With Constraints:
LP, NIP (Convex/Non-convex), QF MILP MINLF SOCP, SDP

-

. | Without Constraints:
With / Without Constraints Gradient-based, Stochastic, Direct Search

Continuous Variables

Integer / Combinatorial Variables

_—__.__'___——.
T T Mixed Variables

By Variable Type

By Problem Nature » Deterministic Optimization

Stochastic / Robust Optimization

Exact Methods:
Simplex, Branch-and-Bound, Branch-and-Cut, Dynamic Programming

. Heuristic Methods:
By Solution Method Local Search, Tabu Search, Simulated Annealing

Metaheuristics:
Genetic Algorithms, PSO, ACO, Differential Evolution

Learning-based:
Bayesian Optimization, RL, Surrogate Models

Abbreviations:

LF: Linear Programming | KLP: Fonlineayr Programming | 0PF: (uadratic Programming

HMILP: Mixed-Integer Linear Programming | MINLE: Mixed-Integer Homlinear Programming
50CP: Second-0rder Come Programming | SDP: Semidefinite Programming

BEE: Branch—and-Bowmd | BEC: Branch—and—Cut | 5R: Simulated Amealing

&h: Gemetic Algordithms | PS0: Particle Swarm optimizatiom | ARC0: Ant Colowy optimization
DE: Differential Evolution | RL: Reinforcement Leavning

Figure 1: Comprehensive diagram of the main types of optimization and their relation-
ships, with abbreviations explained below the figure.



Chapter 1

Differential Calculus and Convexity

1.1 Review of Differential Calculus

1.1.1 Normed Vector Spaces
Let V' be a vector space over the field R.

Definition 1.1.1. An inner product on V is a mapping
(,):VxV—->R
that is bilinear, symmetric, and positive definite, meaning it satisfies:
1.

u, -y : V. — R is linear for allu € V,

,0) 1 V. — R s linear for allv € V,

{
2
3. (u,v) = (v, u) for all u,v €V,
4

v,0) =0 v =0, and (v,v) >0 for allv e V.

1.1.2 Directional Derivative

Definition 1.1.2 (Directional Derivative [18, Section 2.1]). Let f : R — R be
differentiable at x € R™. The directional derivative of f at x in the direction d € R"

18 defined as:
D¢(z;d) = lim flz+td) - f(x)

t—0 t

If f is differentiable at z, then Dy(z;d) = V f(x)'d

Example 1.1.1. Let f(x,y) = 2*> +y%. Compute the directional derivative at point (1,2)
in the direction d = (3,4). Solution: Vf(z,y) = (2x,2y). At (1,2), Vf(1,2) = (2,4).
Thus:

D¢((1,2);(3,4)) = (2,4) - (3,4) =6+ 16 = 22.



1.1.3 Canonical Basis and Norms

1.1.3.1 Canonical Basis

Let ey, eo, ..., e, denote the elements of the canonical basis of R", where ¢e; is the vector
in R™ given by:

1 ifj=1
(ei)j:5ij:{0 %f].#z.’ forall i, =1,2,...,n,
A D)

where 6;; is the Kronecker delta symbol.

1.1.3.2 Dot Product

Definition 1.1.3 (Dot Product [I8, Section 2.3|). For any z,y € R", the dot
product (z,y) is defined as:
i=1

Two vectors x,y € R™ are orthogonal (denoted x L y) if (x,y) = 0.

1.1.3.3 Euclidean Norm

Definition 1.1.4 (Euclidean Norm [I8, Section 2.3|). For any x € R", the Eu-
clidean norm of x, denoted ||x||, is defined as:

2]l = vz, 2) =

Properties of a norm (and thus of the Euclidean norm):
(i) |laz|| = |al]|z|| for all « € R and z € R™.
(i) llz +yll < llz]l + ] for all 2,y € R
(iii) ||0]] =0 and ||z|| > 0 if = # 0.

Definition 1.1.5 (Open Ball [I8, Section 2.3|). For every x € R™ and r > 0, the
open ball centered at x with radius r is defined as:

B(z;r) ={y e R": |ly — 2| < r}.




Definition 1.1.6 (Convergence). If (z*)) is a sequence in R™ and x is an element

of R", we say that z'¥) converges to x (denoted 2 — x) if ||z® — z|| — 0 as
k)

k — co. Equivalently, ™ — z if and only if xi — x; 1 R for each component 1.

Definition 1.1.7 (Interior, Open and Closed Sets [I8] Section 2.3]). Let U C R™.

1. The interior of U is the set of all v € U such that there exists r > 0 with
B(z;r) CU.

2. The set U is open if for every x € U, there exists r > 0 with B(z;r) C U.

3. The set U is closed if for every sequence {x®)} C U such that 2 — z € R",
we have x € U.

Definition 1.1.8 (Segment). If a,b € R™, we denote by |a, b] the subset of R™ given

by:
[a,0] ={a+t(b—a):te0,1]}.

The set [a,b] is called the segment connecting a to b.

Definition 1.1.9 (Cauchy-Schwarz Inequality [I8, Section 2.3|). For all x,y € R":

[{z )| < llzll - Nlyll-

Definition 1.1.10 (Directional Derivative). Let f : R™ — R and xq € R"™ where
f(zo) is defined. The directional derivative of f at x¢ in the direction d € R™ is
defined by:

fi(wo) = lim f(xo+td) — f(=xo)

t—0+ t ’

if it exists. This derivative gives the rate of change of f at xqy in the direction d.

Definition 1.1.11 (Fréchet Differentiability [2, Section 9.1]). A function f is said
to be Fréchet differentiable at xq € R™ if there exists a continuous linear map
L(zo) : R™ — R such that:

lim f(zo+d) — f(z0) — L(xo) - d

= 0.
d—0 |||

The map L(xq) is called the derivative of f at xy.




