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Integrals of functions often appear in applications as well as in various 

computations. For example, the energy of a system is usually expressed as 

an integral. The issue is that most integrals do not have closed form 

solutions. For instance, the integral

𝑰 𝒇 = න
𝒂

𝒃

𝟏 + 𝒄𝒐𝒔𝟐(𝒙). 𝒅𝒙

is a case where its computation is extremely hard if not impossible. In 

such cases we need automated methods to approximate integrals. 

I. Numerical Integration Problem Statement 



To achieve such calculation, one could use “numerical integration” instead of 

“analytical calculation”. Numerical integration, also known as quadrature, is 

intrinsically a much more accurate procedure than numerical differentiation. 

Quadrature approximates the definite integral : 𝑰 𝒇 = 𝒂׬

𝒃
𝒇(𝒙). 𝒅𝒙 By the sum:

𝑰𝑵 𝒇 = ෍

𝒊=𝟎

𝑵

𝒘𝒊. 𝒇(𝒛𝒊)

Nodal abscissas 𝒛𝒊  and weights 𝒘𝒊  depend on the particular rule used for the 

quadrature. All rules of quadrature are derived from polynomial interpolation of the 

integrand. Therefore, they work best if 𝒇(𝒙) can be approximated by a polynomial.

I. Numerical Integration Problem Statement 



• Given a function 𝒇(𝒙) , we want to approximate the 

integral of 𝒇(𝒙)  over the total interval [𝒂, 𝒃] . 

• To do that, we assume that the interval has been 

discretized into a numeral grid 𝒙, consisting of 𝒏 + 𝟏  

points 𝒙𝟎 → 𝒙𝒏  with a width 𝒉 = 𝒃 − 𝒂 /𝒏 . 

• Here, we denote each 𝒙  by 𝒙𝒊 , 𝒙𝟎 = 𝒂  and 𝒙𝒏 = 𝒃.

• The height is defined by a function value 𝒇(𝒙) for 

some 𝒙  in the subinterval 𝒙𝒊, 𝒙𝒊+𝟏  

II. Principle of numerical integration



• An obvious choice for the height is the function 

value at the left endpoint, 𝒙𝒊 (Left Integral), or the 

right endpoint, 𝒙𝒊+𝟏 (Right Integral). 

• This method is known as the “Rectangle rule”:

න

𝒂

𝒃

𝒇 𝒙 𝒅𝒙 ≈ ෍

𝒊=𝟎

𝒏−𝟏

𝒉. 𝒇(𝒙𝒊) ≡
𝒃 − 𝒂

𝒏
෍

𝒊=𝟎

𝒏−𝟏

𝒇(𝒙𝒊)

II. Principle of numerical integration



II. Principle of numerical integration

• If the height is taken at the middle of 

the subinterval 𝒙𝒊, 𝒙𝒊+𝟏  :

𝒛𝒊 =
𝒙𝒊+𝟏+𝒙𝒊

𝟐
→ 𝒇 𝒛𝒊 = 𝒇

𝒙𝒊+𝟏+𝒙𝒊

𝟐
.

• This is a specific case of Rectangle rule 

approximation, known as “Midpoint 

rule” given by:

න

𝒂

𝒃

𝒇 𝒙 𝒅𝒙 ≈
𝒃 − 𝒂

𝒏
෍

𝒊=𝟎

𝒏−𝟏

𝒇(
𝒙𝒊+𝟏 + 𝒙𝒊

𝟐
) ≡ ෍

𝒊=𝟎

𝒏−𝟏

𝒉. 𝒇(𝒛𝒊)



II. Principle of numerical integration

• Simple rule (one simple width):

න

𝒂

𝒃

𝒇 𝒙 𝒅𝒙 ≈ 𝒃 − 𝒂 . 𝒇(𝒛𝒊) ; 𝒛𝒊 ∈ 𝒂, 𝒃

• Composite rule (several uniformly distributed widths):

න

𝒂

𝒃

𝒇 𝒙 𝒅𝒙 ≈ ෍

𝒊=𝟎

𝒏−𝟏

𝒉. 𝒇(𝒛𝒊) ≡
𝒃 − 𝒂

𝒏
෍

𝒊=𝟎

𝒏−𝟏

𝒇 𝒛𝒊 ;

𝒛𝒊 ∈ 𝒙𝒊, 𝒙𝒊+𝟏 ; 𝒉 = 𝒙𝒊+𝟏 − 𝒙𝒊 = 𝒃 − 𝒂 /𝒏



Application 01:

Write a Python code to use the left Rectangle 

rule, right Rectangle rule, and Midpoint Rule to 

approximate :

න

𝟎

𝝅

𝒔𝒊𝒏 𝒙 𝒅𝒙

 with 11 evenly spaced grid points over the 

whole interval. 

