(Iy— 2)2+2)'

The sign changes depending on x,y, so f is neither convex nor concave.

3. For f(x,y) = —a® — 2zy — 2y*:

The Hessian is:
9 (=2 =2
Vf(xay)_(_Z _4 .

The eigenvalues are negative, so f is strictly concave.

Exercise 1.9
1. The function f is polynomial, thus of class C*°(R?). It is given by:

flay) =2 +y* = 2(x —y)*

To prove that f is coercive, note that:

DN | —

Also,
—2(x —y)? > =42 + ¢?).
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Thus,
1
fle,y) 2 5@ +97)° =40 +¢?).

Define r? = 22 + 32, then

1
flz,y) > 57“4 — 472,

As r — oo, f(x,y) — oco. Therefore, f is coercive and attains a minimum on R2.

2. To check convexity, compute the Hessian:

9 _ [(122* -4 0
\4 f(xay) - ( 0 12y2 _4)

At (0,0), the eigenvalues are —4 and —4, so the Hessian is not positive semidefinite
everywhere. Thus, f is not convex.

Exercise 1.10
Let J(z,y) = y* — 3xy? + 2°.
1. Compute VJ(x,y):

(=3yt+ 2
VJ(SC,y) - (4y3 _ 61’]/) .
Set VJ = 0, then:

3
=3yt 42w =0 = w=oy
4y® — 6y = 0.

Substitute z:

3
4o — 6 <§y2) y=4y> — 9y = —5y° = 0.

Thus, y = 0, so = 0. Therefore, the only critical point is (0, 0).

2. Consider t +— J(tdy,tds). Then:

J(tdy, tdy) = (tdy)* — 3(tdy)(tdy)? + (tdy)>.

At t =0, J(0,0) = 0. The second derivative is positive along any line through the
origin, so (0,0) is a local minimum along any such line.

3. Restricting to the parabola z = y*:

JW*y) =y =3 )y + (V) =y =3y  +y' = —y".

Thus, J(y%,y) = —y* < 0 with equality only at y = 0. Therefore, (0,0) is a local
maximum along this curve, not a minimum.

4. Compute the Hessian:
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2 _ 2 —6y
ViJ(z,y) = (—63/ 12y? — 62 )

v2.7(0,0) = (g 8) ,

This matrix is positive semidefinite with rank 1, thus (0,0) is a saddle point along

At (0,0):

some directions and minimum along others.

xo.

Exercise 1.11
We are asked to derive the second-order Taylor expansion of the function f around

(a) Let f(x) = 167" + x5 + 1, with zg = (1,0)7.
First, compute the gradient:

ero- (L)~ ()

At Zo-
Compute the Hessian:

At Zo-

V2 f () = (_01 _11> .

Thus, the second-order Taylor expansion is:

F(a) = foo) + 9 f @) (& — 20) + 5 — 20)7V* (w0 o).

(b) Let f(x) = 2} — 22323 + 3, with o = (1,1)T.

Compute the gradient:
[ 4a¥ — Az}
Vi) = <—4x%x2 +4z3 )

Vf(wo) = (—44_+44> - (8) '

At Zo-

Compute the Hessian:
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1222 — 422 —8xy1
2 _ 1 2 142
Vi) = ( —8rixy 42+ 12x§) '

12-4 -8 8 -8
VQf(xO):( -8 —4+12):<—8 8)'

Therefore, the second-order Taylor expansion is:

At Zo-

£(2) = o) + (e — 20) V*f o) (@ = o).

Exercise 1.12
Let (t) = (e!,2t,1)T, and f(2) = 212073 + 2129 + 3.
We need to compute:

d
4 fate).
First compute V f(z):

ToT3 + T
Vix)=|z123+ 24
129 + 1

dr .
Then compute :

Thus,

Calculate at general t:

= [Xox3 + X9, 1123 + T, X129 + 1] | 2

Substitute z; = €', 1y = 2t, x5 = 1:
- ToXg+Tg = 2t-14+2t =4t - xy13+7 =€t -1+et = 2e - xjx9+1 = et -2t +1 = 2tel +1.
Thus,

d
%f(x(t)) = 4te' + 2e' - 240 = 4te’ + 4e'.

Exercise 1.13
Let f € C?, x,2y € R", and define:

(x — x0)

z(a) =0+ « :
[l = ol
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Define ®(a) = f(z()).

1. Compute ¥'(a) and P"(«v).

We have:
¥'(a) = Df(:()) - #(0)
But
)= [T
Hence,
¥(0) = VG
For &"(a):
¥(0) = 4o | Vet
Since % is constant,
¥'(@) = IO ) )

2. Since f(z) = ®(||x — xo||), we can write the Taylor expansion:

1
f() = @(0) + [lz = zo[|®(0) + 5[l = o[ *®"(0) + ol = wo]*)-
Which implies:

() = Fwe) + Df (o) — 20) + 5 — 70)7V*F(a0)(x ~ w0) + oll}a — ol

This result rederives the second-order Taylor formula.
Exercise 1.14
Let ¢ : R — R be continuous, and define:

f(%y):/; ycb(t) dt, g(x,y)z/omycb(t) dt.

1. Show that f and g are of class C*.
Since ¢ is continuous and the integration limit is differentiable, f and g are C' by
differentiation under the integral sign.

2. Compute the differentials:
- For f:
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Df(z,y)(h, k) = ¢(z +y)(h + k).
- For ¢:

Df(x,y)(h, k) = ¢(zy)(yh + k).

Therefore:

Df(x,y)(h,k) = ¢(x +y)(h+ k), Dg(x,y)(h, k) = ¢(zy)(yh + k).

Exercise 9
Let f:R® - R, and z : R — R" be C? functions. Define:

1. If 2(t) = u + tv, where u,v € R, then:

g(t) = V() o,

g'(t) ="V f(x(t))v.

2. For general x(t),

g'(t) =V () '),
g"(t) = 2/ ()" V2 f(a(t))a’(t) + V f(x(1) 2" (1).

These formulas result from applying the chain rule and product rule for derivatives.
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