Example 1.1.2 (Example 1.1.1). Consider the function f:R?* — R defined by:

flzy,29) = 21 — x%

For any d € R%, we have:

lim flz+td) — f(x) ~ im flzy + tdy, xo + tdy) — f(xy, 22)

t—0+ t t—0+ t

— (1, -22y) (2) — Pla)-d

Example 1.1.3 (Example 1.1.2). Consider the function f:R*\{(0,0)} — R defined by:

_ Jatw /(1 +23),  (21,32) # (0,0),
flay,20) = {07 (o1.5) = (0.0),

Obviously, the function f is continuous at (0,0). Indeed, for x1 = rcosf, xo = rsinf,
with r > 0 and § € (0,27), we have:

3 29 ind
lim  f(zy,25) = lim L cos 75

————— = lim rcos®fsinf = 0 = f(0,0).
(z1,22)—(0,0) r—0+ r r—0+

Furthermore, f admits partial derivatives at (0,0) since:

a_f(()’ 0) = lim f(d1,0) — £(0,0)

=0,

and

8f 1 f(07 dZ) — f(07 0)
8_332(0’ O) - deH—I>10 dg

=0.

However, f is not Fréchet differentiable (and thus not differentiable) at (0,0) because:

f(di,d2) — £(0,0) — (6‘9—3{1(0’ 0), %(O’ O)) <d1)

d
lim 2/ lim cos? 6 sin 0
(d1.d2)—(0,0) [ (dy, do)|| =0

does not exist.

Definition 1.1.12 (Gateaux Differentiability). A function f is said to be Gdteaux

differentiable (G-differentiable) at xo € R™ if it admits a directional derivative at
xo n every direction d € R".

10



Definition 1.1.13 (Fréchet Differentiability). A function f is said to be Fréchet
differentiable (F-differentiable) at xo € R™ if there exists a continuous linear map
L(zo) : R™ — R such that:

i (%0 +d) = f(zo) — L(zo) - d

= 0.
d—0 |4l

The map L(xq) is called the derivative of [ at x.
In other words, f is F-differentiable at xq € R™ if there exists a continuous linear
map L(zo) : R™ — R such that:

f(wo +d) = [(wo) + L(wo) - d + [|d]| - w(d),

where limg_,o w(d) = 0.

Remark 1.1.1.

1. A function f can be G-differentiable at xy € R"™ without being continuous at that
point.

2. If f 1s F-differentiable at xo € R™, then it is continuous at that point.
3. The notion of F-differentiability is stronger than that of G-differentiability.

4. If f is F-differentiable at xo € R™ with derivative L(xy), then f is G-differentiable
at xg and L(xg) = f'(xo). The converse is false.

5. If f is F-differentiable, then f is differentiable.

6. A differentiable function at a point admits partial derivatives at that point. The
converse is generally false.

7. A function differentiable on an open set V. C R™ whose partial derivatives are all
continuous on V is said to be of class C* on V.

1.1.4 Gradient and Hessian Matrix

Definition 1.1.14 (Gradient [18, Section 2.1]). The gradient of f : R" — R at
point x s the vector of partial derivatives:

Vf(z) = (ﬁ ‘9f>T.

oxy 7 Oz,

Example 1.1.4 (Example 1.2.1). Consider the function f(zi,xs,13) = €' + xiw3 —
x1x9w3. Therefore, the gradient of f is given by:

11



e*l + 2x1x3 — Tox3
V (w1, z9,73) = —I173
[L’% — T1T2

Definition 1.1.15 (Hessian Matrix [2, Chapter 2|). If f is twice continuously dif-
ferentiable, the Hessian matrixz is the matriz of second derivatives:

_[or Y

ij=1

Example 1.1.5. Let f(x,y) = 2* + 2y + y*>. Then:

i = (350). Ve - (7 ).

Example 1.1.6 (Example 1.2.2). Consider the function f(zi,zs,13) = € + z3w3 —
x1wex3. The Hessian of f is given by:

—xy —
H(;E): —X3 21’3 —X

—Ty —XT1 0

Example 1.1.7 (Example 1.2.3). Define
f(z1, 20, 23) = €™ + 2523 — T 17073

The Hessian of f is given by:

e’ —x3 —xX9
H(z)= | —x3 213 —xy

—To —XT1 0

In the following proposition, we provide the relationship between the gradient and
Hessian matrix.

Proposition 1.1.1 ([I8, Appendix A.4.3, pp. 656-657]).
1. The i-th row of V2f(z) is the Jacobian of the i-th component of V f.

2. We have
V2f(x)h = ViV f(z), Vz€R" VheR"

Proof.

1. This is obvious.

12



2. We have:

8il<vf( ~ O (g 8x] ) Z 81:18% Dhy = (V2 (@)h):.

[
Proposition 1.1.2 (Relation between V and V? [I8, Appendix A.4.2-A.4.3,
pp- 655-657]).
1. The i-th row of V2f(z) is the Jacobian of the i-th component of V f.
2. We have:
V2f(z)h = V(Vf(x),h), Vrc K,VhecR"
Proof.
1. This is obvious.
2. We have:
0 0 B af B 9
3a, (VI (@) 1) = 5o (; 5 ) Z axz awj = (V2 f(2)h):
O

Example 1.1.8 (Example 1.3.7). If f : R" — R is a constant function, then Vf =
Vif =0.
Let f : R™ — R be defined by
f(z) =(a,x), VzeR"

where a € R™ is a given vector (i.e. f is a linear function). Then we easily compute:

o _ ag, So
axk k>
Vf=a
(the gradient is constant).
Thus,
Vif =

[ Definition 1.1.16. We say that =* is a stationary point of f if V f(z*) = 0.

13



1.1.4.1 Taylor Expansion

Theorem 1.1.1 (Taylor’s Theorem [2, Section 9.1]). If f is twice continuously
differentiable, then:

flz +d) =~ f(z) + Vf(z)'d+ %dTV2f(x)d.

In particular, if one uses the Hessian at x one obtains the second-order approrima-
tion

fla+d) = f(z) + Vf(x)' d+ 54"V f(z)d+o(l|d]*) (ld]] =0).  (L.1)

Proof. The proof proceeds by reducing the multivariate statement to the classical one-
variable Taylor theorem applied to the function obtained by restricting f to the line
through x in direction d.

Define the one-variable function

g:10,1] = R, g(t) == f(x +td).

Because f € C? on a neighborhood of the segment {z + td : t € [0,1]}, the function g is
C? on [0,1]. By the chain rule we have for every ¢ € [0, 1]:

gdt)=Vf(x+td)'d, (1.2)
g'(t) =d"V2f(x +td) d. (1.3)

Apply the one-variable Taylor theorem with Lagrange remainder to g about ¢ = 0 evalu-
ated at ¢t = 1. There exists £ € (0, 1) such that

g9(1) = g(0) + 4'(0) - 1 + 54" (€) - 1*.
Substituting ¢(0) = f(z) and using (L.6)—(L.7) yields
fla+d) = flx)+ Vf(x) d+Ld"V’f(z+ &d)d,

which is exactly (??) with 6 = £. This proves the theorem.

