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Content of the program

* Chapter 01: Initiation to a programming language (Python)
o Hands-on-Pythn; Basics of Python

* Chapter 02: Numerical Integration
o Trapezoidal rule; Simpson’s method

* Chapter 03: Numerical Solution of equations
o Bisection method; Newton’s Method

e Chapter 04: Numerical resolution of differential equations
o Euler’s method; Runge-Kutta method

* Chapter 05: Numerical resolution of linear equations system
o Gauss method, Gauss-Seidel method
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I. Numerical Integration Problem Statement

Integrals of functions often appear in applications as well as in various
computations. For example, the energy of a system is usually expressed as
an integral. The issue is that most integrals do not have closed form

solutions. For instance, the integral

I[f] =fb\/1+cosz(x).dx

is a case where its computation is extremely hard if not impossible. In

such cases we need automated methods to approximate integrals.



I. Numerical Integration Problem Statement

To achieve such calculation, one could use “numerical integration” instead of
Il [ [ ,’ [ o [ o
analytical calculation”. Numerical integration, also known as quadrature, is

intrinsically a much more accurate procedure than numerical differentiation.

Quadrature approximates the definite integral : I[f]| = f: f(x).dx By the sum:
N
Iifl = ) wif(z)
i=0

Nodal abscissas z; and weights w; depend on the particular rule used for the
quadrature. All rules of quadrature are derived from polynomial interpolation of the

integrand. Therefore, they work best if f(x) can be approximated by a polynomial.



Il. Principle of numerical integration

* Given a function f(x) , we want to approximate the

integral of f(x) over the total interval |a, b]| .

* To do that, we assume that the interval has been
discretized into a numeral grid x, consisting of n + 1

points (xy — x,) withawidthh = (b —a)/n.
* Here, we denote each x by x; , xo = a and x,, = b.

* The height is defined by a function value f(x) for

some x in the subinterval |x;, x;. 1]

A Y

f(x,) -
fix,) -

f(x,) -

f{xn} =




Il. Principle of numerical integration

 An obvious choice for the height is the function
value at the left endpoint, x; (Left Integral), or the

right endpoint, x; .1 (Right Integral).

* This method is known as the “Rectangle rule”:

b n— n—
| redx ~ Zl hf) =" Zlﬂxa
a i=0 i=0

f(x,) -




Il. Principle of numerical integration

If the height is taken at the middle of v=/

a—+b
. , /
the subinterval |x;, x;.1] : . ( 2 ) .
1
Xi+1tX{ _ Xi+1tX{ ;
Zp =—0, *f(Zi)—f( 5 ) |
|
|
This is a specific case of Rectangle rule i \
|
. . . . I
approximation, known as “Midpoint I S C—" —
To=a a-+b z1=1>0

R}

rule” given by:

Z s 2 hf(z)

b
[ reax ~



Il. Principle of numerical integration

* Simple rule (one simple width):

b
ff(x)dx ~(b—a).f(z;);z; € |a,b]

 Composite rule (several uniformly distributed widths):

b n— n—
| reax ~ Zl hflz) =" Zlﬂza ;
a =0 i=0

z; € xy,xiq; h=%41 —x; = (b—a)/n



Il. Principle of numerical integration
Application 01:

Write a Python code to use the left Rectangle

rule, right Rectangle rule, and Midpoint Rule to H & x

N\
approximate : %X

.
%

0 .o 1 1.0 £ 2o 3 3 s
fsin(x)dx \

0 -1

with 11 evenly spaced grid points over the

whole interval.

Try other values of n, and compare each time the obtained results to the exact

value of 2. Comment the quality of results according to errors.



Il. Principle of numerical integration 7

Partial Solution (complete for Right and midpoint rule)

N\

N

import numpy as np
import matplotlib.pyplot as plt o 0.5 1 1.