II. Principle of numerical integration

Try other values of 𝒏, and compare each time the obtained results to the exact 

value of 2. Comment the quality of results according to errors.



II. Principle of numerical integration
Partial Solution (complete for Right and midpoint rule)



Numerical quadrature:

• Newton-Cotes rules are based on the approximation of the integrant 𝒇(𝒙) by an interpolating 

polynomial. The integral of 𝒇 is then approximated by the integral of the interpolating 

polynomial, which we can compute exactly.

III. Newton-Cotes quadrature rules

• Using 𝑵 +  𝟏 equally-spaced points :     

𝒂 =  𝒙𝟎 <  𝒙𝟏  < . . . <  𝒙𝑵  =  𝒃 , the 

quadrature nodes are defined as 𝒛𝒊 ≡

𝒙𝒊 for 𝒊 =  𝟎, 𝟏, . . . , 𝑵. 

• We evaluate 𝒇(𝒙) at these points and 

take the interpolating polynomial:
𝑷𝑵 𝒙 = ෍

𝒊=𝟎

𝑵

𝒇 𝒛𝒊 . 𝒍𝒊(𝒙)



Numerical quadrature:

• The 𝒍𝒊 𝒙 are known as cardinal functions used to obtain the most suitable polynomial 

according to the “Lagrange formula” given previously: 𝑷𝑵 𝒙 = σ𝒊=𝟎
𝑵 𝒇 𝒛𝒊 . 𝒍𝒊(𝒙). They are 

defined as:

𝒍𝒊 𝒙 =
𝒙 − 𝒙𝟎

𝒙𝒊 − 𝒙𝟎
.

𝒙 − 𝒙𝟏

𝒙𝒊 − 𝒙𝟏
…

𝒙 − 𝒙𝒊−𝟏

𝒙𝒊 − 𝒙𝒊−𝟏
.

𝒙 − 𝒙𝒊+𝟏

𝒙𝒊 − 𝒙𝒊+𝟏
…

𝒙 − 𝒙𝒏

𝒙𝒊 − 𝒙𝒏
= ෑ

𝒋=𝟎
𝒋≠𝒊

𝑵
𝒙 − 𝒙𝒊

𝒙𝒋 − 𝒙𝒊
; 𝒊 = 𝟎, 𝟏, … 𝑵

III. Newton-Cotes quadrature rules

For example, if 𝑵 = 𝟏, the interpolant is the straight line 𝑷𝟏 𝒙 = 𝒚𝟎. 𝒍𝟎 𝒙 + 𝒚𝟏. 𝒍𝟏(𝒙), 

where:

𝒍𝟎 𝒙 =
𝒙 − 𝒙𝟏

𝒙𝟎 − 𝒙𝟏
; 𝒍𝟏 𝒙 =

𝒙 − 𝒙𝟎

𝒙𝟏 − 𝒙𝟎



Numerical quadrature:

• The quadrature formula for 𝑰𝑵[𝒇], which approximates 𝑰[𝒇], is defined as:

𝑰𝑵 𝒇 = න
𝒂

𝒃

𝑷𝑵 𝒙 𝒅𝒙 = න
𝒂

𝒃

෍

𝒊=𝟎

𝑵

𝒇 𝒛𝒊 . 𝒍𝒊(𝒙) 𝒅𝒙 = ෍

𝒊=𝟎

𝑵

𝒇 𝒛𝒊 න
𝒂

𝒃

𝒍𝒊(𝒙)𝒅𝒙 = ෍

𝒊=𝟎

𝑵

𝒘𝒊. 𝒇 𝒛𝒊

• Where the weights 𝒘𝒊 are given as:

𝒘𝒊 = න
𝒂

𝒃

𝒍𝒊(𝒙)𝒅𝒙

III. Newton-Cotes quadrature rules

The general Newton-Cotes quadrature 

rule has the form:

𝑰𝑵 𝒇 = ෍

𝒊=𝟎

𝑵

𝒘𝒊. 𝒇 𝒛𝒊



Simple trapezoidal rule: it uses linear polynomials 𝑷𝟏(𝒙) to approximate the function 𝒇(𝒙):

𝒍𝟎 𝒙 =
𝒙 − 𝒙𝟏

𝒙𝟎 − 𝒙𝟏
= −

𝒙 − 𝒃

𝒉
; 𝒂𝒏𝒅 𝒍𝟏 𝒙 =

𝒙 − 𝒙𝟎

𝒙𝟏 − 𝒙𝟎
=

𝒙 − 𝒂

𝒉
; 𝒔𝒊𝒏𝒄𝒆 𝒙𝟎 ≡ 𝒂 𝒂𝒏𝒅 𝒙𝟏 ≡ 𝒃

Where 𝒉 = 𝒙𝟏 − 𝒙𝟎 = 𝒃 −  𝒂 is the length of the interval [𝒂, 𝒃]. In this case, we have:

𝒘𝟎 = න
𝒂

𝒃

𝒍𝟎(𝒙)𝒅𝒙 =
𝟏

𝒉
න

𝒂

𝒃

𝒃 − 𝒙 𝒅𝒙 =
𝒉

𝟐

𝒘𝟏 = න
𝒂

𝒃

𝒍𝟏(𝒙)𝒅𝒙 =
𝟏

𝒉
න

𝒂

𝒃

𝒙 − 𝒂 𝒅𝒙 =
𝒉

𝟐

Substitution of the weights 𝒘𝒊, yields to:

𝑰𝟏 𝒇 =
𝒉

𝟐
𝒇 𝒂 + 𝒇 𝒃 =

𝒃 − 𝒂

𝟐
𝒇 𝒂 + 𝒇 𝒃

IV. Trapezoidal rule

This is consistent with the geometrical  representation of the integral shown in opposite figure

𝑨𝒕𝒓𝒂𝒑𝒛 = 𝒉. 𝒇 𝒃 +
𝒇 𝒂 − 𝒇 𝒃

𝟐
≡ 𝑰𝟏 𝒇



Truncation error estimation: What about the error made when using trapezoidal rule to 

estimate the integration 𝑰𝟏 𝒇  instead of the exact one 𝑰 𝒇 = ׬
𝒂

𝒃
𝒇 𝒙 𝒅𝒙? (yellow zone)

IV. Trapezoidal rule

In fact, this error could be written as: 𝑬 = 𝑰 𝒇 − 𝑰𝟏 𝒇 , if we know the exact value of 𝑰 𝒇  on 

the interval 𝒂, 𝒃 . In other word, what is the accuracy of this numerical integration method?

The main idea to estimate 𝑬 is to use Taylor series of 𝒇(𝒙) 

and evaluate both 𝑰 𝒇  and 𝑰𝟏 𝒇 , then obtain the 

difference 𝑬 = 𝑰 𝒇 − 𝑰𝟏 𝒇 :

For given function 𝒇(𝒙) around a given point 𝒙𝟎, the Taylor 

series is given by:

𝒇 𝒙 = 𝒇 𝒙𝟎 + 𝒙 − 𝒙𝟎 𝒇′ 𝒙𝟎 +
𝒙 − 𝒙𝟎

𝟐

𝟐!
𝒇′′ 𝒙𝟎 + ⋯



Truncation error estimation: Let’s write and develop both 𝑰 𝒇  and 𝑰𝟏 𝒇 , using Taylor series

IV. Trapezoidal rule

• A simple choice is to take 𝒙𝟎 ≡ 𝒂, thus:

𝑰 𝒇 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 ≡ න
𝒂

𝒃

𝒇 𝒂 + 𝒙 − 𝒂 𝒇′ 𝒂 +
𝒙 − 𝒂 𝟐

𝟐!
𝒇′′ 𝒂 + ⋯ 𝒅𝒙

• After performing integration, one gets:

𝑰 𝒇 = 𝒃 − 𝒂 𝒇 𝒂 +
𝒃 − 𝒂 𝟐

𝟐
𝒇′ 𝒂 +

𝒃 − 𝒂 𝟑

𝟑!
𝒇′′ 𝒂

+ ⋯

• On the other hand, using the fact that is possible to write 𝒇 𝒃  using Taylor series:

𝒇 𝒃 = 𝒇 𝒂 + 𝒃 − 𝒂 𝒇′ 𝒂 +
𝒃 − 𝒂 𝟐

𝟐!
𝒇′′ 𝒂 + ⋯

• We can rewrite Trapezoidal rule 𝑰𝟏 𝒇 =
𝒃−𝒂

𝟐
𝒇 𝒂 + 𝒇 𝒃  as:

𝑰𝟏 𝒇 =
𝒃 − 𝒂

𝟐
𝒇 𝒂 + 𝒇 𝒂 + 𝒃 − 𝒂 𝒇′ 𝒂 +

𝒃 − 𝒂 𝟐

𝟐!
𝒇′′ 𝒂 + ⋯



Truncation error estimation: The last step consists to make the difference and eliminate 

similar terms:

IV. Trapezoidal rule

• A simple choice is to take 𝒙𝟎 ≡ 𝒂, thus:

𝑰 𝒇 − 𝑰𝟏 𝒇

= 𝒃 − 𝒂 𝒇 𝒂 +
𝒃 − 𝒂 𝟐

𝟐
𝒇′ 𝒂 +

𝒃 − 𝒂 𝟑

𝟑!
𝒇′′ 𝒂

+ ⋯

− 𝒃 − 𝒂 𝒇 𝒂 +
𝒃 − 𝒂 𝟐

𝟐
𝒇′ 𝒂 +

𝒃 − 𝒂 𝟑

𝟒
𝒇′′ 𝒂 + ⋯

• We obtain finally: 

𝑬 = 𝑰 𝒇 − 𝑰𝟏 𝒇 =
𝒃 − 𝒂 𝟑

𝟔
𝒇′′ 𝒂

+ ⋯ −
𝒃 − 𝒂 𝟑

𝟒
𝒇′′ 𝒂 + ⋯ = −

𝒃 − 𝒂 𝟑

𝟏𝟐
𝒇′′ 𝒂 + ⋯

𝑬 = 𝑰 𝒇 − 𝑰𝟏 𝒇 = −
𝒉𝟑

𝟏𝟐
𝒇′′ 𝒂 + 𝑶(𝒉𝟒)



Truncation error estimation: As shown, the next term in the expansion has a 𝒃 − 𝒂 4 = ℎ4 

factor, which could be assumed negligeable. Even more, to bound the truncation error we can 

take  some value 𝒇(𝜽), where: 𝒂 < 𝜽 < 𝒃 such that:

𝑬 = 𝑰 𝒇 − 𝑰𝟏 𝒇 = −
𝒉𝟑

𝟏𝟐
𝒇′′ 𝜃 + 𝑶(𝒉𝟒)

And by maximizing, the truncation error could be bounded:

−
𝒉𝟑

𝟏𝟐
𝑚𝑎𝑥 𝒇′′ 𝜃 ≤ 𝑬 = 𝑰 𝒇 − 𝑰𝟏 𝒇 ≤

𝒉𝟑

𝟏𝟐
𝑚𝑎𝑥 𝒇′′ 𝜃

IV. Trapezoidal rule



Composite trapezoidal rule: The simple trapezoidal rule could be generalized easily when 

dividing the interval 𝒂, 𝒃 into equally spaced subintervals 𝒙𝒊, 𝒙𝒊+𝟏  : 𝒉 = 𝒙𝒊+𝟏 − 𝒙𝒊 .