To obtain the approximation , note that continuity of V2f implies V2f(z +
0d) = V2f(x) 4+ o(1) as ||d|| — 0, and therefore the remainder term in (??) equals
1d"V2 f(z)d + o(]|d||?). O

Remark 1.1.2 (Integral form of the remainder). A convenient and often-used alternative
is the integral form of the remainder, obtained by integrating g"(t) twice:

1
o) =90) +50)+ [ (=D O
Replacing ¢"(t) = d"V2f(z + td) d gives the identity
1
flx+d) = f(x)+Vf(z)'d+ / (1—-t)d"V?f(x +td) ddt. (1.4)
0

Subtracting %dTVQf(x)d from both sides yields an explicit expression for the error of the
quadratic approximation.:

R(d) := f(a:+d)—( F(2)+V f(z) d+1d V2 f(a:)d) - /0 (1—t) d" (V2f (x-+td)—V2f (x))d dt.

14



Corollary 1.1.1 (Remainder bound under Lipschitz Hessian). If, in addition, the Hessian
is Lipschitz continuous on the segment {x +td : t € [0, 1]} with Lipschitz constant L > 0,
1.€.

IV2f(y) — V2f(2)|| < Llly — 2| fory,z on the segment,

then the remainder satisfies the cubic bound

[R(d)] <

L
Z 14l 1.5
e (15)
so the quadratic model approzimates f to order O(||d||?).

Sketch of proof of the bound. From the integral expression for R(d) and the inequality
|d" Ad| < || Al ||d||* (operator norm), we obtain

R@I < [ Q=095+ td) = V() | P .

By the Lipschitz condition ||V2f(z + td) — V2 f(z)|| < Lt||d||, hence

1

R < [ =0 Lea [al at = hal® [ o= o=

which proves (|1.5]). O

Remark 1.1.3 (Exactness for quadratic functions). If f is a quadratic function whose
Hessian is constant (i.e. V2f does not depend on the point), then the Lagrange remainder
vanishes and (??) is exact for all d:

T T
flx+d) = flx)+Vf(x) d+id"V*fd.
Suggested use in a handout: include Theorem ??, the compact proof above, and the

integral remainder (1.8). Add Corollary when you discuss error estimates used in
optimization (trust-region / Newton methods).

Example 1.1.9. Using f(z,y) = > + 2y + y* at point (0,0) with d = (1,1):
T 9 2 1
F0.0 =0, Vi0.0 = 0,07 0.0 (7 ).

Thus,

1/1\" /2 1\ /1 1 1
n=osos () (2 D) () = barrrin-eoms

1.1.4.2 Different forms of Taylor’s formulas

The Taylor formula is an important tool in convex analysis. We recall it here in the

general case.
Let Q C R™ be open, f:Q — R, a € Q, and h € R" such that [a,a + h] C Q. Then:

L. If f € CY(D), then:

15



(a) **First-order Taylor formula with integral remainder™**:

1
fla+h) = fla) + / (V F(a+ th), h) dt.
0
(b) **First-order Taylor-Maclaurin formula™**:
fla+h) = f(a)+(Vf(a+th)h).
(¢) **First-order Taylor-Young formula**:

fla+h) = f(a) +(Vf(a+th),h) +o(|[h]).

2. If f € C*(Q), then:

(a) **Second-order Taylor formula with integral remainder**:
1
fla+h)= f(a) +(Vf(a),h)+ / (1= t)(V?f(a+ th)h,h)dt.
0
(b) **Second-order Taylor-Maclaurin formula**:
1
fla+h) = f(a)+(Vf(a),h)+ §(V2f(a +6h)h,h), with0 <60 <1,

(¢) **Second-order Taylor-Young formula™**:

fla+h) = fla)+(Vf(a),h) + %<V2f(a)h7 h) + o([[A]%).

Theorem 1.1.2 (Second-order Taylor’'s Theorem). Let f : R* — R be a twice
differentiable function on an open set V.C R"™. Then:

1. For any d € R" such that v +d € V', we have:
1
f@+d) = f() +d"V (@) + 5d"Vf(@)d + o(ld]]*).
2. For any d € R" such that x +d € V, there exists t € [0,1] such that:

fz+d) = f(x) +d"Vf(z)+ %dTVQf(x + td)d.

Proof. We prove both items by reducing to a one-variable Taylor expansion along the line
segment from z to = + d.
Define the one-variable function

g:10,1] = R, g(t) == f(x +td).

16



Because f € C? on an open set containing the segment {x + td : ¢ € [0,1]}, the function
g is of class C? on [0,1]. By the chain rule we obtain for every ¢ € [0, 1]:

g(t)=Vf(z+td)'d,
g"(t) =d"V*f(x +td)d.

Integral form (useful intermediate identity). Integrate ¢” twice using the funda-
mental theorem of calculus. First,

and integrating this identity from ¢ = 0 to ¢t = 1 with weight (1—t) (or directly performing
the standard two-fold integration) yields the well-known integral remainder formula

1
o) =90) +50)+ [ (=D O (18)
Substituting — into gives
flz4+d) = fx)+Vf(x)'d+ /1(1 —1)d "V f(x +td) ddt. (1.9)
0

Equation (1.9) is exact and will be the basis for proving (1) and (2).

Proof of (2) (Lagrange form). Because g € C?([0, 1]), the one-variable Taylor theorem
with Lagrange remainder guarantees existence of some & € (0, 1) such that

g(1) = g(0) + g'(0) + 39"().
Using (1.6)—(L.7) we obtain
fla+d) = flx)+ Vf(x) d+Ld"V’f(z+&d)d.

Setting t = ¢ yields exactly the claimed Lagrange form of the remainder. This proves (2).

Proof of (1) (the o(]|d||*) statement). We start from the integral identity (1.9) and
split the integrand into the value at = plus the deviation:

fa+d) = f(z) + V@) Td+ /O (1= ) d"(V*f(a + td))d dt

:f(a:)+Vf(93)Td+%dTVQf(x)CH—/O (1—t)d" (V*f(zx +td) — V> f(x))ddt.