(%]

= np.pi
1@

(b - a) / n
np.linspace(a, b, n+1) I_rectL = h * sum(f[:n])

= np.sin(x) err_rectlL = 2 - I _rectlL

+ X T 33 O O
I

print('Left Rectangle rule gives : ', I _rectlL)

print(‘with error : ', err_rectL, '\n')



lll. Newton-Cotes quadrature rules
Numerical quadrature:

* Newton-Cotes rules are based on the approximation of the integrant f (x) by an interpolating
polynomial. The integral of f is then approximated by the integral of the interpolating

polynomial, which we can compute exactly.

e Using N + 1 equally-spaced points : ()

byt P 1 1 TTe—
a:x0< X1 <...< xN:b/ the :A(x): . . : : ' : -
quadrature nodes are defined as z; = e
Xifori = 0,1,...,N. o o 6 o6 o6 o6 o6 o o »
Zo=a 21 29 Z3 Z4 25 ZN-1 2N =0

 We evaluate f(x) at these points and

N
take the interpolating polynomial:
terpolating polynomial:  pyx) = % f(z). Lix)
i=0



lll. Newton-Cotes quadrature rules

Numerical quadrature:

* The l;(x) are known as cardinal functions used to obtain the most suitable polynomial

according to the “Lagrange formula” given previously: Py(x) = YN . f(z;).1;(x). They are
defined as:
N
X—Xg X— X1 X—Xi-1 X—Xi+1 X — Xp X—X; .
l;(x) = . : = ‘ ‘ ;i=0,1,...N
Xi—Xo Xi— X1 Xj—Xj—q1 Xj— Xjy1 X~ Xy j=0 Xj — Xi
j#i

For example, if N = 1, the interpolant is the straight line P{(x) = yq.lo(x) + y1. ll(x),Jz

where:

X—X

lo(x) = Xg — x11 Lhi(x) = X1 — xg

X — Xo




lll. Newton-Cotes quadrature rules
Numerical quadrature:

* The quadrature formula for I | f|, which approximates I|f|, is defined as:

b b N N b N
i) = [ Puax = [ fauax= Y | [ hwax| = Y we
a a 2o i=0 a i=0

* Where the weights w; are given as:

b
W; =f l,-(x)dx
a

»
The general Newton-Cotes quadrature

rule has the form:

N
Inylf] = 2 w;. f(z;)
i—0
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IV. Trapezoidal rule

Simple trapezoidal rule: it uses linear polynomials P {(x) to approximate the function f(x):

X=X x—b_ py X=X _x-—a B dx. =b
lO(x)_xO—xl__ n ;an 1(x)—x1_x0— ” ;since xop = aand xq =
Where h = x1 — xy = b — a is the length of the interval [a, b]. In this case, we have:

rb 1 (P h  yv=10 o
Wy = | lo(x)dx = 7 (b —x)dx = 2 f//

rb 1 rb h //\
wi=| Li(x)dx=—| (x—a)dx == //

Ja hla 2 ///////////////@ &
Substitution of the weights w;, yields to: f(a) w

h (b —a) 7(0)
LIfl =5 [f(@ + fB)] = ——[f(a) + f()]

— f(b
Atrapz — h-f(b) + (f(a) 2 f( )) =1 [f]

This is consistent with the geometrical representation of the integral shown in opposite @u\re:)

Tp=a h .’Elzb




IV. Trapezoidal rule
Truncation error estimation: What about the error made when using trapezoidal rule to

estimate the integration 11| f| instead of the exact one I|f]| = f: f(x)dx? (yellow zone)

In fact, this error could be written as: E = I|f]| — I{|f], if we know the exact value of I[f] on

the interval [a, b]. In other word, what is the accuracy of this numerical integration method?