න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 = ෍

𝒊=𝟎

𝑵−𝟏

න
𝒙𝒊

𝒙𝒊+𝟏

𝒇 𝒙 𝒅𝒙

When applied in each subinterval, trapezoidal rule gives:

න
𝒙𝒊

𝒙𝒊+𝟏

𝒇 𝒙 𝒅𝒙 ≈
𝒉

𝟐
𝒇 𝑥𝑖 + 𝒇 𝒙𝒊+𝟏

Where:𝒉 = 𝒙𝒊+𝟏 − 𝒙𝒊  for 𝒊 = 𝟎, 𝟏, … 𝑵 − 𝟏

Hence, the composite trapezoidal rule can be written as:

𝑰𝑵 𝒇 = ෍

𝒊=𝟎

𝑵−𝟏
𝒉

𝟐
𝐟 𝒙𝒊 + 𝒇 𝒙𝒊+𝟏 =

𝒉

𝟐
𝐟 𝒙𝟎 + 𝒇 𝒙𝟏 + 𝐟 𝒙𝟏 + 𝒇 𝒙𝟐 + 𝐟 𝒙𝟐 + ⋯ + 𝒇 𝒙𝑵

IV. Trapezoidal rule



Composite trapezoidal rule: It is easy to see that the numerical integration 𝑰𝑵 𝒇  could be 

simplified to:

𝑰𝑵 𝒇 = ෍

𝒊=𝟎

𝑵−𝟏
𝒉

𝟐
𝒇 𝒙𝒊 + 𝒇 𝒙𝒊+𝟏 =

𝒉

𝟐
𝒇 𝒙𝟎 + 𝟐𝒇 𝒙𝟏 + 𝟐𝒇 𝒙𝟐 + ⋯ + 𝟐𝒇 𝒙𝑵−𝟏 + 𝒇 𝒙𝑵

𝑰𝑵 𝒇 =
𝒉

𝟐
𝒇 𝒂 + 𝟐 ෍

𝒊=𝟏

𝑵−𝟏

𝒇 𝒙𝒊 + 𝒇 𝒃

Truncation error estimation of composite trapezoidal rule: Similarly, the truncation error 

estimation in this case, could be generalized from the simple case to 𝒏 subintervals:

𝑬𝟏[𝒇] = 𝑰 𝒇 − 𝑰𝑁 𝒇 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 −
𝒉

𝟐
𝒇 𝒂 + 𝟐 ෍

𝒊=𝟏

𝑵−𝟏

𝒇 𝒙𝒊 + 𝒇 𝒃 = −
𝒉𝟑

𝟏𝟐
෍

𝒊=𝟎

𝑵−𝟏

𝒇′′ 𝜽𝒊

IV. Trapezoidal rule



Truncation error estimation of composite trapezoidal rule: for uniform function, it is 

possible to find 𝜽 such that:

෍

𝒊=𝟎

𝑵−𝟏

𝒄𝒊. 𝒇′′ 𝜽𝒊 ≡ 𝒇 𝜽 ෍

𝒊=𝟎

𝑵−𝟏

𝒄𝒊 = 𝑵. 𝒇′′ 𝜽 ; 𝒔𝒊𝒏𝒄𝒆 𝒄𝒊 = 𝟏

This will allow us to write the estimation of error truncation as follows:

𝑬𝟏[𝒇] = 𝑰 𝒇 − 𝑰𝑁 𝒇 = −
𝒉𝟑

𝟏𝟐
෍

𝒊=𝟎

𝑵−𝟏

𝒇′′ 𝜽𝒊 = −
𝒉𝟑

𝟏𝟐
𝑵. 𝒇′′ 𝜽 = −

𝒃 − 𝒂 𝒉𝟐

𝟏𝟐
𝒇′′ 𝜽 ;

𝒖𝒔𝒊𝒏𝒈 𝑵. 𝒉 = 𝒃 − 𝒂

Finally, it is possible to bound the truncation error by:

−
𝒃 − 𝒂 𝒉𝟐

𝟏𝟐
𝑚𝑎𝑥 𝒇′′ 𝜃 ≤ 𝑬𝟏[𝒇] = 𝑰 𝒇 − 𝑰𝟏 𝒇 ≤

𝒃 − 𝒂 𝒉𝟐

𝟏𝟐
𝑚𝑎𝑥 𝒇′′ 𝜃

IV. Trapezoidal rule



Application 02:

Using the previous code, add the Trapezoid 

Rule to same integration:

𝟎׬ 

𝝅
𝒔𝒊𝒏 𝒙 𝒅𝒙

Compare this value to the exact value of 2.