J/

-

=:R(d)

Thus the remainder beyond the quadratic term is
1
R(d) = / (1—t)d" (V2 f(x +td) — V*f(x))d dt.
0

Now use the continuity of V2f at x (since f € C?). For any € > 0 there exists § > 0
such that whenever ||d|| < and ¢ € [0, 1] we have

IV2f(z +td) = V2f(2)| <,

17



where || - || denotes the operator norm (or any matrix norm equivalent to it). Using the
quadratic form bound |d" Ad| < ||A|| ||d||?, we obtain for ||d|| < d:

1

R < [ 0= 019+ td) = Vi@l dr < e [ 1= 0de =5 al®

Since € > 0 was arbitrary, this shows

[R(d)] _
ldf—o || d||? ’

i.e. R(d) = o(]|d||*). Substituting back gives the expansion
1
fle+d) = f(2) +d"Vf(z) + 5d "V f(@)d+of|ld]]*),

which proves (1). O

Remark 1.1.4. o [f the Hessian V2 is Lipschitz on the segment {z+td : t € [0,1]}
with constant L, one can strengthen the preceding estimate to the cubic bound

L
()| <l

showing the quadratic model approzimates f to order O(||d|?).

e [f f is a quadratic polynomial (Hessian constant), the remainder vanishes identically
and the formula is exact for all d.

1.1.5 Convexity

1.1.5.1 Convex Sets

Definition 1.1.17 (Convex Set [18, Section 2.1]). A set C' C R" is convex if for
any z,y € C and 6 € [0, 1]:
Oz + (1 —0)y € C.

Example 1.1.10. The set C' = {x € R" : Ax < b} is convex since it is an intersection of
halfspaces.

1.1.5.2 Convex Hull

Definition 1.1.18 (Convex Hull [18, Section 2.3|). The convex hull of a set S C R"
is the smallest convex set containing S, defined as:

k k
conv(S) = {Zeleag € 5,0, 20,292‘: l,kEN}.

i=1 i=1

18



Definition 1.1.19. Given two points a,b € R™, the segment [a,b] is defined as:
[a,b) ={x € R" : x = (1 — t)a + tb for some t € [0,1]}.

A set K C R"™ is called convex if, for all points a,b € K, the segment [a,b] is
contained in K.

Properties of Convex Sets.

1. The definition of a convex set can be interpreted by saying that the segment con-
necting x and y must be contained in C.

2. Let x1,22,...,2; € R" and t; > 0 such that Zle t; = 1. Any expression of the

form:
k
E 1
j=1

is called a convex combination of the points z; or a barycenter.

3. If C7 and (5 are two convex sets in R", then K = C; N Cy is convex, and

K:{x:x:xl—i-xQ,xlECl,xgng}

1S convex.

Example 1.1.11 (Examples 1.4.1).

1. The intersection of convex sets is convex. This follows directly from the definition.

2. An affine subspace K of R™ is convex. Recall that K C R™ is an affine subspace if
there exists a vector subspace V.C R™ and a vector v € R™ such that x € K if and
only if t —v € V.. To show that K is conver, let x,y € K, and set z = (1 —t)x +ty
witht € [0,1]. Thenx—v,y—v €V, and thus z—v = (1—t)(z —v)+t(y—v) € V,
hence z € K.

1.1.6 Convex Functions

1.1.6.1 Convexity and Differentiability

Definition 1.1.20 (Convex Function [I8, Section 3.1]). A function f : C — R
defined on a convex set C' is conves if:

flz+ (1 —0)y) <0f(x)+ (1 —0)f(y), Va,yeC 0el01]
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Proposition 1.1.3 (First Order Condition). If f is differentiable, then f is convex
if and only if:
f) 2 f2) + V@) (y—2), Vo,yeC.

Proof of equivalence. (=) Assume f is convex. Fix z,y € C and t € (0,1]. By convexity,

F(A=tz+ty) <A =t)f(x) +tf(y).
Rearranging gives .

Letting ¢t — 07, the left-hand side converges to the directional derivative of f at z in the
direction y — x, that is V.f(2) T (y — x). Hence,

fly) > f(2) + V(@) (y — ).
(<) Conversely, assume that
f) > fx)+ V@) (y—=z), Vayel

Fix z,y € C and 0 € [0, 1], and set z = (1 — #)x + fy. Applying the inequality with base
point z yields

fl@) 2 f(2) + V() (@ =2),  fly) = f(2) + V() (y-2).

Multiplying the first inequality by (1 — @) and the second by 6, then adding, we obtain

(L= 0)f(2) +0f(y) = f(z) + V() (1 =)z —2) + 0y - 2)).

But (1 —6)(x — z) + 0(y — z) = 0 by construction of z. Hence

(1=0)f(x) +0f(y) = f(2),

which is exactly the convexity inequality. Therefore f is convex. m

Proposition 1.1.4 (Second Order Condition). If f is twice differentiable, then f
18 convex if and only if its Hessian is positive semidefinite everywhere on C'.

Proof. We prove both directions.

= Assume f is convex on C and f € C*(C). Fix x € C and an arbitrary vector v € R”
such that the segment {x +tv: t € (—¢,¢)} is contained in C' for some € > 0 (this holds
at least for small €). Define the one-variable function

o(t) :== f(z + tv), t € (—¢¢).

Since f is convex on C and t — x + tv is affine, ¢ is a convex function of ¢. Because
f e C*C), ¢ is twice continuously differentiable and by the chain rule

O (t) = Vf(z+tv) v, ©"(t) = v V2f(x +tv)v.
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Convexity of ¢ implies ¢”(t) > 0 for all ¢ in the interval; evaluating at ¢t = 0 gives

v V2 f(x)v = ¢"(0) > 0.
Since v was arbitrary, V2f(x) is positive semidefinite. As z was arbitrary in C, the
Hessian is positive semidefinite everywhere on C.

< Conversely, assume V2 f(z) = 0 for every x € C. To prove convexity of f, fix arbitrary
x,y € C and consider the function

o) = (e ty— o), tel0]
Then g € C?([0,1]) and by the chain rule

J't)=(y—2) V2 f(z+tly—2))(y—2) >0
for all ¢ € [0, 1], because each Hessian along the segment is positive semidefinite. Hence g
is a convex function on the interval [0, 1].
Convexity of g implies, for every 6 € [0, 1],
g9(0) < (1 —0)g(0) + 0g(1).