The main idea to estimate E is to use Taylor series of f(x)
and evaluate both I[f| and I,[f]|, then obtain the
difference E = I|f| — I{|f]:

For given function f(x) around a given point x, the Taylor

y=f(x)

Trapezoidal Area

series is given by:

(x — xo)z

f(x) = f(xg) + (x — x0)f' (x0) + > F(xg) + -+




IV. Trapezoidal rule

Truncation error estimation: Let’s write and develop both I|f| and I|f], using Taylor series

* Asimple choice is to take xy = a, thus:

b b . 2
1[f]=j f(x)dxzj [f(a)+(x—a)f’(a)+(x 2!“) F(a) + - | dx

* After performing integration, one gets:

— )2 b—a)3 o
1= 6 - @@+ 2=+ L oy,

 On the other hand, using the fact that is poss:ble to write f(b) using Taylor series:

(b — a)?
fb) = f(a) + (b - a)f (@) + ——f" (@) + -

[f(a) + f(b)] as
(b — )2
2!

(b a)

* We can rewrite Trapezoidal rule I|f]| =

(—)

f(@ + f(@) + (b — a)f'@ + F1(a) + -

Lif] =



IV. Trapezoidal rule
Truncation error estimation: The last step consists to make the difference and eliminate

similar terms:

* Asimple choice is to take xy = a, thus:

If] - 1lf] i :
b— b— .
- |- s+ E5 @+ E @
- B 2 B 3
- (b—a)f(a)+(b Za) f'(“)+(b 4a) f”(a)+---]
 We obtain finally: _
(b — a)3 (a b—a)3 b— a)3
E= 1) - nif) = [P @ s |- (B @ e | = - E L @ 4

h3
E = I[f] - hlf] = = f"(a) + O(h*)



IV. Trapezoidal rule
Truncation error estimation: As shown, the next term in the expansion has a (b — a)* = h*
factor, which could be assumed negligeable. Even more, to bound the truncation error we can

take some value f(0), where: a < 0 < b such that:

3

12

And by maximizing, the truncation error could be bounded:

E =I[f] - L41{f] = "(6) + 0(h*)

h? h?

— 27 Max|f"(O)] < E = I[f] = I1[f] < Tomax|f"(0)|



IV. Trapezoidal rule

Composite trapezoidal rule: The simple trapezoidal rule could be generalized easily when

dividing the interval |a, b| into equally spaced subintervals [x;, x;. 1] : h = (x;1.1 — X;).
N-1

jbf(x)dx = z xmf(x)dx i

i=0 "~ Xi

When applied in each subinterval, trapezoidal rule gives:

Xi+1 h
fdx ~ 2 [f () + f(xien)]

Xi

Where:h = (x;,1 —x;) fori =0,1,..N — 1 i b

Hence, the composite trapezoidal rule can be written as: 5 ' T

N-1
h h
IIF1 = ) SIEG) + fGxien)] = 5 [FGeo) + F(xn) + FGrey) + Fxz) + £(x2) + -+ F(axw)]
i=0

»



IV. Trapezoidal rule

Composite trapezoidal rule: It is easy to see that the numerical integration Iy|f]| could be
simplified to:
N-1 B B
Il = ) S G + flxinn)] = 5 [ (o) + 2fGer) + 2 () + -+ + 2 (e-1) + fx)]
i=0 ] i

h
IN[f]:E

N-1
fl@+2) f)+ f(b)
i=1

Truncation error estimation of composite trapezoidal rule: Similarly, the truncation error

estimation in this case, could be generalized from the simple case to n subintervals:

b h N-1 h3 N-1
E[f] = 111 - Iulf] = | fGodx=5|f@ +2 ) fGx) + )| = =35 > 1@
@ ] i=1 | i=0




IV. Trapezoidal rule

Truncation error estimation of composite trapezoidal rule: for uniform function, it is

possible to find 0 such that:

N-1 [N—-1
Z c;.f"(8;) =f(0) c;|=N.f"(0);sincec; =1
i=0 i=0

This will allow us to write the estimation of error truncation as follows:

_ 2
Ealf] = I[f) — Inlf Z proo =L ypro - LD o,

using NNh=>b —a

Finally, it is possible to bound the truncation error by:

b — a)h? b— a)h?®
L 1;) maxlf”(H)ISE1[f]=I[f]—I1[f]S( 1;) max|f"(6)]




IV. Trapezoidal rule

Application 02: A
Using the previous code, add the Trapezoid l
Rule to same integration:

f(;T sin(x)dx

Compare this value to the exact value of 2.