Translating back to f (noting g(0) = f(z), g(1) = f(y) and g(8) = f((1 — )z + Oy))
yields

F(A=0)z+0y) < (1—0)f(x)+0f(y),
for all x,y € C and all § € [0,1]. This is exactly the definition of convexity of f on C;
therefore f is convex.

Integral (Taylor) representation. For completeness, we derive the integral identity
that explicitly shows how the Hessian appears in the difference f(y)—f(z) -V f(z)" (y—2).
With v :=y — = and g(t) = f(x + tv) as above, integrate g” twice on [0, 1]:

d@—ﬂ@=£¢@%,

and then

o) =90 -0 = [ (0 -go)a= [ ([ ds)a

By Fubini (or direct computation of the triangular integral),

[ ([reas)a- [a-areas
Therefore

fly) = fl2) + V(@) (y —2) +/0 (1=3)(y—2) V*f(a+s(y —2)(y — z)ds.

If V2f(-) = 0 on C, the integrand is nonnegative for all s € [0,1], hence the integral is
> 0, which immediately yields the first-order inequality

fy) = f(2) + V@) (y - 2),

and therefore convexity (by the first-order characterization). This integral identity also
quantifies how the curvature (encoded by the Hessian) contributes to the deviation from
linearity.

O
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1.1.6.2 Monotone Functions

Definition 1.1.21 (Monotone Function [I8| Section 3.1]). A function f : R — R
is monotone increasing if x <y implies f(x) < f(y).

Example 1.1.12. The exponential function f(x) = €® is monotone increasing.

Definition 1.1.22. A real-valued function J : K CV — R defined on a convex set
K of a vector space V' is said to be convex on K if for all points u,v € K and for
all real numbers t with 0 <t < 1, the following inequality holds:

Jtu+ (1 —t)) <tJ(u)+ (1 —1t)J(v).
It is said to be strictly convex on K if:

u,ve Kiu#v,te (0,1) = Jitu+(1-1t) <tJ(u)+(1-1t)J(v).

Definition 1.1.23. A function f is said to be strongly convex with constant o > 0
if:
a
fltry + (1 —t)zg) < tf(xy) + (1 —1)f(x2) — 515(1 —t)||z1 — zo?

It can be easily shown that a strongly convex function is strictly convez.

Remark 1.1.5. Strong convexity = strict convexity => convexity.

Definition 1.1.24. A function f: K CV — R defined on a convez subset K of a
vector space V' is said to be (strictly) concave if the function (—f) is (strictly)
convez.

Example 1.1.13 (Examples 1.4.2).

1. An affine function is convexr on R™, but not strictly conver. An affine function is
given by f(x) = (a,x) + b for some a € R and b € R.
2. A norm is convexr on R™ but not strictly conver. This follows from the triangle

inequality: for all z,y € R™ and t € (0,1),
(1 =t)z +tyl| < (L= t)||=l| + t]lyl]-

The inequality is not strict because if y = Az for some A > 0, equality holds.
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Operations on Convex Functions. Let K C R" be convex.
1. The sum of two convex functions on K is convex.
2. If f: K — Ris convex and A > 0, then \f is convex on K.
3. The maximum of two convex functions on K is convex.

4. If f: K — R is convex and L : R™ — R" is linear, then f o L is convex on

V={xeR": Lx) € K}.

Definition 1.1.25 (Epigraph of a Convex Function). Let K be a non-empty subset
of R" and f: K — R. The epigraph of f, denoted epi(f), is defined as:

epi(f) ={(z,y) ER"™" 1z € K,y > f(a)}.

Equivalently,
epi(f) ={(z,y) € K xR:y > f(z)}.
It is the set of points above the graph of f.

Theorem 1.1.3. Let K be a non-empty convex set in R™ and f : K — R. Then

f is conver <= epi(f) is convex.

Proof. We prove the two implications separately.

= Assume f is convex on K. We show that epi(f) is convex. Fix two arbitrary points
(x1,t1), (9, t9) € epi(f) and let 6 € [0,1]. By membership in the epigraph we have
t1 > f(z1) and t2 > f(23). Because K is convex and zy,x2 € K, the point

xg = (1 — )z + Oxs
belongs to K. Consider the convex combination in R” x R
(zo,t9) := (1 — O)(z1,t1) + O(za, t2) = (1 — O)z1 + bz, (1 — 0)t; + 615).
Using convexity of f and the inequalities t; > f(x;), we obtain
(L—0)ty + 6t > (1= 0)f(z1) +0f(z2) > f((1 — O)zy + Oz2) = f(0).

Thus tg > f(xg), so (zg,ts) € epi(f). Since the two arbitrary points and arbitrary
0 € [0, 1] were arbitrary, epi(f) is convex.

< Conversely, assume epi(f) is convex. We prove f is convex on K. Fix arbitrary
r1,22 € K and 6 € [0, 1]. By definition of f we have

(21, f(21)), (22, f(22)) € epi(/f).
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Convexity of epi(f) implies that the point

(2o, tg) := (1 = O) (21, f(x1)) + O(2, f(x2))

belongs to epi(f). As before xy = (1 — 0)zy + Oxy and tyg = (1 — 0)f(x1) + 0f(x2).
Membership (zg,t9) € epi(f) means tyg > f(zy), i.e.

Rewriting yields the usual convexity inequality
F((L=0)z1 +0x) < (1= 0)f(21) + 0f(2).

Because z1, 15 € K and 6 € [0, 1] were arbitrary, f is convex on K.
This completes the proof of the equivalence. O

1.1.7 Convexity and Continuity

Proposition 1.1.5 (Jensen’s Inequality [18, Section 3.1.5, p. 72|). Suppose f is
conver on K, and let py,...,pm > 0 with py + --- + py, = 1. Then, for all
T1,...,Tm € K,

foizr + -+ pmxm) <pif(er) + - 4 Do f(Tm).

Proof. Immediate for m = 1; equivalent to the definition of convexity for m = 2; the
result follows by induction for m > 2. n

Theorem 1.1.4 (Continuity of convex functions [11, Theorem 10.1]). If K is open
and f 1s convexr on K, then f is continuous on K.

Proof. We prove it in the case K = R? and at the origin for simplicity, with || - ||oo norm.
We proceed in two steps:

Step 1. Show there exists C' € R such that for all » > 0 in a neighborhood of 0, and
for all  with [|z] < r,

flz) = f0)<Cr
Assuming x is in the first quadrant (other cases are similar), we have:
r = p10 + pae1 + psey,

where p; = 1 — 21 — 2, po = 71, p3 = 72, and 0 = (0,0), e; = (1,0), ez = (0,1). For
sufficiently small r, py, ps,p3 > 0 and p; + po + p3 = 1.
By Jensen’s inequality,

f(x) <puf(0) + pafler) + psf(ea),

thus
f(x) = £(0) < [pr = L[ F(O)] + palf(ex)] + ps[ f(e2)].
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The assertion then follows from the fact that

pr — 1] <2r, pa<r, p3<r.

Step 2. We now show that there exists C’ € R such that for all 7 > 0 in a neighborhood
of 0, and for all x with ||z|| < r, we have:

f(0) = f(z) < C'r.
To see this, we write:
0 = p1z + po(—e1) + p3(—ea),
with
p1,p2,p3 >0, p1+p2+ps=1

This decomposition is made possible by taking:

1 T i)

M Tarm P et P irnte

assuming again that z is in the first quadrant. By convexity of f, we find:
f0) = f(z) < pr = L[ f ()] + p2| f (=€) + ps| f(—e2)]-
Taking r sufficiently small, and observing again that:
lp1 =1 <2r, pp<r, p3<r,

and using Step 1 to bound |f(z)|, we obtain the desired result.
Thus, continuity at the origin follows directly from the two assertions above.

Remark 1.1.6. The proposition is false if K is not open. For ezample, let K = [0,1] C R
and consider f : K — R defined by

0, ifze(0,1),
f(@_{l, if v € {0,1}.

Definition 1.1.26. Let f be a function defined from K to RU{+oc}. The domain
of f, denoted dom(f), is defined as:

dom(f) ={x € K : f(z) # +oo}.

Definition 1.1.27. A function f defined on K is said to be coercive if:

lim T) = +00.
||x||—>+oof< )
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Definition 1.1.28. A function f defined from K to RU{+o0} is said to be lower
semicontinuous (LSC) if for all x € K :

lim inf £(y) > f(x).

Yy—x

Remark 1.1.7. 1. Lower semicontinuity is stable under addition.
2. Every continuous function is LSC.

3. The indicator function of a closed convex set is LSC (i.e., the function that is zero
on the conver set and +oo outside).

4. If f is LSC, then for every a € R, the sets
{reK: fx)<a} and {(z,a)e K xR: f(z) <a}

are closed.

Definition 1.1.29. A function from K to R = RU {+oo} is said to be proper if
it 18 not identically equal to 400 and does not take the value —oo.

1.2 Convexity and First-Order Differentiability

Below is a first result that allows one to recognize the convexity of a function using its
first derivatives.

Proposition 1.2.1 (Characterization of convexity via derivative [II, Theo-
rem 24.1|). Let f be a differentiable function on an interval I C R. Then:

f is convex <= f’ is non-decreasing on I.

Proof. Suppose f is convex and show that f’ is non-decreasing. Let 0 < A\; < As. Then,
by convexity of f:
)\1 )\1 )\1

flz+XMd) = f((l — )\—2)90+ )\—2(95—1- )\2d)> <(1- )\—Z)f(.r) + i—:f(x—l—)\zd).

Therefore:
flz+Md) — f(x) < fla+ Aod) — f(x)
A - Ao '

Hence the result.
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2. Suppose that f’ is increasing, and let us show that f is convex. Let x,y such that
y > x. Define the function:

p(t) =tf(x) + (1 =) f(y) — fltz + (1 - t)y).
We want to show that o(t) > 0 for all ¢ € [0,1]. Note that (0) = (1) = 0. Moreover:
¢(t) = fl@) = fy) + (v —2)f'((z —y)t +y).
Since y — x > 0, we have:
¢'(t) =k+af'(y —at),

with @ > 0. This function is decreasing since f’ is increasing.
If ¢/(1) > 0, then for all t € [0, 1],

¢'(t) >0,
and .
o(1) = 0(0) + / (1)t > o(0) = (1),

which is absurd. Hence ¢’(1) < 0. Similarly, one shows that ¢’(0) > 0. Therefore, for all
t €[0,1], ¢(t) > 0, and thus f is convex.

Corollary 1.2.1. Let f be twice differentiable on an interval I C R. Then:
f is conver < f" >0 on I,
f is concave <= f" <0 on I.
Example 1.2.1. 1. f(z) = 2? is conver since f"(z) =2 > 0, Vo € R.
2. f(x) =¢€" is convex since f"(x) =e* >0, Vo € R.

3. f(z) =Inz is concave since f"(z) = -5 <0, Va € (0, +00).

Theorem 1.2.1 (First-order characterization of convexity [?, Theorem 25.1]). Let
E be a normed space, K an open conver subset of £/, and f : K — R a differentiable
function. Then the following are equivalent:

1. f is conver on K;
2. Vz,y € K, f(y) 2 f(z) + f'(z) - (y — @);
3. Vo,y € K, [f'(y) = f'(@)] - (y —2) = 0.

Proof. We prove the cycle of implications (1) = (2) = (3) = (2) and then (2) = (1).

(1) = (2). Assume f is convex on K. Fix z,y € K and define the one-variable function
P[0 =R, p(t) = flo+ iy — o).
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Since f is convex on K and the map ¢t — z +t(y — x) is affine, ¢ is a convex function on
[0,1]. Because f is differentiable on K, ¢ is differentiable on [0, 1] with derivative

P () = [z + ity — 7)) (y — 2).

A standard property of convex differentiable functions on an interval is that their graph lies
above every tangent line; in particular, ¢(1) > ¢(0) + ¢’(0). Substituting the definitions
gives

fla+y—=z)=fy) > fl@) + f(z)(y — 2),
which is exactly (2).

(2) = (3). Assume (2) holds for all z,y € K. Apply (2) with the pair (z,y) and then
with the pair (y, z):

f) = f(2) + f(2)(y — =),

f@) > fly)+ fy)(z —y).

Add these two inequalities to obtain
0> f(z)(y —2) + f'y)(z—y) = ()~ f@)(y—=).

Rearranging yields (f'(y) — f'(z))(y — x) > 0, which is (3).