Compare the found truncation error with the 7 -

maximal bound



IV. Trapezoidal rule

Application 03:
Duplicate the same code to evaluate:

0 cos(x)dx

With different methods (Rectangle, midpoint,
and Trapezoidal rules).

Compare this value to the exact value of 1,
and comment the findings upon truncation

errors for each rule.

0.8

0.6

0.4

0:2

02 04 06 0.2 1 12 14 ‘I\\

Is there any differences with the previous case of f : sin(x)dx? Why ?



Miscellaneous:

o Any numerical rule with large width h will provide inaccurate results, that’s why
composite rules are necessary with N large enough.

o For symmetrical functions, it could be seen that Riemann integration and
Trapezoidal rule are equivalent;

o The difference could be seen in non symmetrical functions, where trapezoidal rule
gives better results

o The mid point rule provide lower truncation error estimation, which an absolute
value being the half of the trapezoidal one (by using the same procedure) :

(b — a)h?
24

h3 O h3
Eolf] = 1[f] — Iolf] = 5 Z) frO0 = ZNf1© = f1©;



V. Simpson’s rule

Simpson’s rule (named after Thomas Simpson (1710-1761) and also known as the 1/3 rule) is a
Newton-Cotes rule for the quadratic interpolation polynomial P,(x). For Simpson’s rule we

have N = 2 using 3 nodes. Consider two consecutive subintervals, [x;_1 ,x;| and [x; ,x;,1].

A f @)

Simpson’s Rule approximates the area under f(x)
over these two subintervals by fitting a quadratic
polynomial through the points
(Xi—1, f(xi-1)), (x4, f (%)), and (X114, f(Xi41)), which
is a unique polynomial, and then integrating the

quadratic exactly.




V. Simpson’s rule

Simple Simpson’s rule: it uses nonlinear polynomials P, (x) to approximate the function f(x).
 We take xo = a,x; = (a+ b)/2and x, = b,and also z; = x; fori = 0,1, 2.
* The length of each interval |x; ,x; 1]|ish = (b — a)/2.

* Accordingly, The quadratic Lagrange cardinal functions are given as follows:

Iy (x) = (x — x1)(x — x2) 1y (x) = (x — x0)(x — x2) 1, (%) = (x — x0) (x — x1)

(xo — x1)(x9 — x3) (x1 — x0)(x1 — x3)° (x2 — x0)(x2 — x1)

* It is possible to perform integration of l;(x) by introducing new variable 6 = x — x4 such as:

00:0—h:—h,91:h—h:0,02:2h—h:h

» Consequently, the quadrature weights become (d0 = d(x — x1) = dx):

f l,(x)dx—J [;(0)dO;fori=0,1,2

(0 — 0)(9 h) 6(6—-h) _(0+h)(O—-h) _8(6+h)
—h(=2h) ~  2h2 11(0) = —h?2 1 11(8) = 2 h2

[y(0) =




V. Simpson’s rule
Simple Simpson’s rule:

* Finally, the obtained quadrature weights are given by:

i 06 -h)
_ 2 =3
wo = J_h T thf (6% — 6h)d6

h
(6 + h)(0 — h) 1 . 4h
wy = do = j 6% — h?)d6 = —
1 —h?2 hZ ( ) 3
"6(0 + h) 1 h
_ 2 —
Wy = f_h opr 40 =513 j (6% + 6h)d6 = 2

Thus, Simpson’s rule for the approx:matlon of an integral is:

Z wi. f(z)) = [f(a) + 4f( ) + f(b)]



V. Simpson’s rule
Error of Simple Simpson’s rule:

» Similar to the trapezoidal rule error, the error of Simpson’s rule is given by:

b
Eo[f] = I[f] - Iy[f] = j [F (%) — P, (x)ldx

Where: P, is the unique interpolating polynomial of the function f(x) at the nodes xy = a, x4

and x, =b. Thus, we can obtain the following expression:

_1 rb 2
Ez[f]=—1 (x—a)(x—a+b) (b —x).f®(0)dx

24 J, 2
Reduced to the following expression after integrating:
(b — a)® (b — a)h*
(b—a)h (b—a)h
_ (4) < < (4)
180 max|f (9)|_E2[f]_ 180 max|f (0)|



V. Simpson’s rule
Composite Simpson’s rule: Let N = 2m be an even number, and h = (b — a)/N. The

nodes could be defined as x; = a + ih;i = 0,1, ... N since in Simpson’s rule we have 3 nodes on

. , ., N
each subinterval. That’s why we consider intervals | x5, X25.2]; k= 0,1, ..., P 1.

Consequently, the integral 1| f| could be written as: (#2,f2)  s——— inorpolation parabola
ﬂ 4 f A i \ o |nterpoiation parabola
b Z X2k+2 C %/{:__J
J FxX)dx = z f fodx | ™ . i
a k=2 ka j afj+1) E
Applied on subintervals [xg, x3], [x2, x4], ..., [xn_2, xy] h \\
PliY (@5, f5) 1
to obtain: a LB

X2k+2 h
f f(x)dx ~ 3 [f(x2k) + 4f (X2 1+1) + F(X2k42)]

X2K



V. Simpson’s rule

Composite Simpson s rule: Then, the composite Simpson’s rule is given by the sum:

__1 E—l

X2k+2
J f(x)dx = z f f(x)dx =~ f(xZK) +4f(x2141) + F(x2k42)]

k=2 " X2k
h
Inylf] = 3 [f(xo) +4f(x1) +2f(x3) + +4f(x3) + -+ 2f(xy_2) + 4f(xn_1) + f(xp)]

One can notice that term with even indices are multiplied by 2, while odd indices are

multiplied by 4:

b h [ N-1 N-1 |
| reodx = Iulf) =5 [Fo) +4 ) fGi +2 ) o) + faw)
a ] i=1 i=1 |

b h [ N-1 N-1 |
| reodx~ if) =5 o) +4 Y G +2 ) Fw) + faw)

odd even




V. Simpson’s rule
Error of composite Simpson’s rule: In similar way, we can estimate the error on the

composite Simpson’s rule by adding each term contribution:

b b — 5 b — h4—
Eylf] = j fGdx — Iylf] = - (N4_ 1‘;)0 F®0) = - 18‘3 f®(8); 0 € [a, b]
b — a)h?* b — a)h*
_( 18£:)) max|f®(0)| < Ex[f] < ( 186:)) max|f¥(9)|



V. Simpson’s rule

Application 04: y
Using the previous code, add the Simpson’s
rule to same integration:

f(;T sin(x)dx

Compare this value to the exact value of 2.

Compare the found truncation error with the

maximal bound

I simp = (h/3) * (f[@] + + 4*sum(f[1:n:2]) + 2*¥sum(Ff[2:n:2]) + f[n])



V. Simpson’s rule

Application 05:
Duplicate the same code to evaluate:

0 cos(x)dx

With different methods (Riemann, midpoint,
Trapezoidal rule and Simpson’s rule ).

Compare this value to the exact value of 1,
and comment the findings upon truncation

errors for each rule.

0.8

0.6

0.4

0:2




Synthesis table

Designation Expression Error Composite Expression Error
N-1
Rectanglerule h.f(a); a € [a, b] (b — a)z f'(0) h Z f(a;) h(bz_ a) f®
i=1
Midpoint rule h.f ath (b—a) " hN_1 i ¥ Xir1 h*(b — a) 11(6)
P ' 2 24 £7(0) & f( 2 ) 24 I
T dal rule b-a) h| S (b—a)h®
rapezoidal rule Z.[f(a) + £ (b)] 220y |f@+2) fE+fw)| 2
| i=1
h [ —_
S |fG0+4 ) £
5 4
Simpson’s rule [f (a) + 4f < ) +f (b)] (2134._1:)0 @) - odd _ (b Igcz))h JiSAC)

N-1
+2 ) flx) + f(xw)]

even
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