(3) = (2). Assume (3) holds. Fix z,y € K and consider again the one-variable function
o(t) :== f(z+tly —x)) for t € [0,1]. As before, ¢'(t) = f'(x + t(y — z))(y — z). The
hypothesis (3) implies that for every t € [0, 1],

P'(t) = (0) = (fz +tly —2) = f'(@)) (y —x) >0,

so ¢'(t) > ¢'(0) for all ¢ € [0, 1]. Integrating this inequality over ¢ € [0, 1] yields

1 1
P =00 = [ GOd= [ F0d=20).
0 0
Unwinding the definitions gives

fly) = f2) = f'(2)(y — ),
which is exactly (2). Thus (3)=(2).
(2) = (1). Assume (2) holds. For each z € K define the affine function L, : K — R by

L.(y) = f(z) + f'(z)(y — 2).

Hypothesis (2) states precisely that L,(y) < f(y) for all y € K, i.e. every tangent affine
map L, is a global underestimator of f. Moreover L,(x) = f(x) for each x. Hence, for
any fixed y € K,

sup L, (y) = f(y),

rzeK

because the supremum is bounded above by f(y) (by (2)) and is attained at z = y. But
the pointwise supremum of an arbitrary family of affine (hence convex) functions is a
convex function. Therefore f is convex on K. This proves (2)=(1).

Combining the implications above gives the equivalence of (1), (2), and (3). O
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Remark 1.2.1. e The pairing f'(z)(y — ) denotes the action of the bounded linear
functional f'(x) on the vector y —x. In finite dimensions f'(x) is the usual gradient
and the pairing reduces to the dot product V f(z)" (y — x).

o The representation f = sup,cy L, used in (2)= (1) is the standard fact that o differ-
entiable function that lies above all its tangents is the supremum of those tangents;
this is the cornerstone of the first-order characterization of convexity.

Theorem 1.2.2 (First-order characterization of convexity [?, Theorem 25.1]). Un-
der the same assumptions, the following are equivalent:

1. f is strictly convex on K;
2. Vz,y e K,z #y: f(y) > flz) + f(z) - (y — 2);
3. Vo,ye Koz #y: [f'(y) — f()]- (y—=z) > 0.

Proof. We prove the cycle of implications (1) = (2) = (3) = (2) and then (2) = (1).
(1) = (2). Assume f is strictly convex on K. Fix z,y € K with = # y, and define the
one-variable function

¢:[0,1] = R, o(t) == f(x—f—t(y — x))

Because f is strictly convex on K, the restriction ¢ is strictly convex on [0, 1]. Differen-
tiability of f implies ¢ is differentiable, with

ot)=f(z+tly—x))(y—zx).

A standard property of strictly convex differentiable functions on an interval is that the
graph lies strictly above any tangent line except at the tangency point; in particular,
©(1) > ¢(0) + ¢'(0). Unwinding definitions yields

fy) > fl@)+ f'(z)(y — x),

which is (2).

(2) = (3). Assume (2) holds for all distinct xz,y € K. Apply (2) first to the pair (z,y)
and then to (y, z):

fy) > fl@)+ f(z)(y — ),
f@)> f)+ f'(y)(z—y).

Adding these strict inequalities gives
0> f'(2)(y—2) + f'(y)(z —y) = = (F'(y) = f' (@) (y - 2).

Rearranging yields (f'(y) — f'(x))(y — z) > 0, which is (3).

(3) = (2). Assume (3) holds. Fix z,y € K with  # y and define again ¢(t) = f(z +
t(y —x)) for t € [0,1]. Then ¢'(t) = f'(x +t(y — x))(y — x). From (3) we have for every
t e (0,1]

(f'(@+ty —2)) = f'(2))(y — =) >0,
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hence ¢'(t) — ¢’ (0) > 0, so ¢'(t) > ¢'(0) for all ¢t € (0, 1]. Integrating ¢’ over [0, 1] yields

1 1
o) = ¢0) = [ ¢0de> [ )it =40,
0 0
Unwinding definitions gives

fy) = f@) > f(2)(y — x),
which is (2). Thus (3)=(2).

(2) = (1). Assume (2) holds. We show f is strictly convex. Fix distinct points z,y € K
and take any A € (0,1). Put z:= (1 — ANz + Ay € K. We must prove

f(z) <X =X f(x)+ Af(y).

Apply (2) with base point x and argument z. Since z # x,

f(z) > f(x) + f'(2)(z — x).

Rearrange this inequality to express f'(z)(z — x):

f@)(z —2) < f(2) = f(2).

Now multiply the strict inequality from (2) for the pair (z,y) by A > 0:

A(f(y) — F(a) = f'(x)(y — ) > 0.

But 2 —x = Ay — ), so f'(z)(2 — x) = Af'(x)(y — ). Substitute this into the previous
displayed inequality to obtain

A (y) = Af(x) = f(2)(z — ) > 0.

Rearrange:
fi@)(z —2) < AM(f(y) — f(2)).
Combine this with f(z) > f(x) + f'(x)(z — x):

f(2) < f@)+ AM(f(y) = f(2)) = (1= N f(2) + M (y).

This is the strict convexity inequality at z. Since x,y and A were arbitrary (with z # v,
A€ (0,1)), f is strictly convex on K. Thus (2)=-(1).

Collecting the implications above we obtain the equivalence of (1), (2), and (3). O

Remark 1.2.2. e In finite dimensions the Fréchet derivative f'(x) identifies with the
gradient ¥V f(x) and the pairing f'(z)(y —x) becomes the dot product V f(z)" (y—x).

e The arguments above mirror the nonstrict case but replace weak inequalities by strict
wmequalities; care 1s taken when integrating or adding inequalities to preserve strict-
ness.
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Theorem 1.2.3. Let E be a Euclidean space, K an open convex subset of E, and
f: K — R a differentiable function. Then the following are equivalent:

1. f is strongly convex on K;
2. Ja>0,Vz,y € K : f(y) = f(2) + f'(2) - (y — 2) + §lly — 2|1
8. Ja>0,VYa,y € K :[f'(y) — f'(@)] - (y — 2) > ally — =|*.

Proof. We prove the cycle of implications (1) = (2) = (3) = (2) and then (2) = (1).

(1) = (2). By definition, f is strongly convex with modulus o > 0 iff the function
g = f—%| | is convex on K. Since g is convex and differentiable, the first-order
condition for convex functions gives for every x,y € K,

9(y) > g(x) +g'(x) - (y — ).

Now ¢'(z) = f'(z) — ax (the derivative of al|z||* is ax), so substituting ¢ and ¢’ yields

F@) = 5lyll* = f@) = ll=l* + (f'(2) — ax) - (y — ).

Rearrange terms (expand the quadratic terms or move a-terms to the right) to obtain the
desired inequality

FW) = f@) + f'(@) - (y—2) + 5lly — =]
Thus (1)=(2).
(2) = (3). Assume (2) holds for some a > 0. Apply (2) with the ordered pair (x,y) and
then with (y, z):

fy) = f(@)

> f(x)+ f(x) -
f@) > fy)+ ) - (z—y) + Sz =yl

Add the two inequalities (note ||z — y|| = ||y — x||) to get

0> f'(x)-(y—a)+ f'(y) (@—y)+ally—zlP ==(f'(v) = f'(®)) - (y — ) + ally — z|*.

) (y—2)+ 5y — =l

Rearranging yields
(f'(y) = f'@) - (v —2) > ally — 2|,
which is (3).

(3) = (2). Assume (3) holds for some o > 0. Fix z,y € K and set d := y — x. Because f
is differentiable, the map t — f’(z + td) is defined for ¢ € [0, 1]. For each ¢ € [0,1] apply
(3) to the pair (z,x + td) to obtain

(f'(z+td) — f'(z)) - ((z+td) — z) > o (z + td) — z|?,

ie.
(f'(x +td) — f'(x)) - (td) > at?[|d]*.
For ¢t > 0 divide by ¢ to get

(f'(@ +td) = f'(2)) - d > at||d|]*.
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(When t = 0 the left-hand side is 0 by continuity of f’, and the inequality then holds in
the limiting sense.) Now integrate this inequality with respect to ¢ over [0, 1]:

1 1
/ (f’(m+td)—f’(x)).ddt2/ at|d|? dt = <|d|>
0 0

But
/O(f'(x—l—td)—f'(:v))-ddt:/o f’(:)s+td)-ddt—/0 f’(:z:)-ddt:/o f(z+td)-ddt—f'(x)-d.

Using the fundamental identity (line integral representation of the increment)

f() — fla) = / [+ td) - ddt.

we obtain
fly) = flx) = f'(x) - d > §]ld|]%,
which is exactly
fly) = fla) + fl@) - (y —2) + §lly — ||
This proves (3)=(2).

(2) = (1). Finally, assume (2) holds for some o > 0. Define g := f — || - ||>. Then for
every x,y € K the inequality (2) is equivalent to

9(y) > g(z) +g'(x) - (y — ),

because the gradient of §| - [|* is ax, so ¢'(z) = f'(x) — ax. The displayed inequality is
the first-order condition for convexity of the differentiable function g, hence g is convex
on K. Therefore f = g+ || - ||* is strongly convex with modulus «, which is (1).

Combining the implications above proves the equivalence of (1), (2), and (3). ]

Remark 1.2.3. e [n finite dimensions the derivative f'(x) is identified with the gra-
dient V f(z) and the pairing f'(x) - (y — x) becomes V f(z)" (y — ).

o [f f is twice continuously differentiable, an equivalent and often used pointwise for-
mulation is V2f(z) = ol for allz € K.

e In the implication (3)=(2) we used the line integral identity f(y)— f(z) = fol flx+
td) - ddt together with a simple integration of the linear inequalities obtained from

(3).
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1.3 Convexity and Second-Order Differentiability

Definition 1.3.1. Let H(x*) be the Hessian matriz of f at point z*. Then:
1. H(z*) is said to be positive semi-definite (PSD), denoted H(z*) > 0, if
Ve € R", z"H(z*)x > 0.
Thus, all eigenvalues of H(x*) are non-negative.
2. H(z*) is said to be positive definite (PD), denoted H(z*) > 0, if
vz ¢ R*\ {0}, 2TH(z*)x > 0.

Thus, all eigenvalues of H(x*) are strictly positive.

Theorem 1.3.1 (Second-order characterization of convexity [18, Section 3.1.3]).
Let K C R™ be an open, non-empty convex set and f : K — R be a real-valued
function that is twice differentiable in K. Then:

1. f is convex in K if and only if the Hessian matriz is positive semi-definite
(p.s.d) at every point in K.

2. f s strictly convex in K if and only if the Hessian matriz is positive definite
(p.d) at every point in K.

Proof. 1. Assume that f is convex in K. Then:
Vot € K, f(o* 4+ A\v) > f(z*) + MV f(z*) 2, Vee K. (1.1)
Since f is twice differentiable in K, by the second-order Taylor-Maclaurin expansion:
f@* +2z) = f(2*) + MV (o) o+ %)\QxTH(a:*):U + N|z|Pa(z®, Ar).  (1.2)
Combining (1.1) and (1.2) gives:
%)\2$TH(:U*)$ + X2z Pa(z", Az) > 0.
Dividing by A? and letting A — 0 yields:
oTH (") > 0.
2. Conversely, suppose H(z*) is p.s.d. for all z*. Then:
fz) = f($*)+(Vf($*))T($—fC*)+%(w—x*)TH(C)(IE—I*)» ¢ =te+(1=t)z", £ € (0,1).

So:
f(x) = [f (@) + (V@) (z - a")] = %(iff —a")TH(¢)(z —2*) > 0,

hence f is convex.
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Example 1.3.1. Let f : R? = R be defined by f(z,y,z) = (x — 2)* + (y — 3)* + 22

o The gradient is:

20 — 4
Vf(%,y,Z): 2?/-6
2z
o The Hessian is:
2 00
H(z,y,z)=10 2 0] =2I3>0
0 0 2

Therefore, f is convex.

Remark 1.3.1. If f is convex, then any local minimum is also global. Moreover, if f is
strictly convex, then any local minimum is not only global but unique.

1.3.1 Exercises

1. Compute the directional derivative of f(z,y) = zy* at point (1,2) in the direction
d=(2,1).

2. Prove that the set S = {z € R" : ||z||2 < 1} is convex.

3. Show that f(z) = x? is convex on R.

1.3.2 Solutions
1. Vf(z,y) = (y? 2xy). At (1,2), Vf = (4,4). Thus:

Dy((1,2);(2,1)) = (4,4) - (2,1) =8 +4 = 12,

2. For any x,y in the set and 6 € [0, 1]:
102 + (1 = 0)yll2 < Oflzllz + (1= O)|yll <O+ (1-0) = 1.
Thus, it is convex.

3. f"(x) =122% > 0 for all z, thus f is convex.
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