Compare the found truncation error with the 

maximal bound

IV. Trapezoidal rule



Application 03:

Duplicate the same code to evaluate:

𝟎׬ 

𝝅/𝟐
𝒄𝒐𝒔 𝒙 𝒅𝒙

With different methods (Rectangle, midpoint, 

and Trapezoidal rules).

Compare this value to the exact value of 1, 

and comment the findings upon truncation 

errors for each rule.

IV. Trapezoidal rule

Is there any differences with the previous case of 𝟎׬

𝝅
𝒔𝒊𝒏 𝒙 𝒅𝒙? Why ?



Miscellaneous:

oAny numerical rule with large width 𝒉 will provide inaccurate results, that’s why 

composite rules are necessary with 𝑵 large enough.

o For symmetrical functions, it could be seen that Riemann integration and 

Trapezoidal rule are equivalent;

o The difference could be seen in non symmetrical functions, where trapezoidal rule 

gives better results

o The mid point rule provide lower truncation error estimation, which an absolute 

value being the half of the trapezoidal one (by using the same procedure) : 

𝑬𝟎[𝒇] = 𝐈 𝒇 − 𝑰𝟎 𝒇 =
𝒉𝟑

𝟐𝟒
෍

𝒊=𝟎

𝑵−𝟏

𝒇′′ 𝜽𝒊 =
𝒉𝟑

𝟐𝟒
𝑵. 𝒇′′ 𝜽 =

𝒃 − 𝒂 𝒉𝟐

𝟐𝟒
𝒇′′ 𝜽 ;



V. Simpson’s rule

Simpson’s rule (named after Thomas Simpson (1710–1761) and also known as the 𝟏/𝟑 rule) is a 

Newton-Cotes rule for the quadratic interpolation polynomial 𝑷𝟐(𝒙). For Simpson’s rule we 

have 𝑵 =  𝟐 using 𝟑 nodes. Consider two consecutive subintervals, [𝒙𝒊−𝟏 , 𝒙𝒊] and 𝒙𝒊 , 𝒙𝒊+𝟏 . 

Simpson’s Rule approximates the area under 𝒇(𝒙)  

over these two subintervals by fitting a quadratic 

polynomial through the points 

(𝒙𝒊−𝟏, 𝒇(𝒙𝒊−𝟏)), (𝒙𝒊, 𝒇(𝒙𝒊)) , and (𝒙𝒊+𝟏, 𝒇(𝒙𝒊+𝟏)), which 

is a unique polynomial, and then integrating the 

quadratic exactly. 



V. Simpson’s rule
Simple Simpson’s rule: it uses nonlinear polynomials 𝑷𝟐(𝒙) to approximate the function 𝒇(𝒙).

• We take 𝒙𝟎 = 𝒂, 𝒙𝟏 = (𝒂 + 𝒃)/𝟐 and 𝒙𝟐 = 𝒃, and also 𝒛𝒊 = 𝒙𝒊 for 𝒊 =  𝟎, 𝟏, 𝟐. 

• The length of each interval [𝒙𝒊 , 𝒙𝒊+𝟏] is 𝒉 = (𝒃 −  𝒂)/𝟐. 

• Accordingly, The quadratic Lagrange cardinal functions are given as follows:

𝒍𝟎 𝒙 =
𝒙 − 𝒙𝟏 𝒙 − 𝒙𝟐

𝒙𝟎 − 𝒙𝟏 𝒙𝟎 − 𝒙𝟐
;  𝒍𝟏 𝒙 =

𝒙 − 𝒙𝟎 𝒙 − 𝒙𝟐

𝒙𝟏 − 𝒙𝟎 𝒙𝟏 − 𝒙𝟐
; 𝒍𝟐 𝒙 =

𝒙 − 𝒙𝟎 𝒙 − 𝒙𝟏

𝒙𝟐 − 𝒙𝟎 𝒙𝟐 − 𝒙𝟏

• It is possible to perform integration of 𝒍𝒊 𝒙  by introducing new variable 𝜽 = 𝒙 − 𝒙𝟏 such as:

𝜽𝟎 = 𝟎 − 𝒉 = −𝒉; 𝜽𝟏 = 𝒉 − 𝒉 = 𝟎; 𝜽𝟐 = 𝟐𝒉 − 𝒉 = 𝒉

• Consequently, the quadrature weights become (𝒅𝜽 = 𝒅 𝒙 − 𝒙𝟏 = 𝒅𝒙):

𝒘𝒊 = න
𝒂

𝒃

𝒍𝒊(𝒙)𝒅𝒙 = න
−𝒉

𝒉

𝒍𝒊(𝜽)𝒅𝜽 ; 𝒇𝒐𝒓 𝒊 = 𝟎, 𝟏, 𝟐

𝒍𝟎 𝜽 =
𝜽 − 𝟎 𝜽 − 𝒉

−𝒉 −𝟐𝒉
=

𝜽 𝜽 − 𝒉

𝟐𝒉𝟐 ; 𝒍𝟏 𝜽 =
(𝜽 + 𝒉) 𝜽 − 𝒉

−𝒉𝟐 ; 𝒍𝟏 𝜽 =
𝜽 𝜽 + 𝒉

𝟐𝒉𝟐



V. Simpson’s rule
Simple Simpson’s rule:

• Finally, the obtained quadrature weights are given by:

𝒘𝟎 = න
−𝒉

𝒉 𝜽 𝜽 − 𝒉

𝟐𝒉𝟐
𝒅ξ =

𝟏

𝟐𝒉𝟐
න

−𝒉

𝒉

𝜽𝟐 − 𝜽𝒉 𝒅𝜽 =
𝒉

𝟑

𝒘𝟏 = න
−𝒉

𝒉 (𝜽 + 𝒉) 𝜽 − 𝒉

−𝒉𝟐 𝒅𝜽 = −
𝟏

𝒉𝟐 න
−𝒉

𝒉

𝜽𝟐 − 𝒉𝟐 𝒅𝜽 =
𝟒𝒉

𝟑

𝒘𝟐 = න
−𝒉

𝒉 𝜽 𝜽 + 𝒉

𝟐𝒉𝟐 𝒅𝜽 =
𝟏

𝟐𝒉𝟐 න
−𝒉

𝒉

𝜽𝟐 + 𝜽𝒉 𝒅𝜽 =
𝒉

𝟑

Thus, Simpson’s rule for the approximation of an integral is:

𝑰𝟐 𝒇 = ෍

𝒊=𝟎

𝟐

𝒘𝒊. 𝒇 𝒛𝒊 =
𝒉

𝟑
𝒇 𝒂 + 𝟒𝒇

𝒂 + 𝒃

𝟐
+ 𝒇 𝒃



V. Simpson’s rule
Error of Simple Simpson’s rule:

• Similar to the trapezoidal rule error, the error of Simpson’s rule is given by:

𝑬𝟐[𝒇] = 𝑰 𝒇 − 𝑰𝟐 𝒇 = න
𝒂

𝒃

𝒇 𝒙 − 𝑷𝟐(𝒙) 𝒅𝒙

Where: 𝑷𝟐 is the unique interpolating polynomial of the function 𝒇(𝒙) at the nodes 𝒙𝟎 = 𝒂, 𝒙𝟏 

and 𝒙𝟐 =b. Thus, we can obtain the following expression:

𝑬𝟐 𝒇 =
−𝟏

𝟐𝟒
න

𝒂

𝒃

𝒙 − 𝒂 𝒙 −
𝒂 + 𝒃

𝟐

𝟐

𝒃 − 𝒙 . 𝒇 𝟒 (𝜽)𝒅𝒙

Reduced to the following expression after integrating:

𝑬𝟐 𝒇 = −
𝒃 − 𝒂 𝟓

𝟐𝟒. 𝟏𝟖𝟎
𝒇 𝟒 𝜽 = −

𝒃 − 𝒂 𝒉𝟒

𝟏𝟖𝟎
𝒇 𝟒 𝜽

−
𝒃 − 𝒂 𝒉𝟒

𝟏𝟖𝟎
𝒎𝒂𝒙 𝒇 𝟒 𝜽 ≤ 𝑬𝟐 𝒇 ≤

𝒃 − 𝒂 𝒉𝟒

𝟏𝟖𝟎
𝒎𝒂𝒙 𝒇 𝟒 𝜽



V. Simpson’s rule
Composite Simpson’s rule: Let 𝑵 = 𝟐𝒎 be an even number, and 𝒉 = 𝒃 − 𝒂 /𝑵. The 

nodes could be defined as 𝒙𝒊 = 𝒂 + 𝒊𝒉; 𝒊 = 𝟎, 𝟏, … 𝑵 since in Simpson’s rule we have 3 nodes on 

each subinterval.  That’s why we consider intervals 𝒙𝟐𝒌, 𝒙𝟐𝒌+𝟐 ; 𝒌 = 𝟎, 𝟏, … ,
𝑵

𝟐
− 𝟏.

Consequently, the integral 𝑰[𝒇] could be written as:

න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 = ෍

𝒌=𝟐

𝑵
𝟐−𝟏

න
𝒙𝟐𝒌

𝒙𝟐𝒌+𝟐

𝒇 𝒙 𝒅𝒙

Applied on subintervals 𝒙𝟎, 𝒙𝟐 , 𝒙𝟐, 𝒙𝟒 , … , 𝒙𝑵−𝟐, 𝒙𝑵  

to obtain:

න
𝒙𝟐𝑲

𝒙𝟐𝒌+𝟐

𝒇 𝒙 𝒅𝒙 ≈
𝒉

𝟑
𝒇 𝒙𝟐𝑲 + 𝟒𝒇 𝒙𝟐𝑲+𝟏 + 𝒇 𝒙𝟐𝑲+𝟐



V. Simpson’s rule
Composite Simpson’s rule: Then, the composite Simpson’s rule is given by the sum:

𝑰 𝒇 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 = ෍

𝒌=𝟐

𝑵
𝟐−𝟏

න
𝒙𝟐𝒌

𝒙𝟐𝒌+𝟐

𝒇 𝒙 𝒅𝒙 ≈ ෍

𝒌=𝟐

𝑵
𝟐−𝟏

𝒉

𝟑
𝒇 𝒙𝟐𝑲 + 𝟒𝒇 𝒙𝟐𝑲+𝟏 + 𝒇 𝒙𝟐𝑲+𝟐

𝑰𝑵 𝒇 =
𝒉

𝟑
𝒇 𝒙𝟎 + 𝟒𝒇 𝒙𝟏 + 𝟐𝒇 𝒙𝟐 + +𝟒𝒇 𝒙𝟑 + ⋯ + 𝟐𝒇 𝒙𝑵−𝟐 + 𝟒𝒇 𝒙𝑵−𝟏 + 𝒇 𝒙𝑵

One can notice that term with even indices are multiplied by 2, while odd indices are 

multiplied by 4:

න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 ≈ 𝑰𝑵 𝒇 =
𝒉

𝟑
𝒇 𝒙𝟎 + 𝟒 ෍

𝒊=𝟏

𝑵−𝟏

𝒇 𝒙𝟐𝒊−𝟏 + 𝟐 ෍

𝒊=𝟏

𝑵−𝟏

𝒇 𝒙𝟐𝒊 + 𝒇 𝒙𝑵

න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 ≈ 𝑰𝑵 𝒇 =
𝒉

𝟑
𝒇 𝒙𝟎 + 𝟒 ෍

𝒐𝒅𝒅

𝑵−𝟏

𝒇 𝒙𝒊 + 𝟐 ෍

𝒆𝒗𝒆𝒏

𝑵−𝟏

𝒇 𝒙𝒊 + 𝒇 𝒙𝑵



V. Simpson’s rule
Error of composite Simpson’s rule: In similar way, we can estimate the error on the 

composite Simpson’s rule by adding each term contribution:

𝑬𝑵 𝒇 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 − 𝑰𝑵 𝒇 = −
𝒃 − 𝒂 𝟓

𝑵𝟒. 𝟏𝟖𝟎
𝒇 𝟒 𝜽 = −

𝒃 − 𝒂 𝒉𝟒

𝟏𝟖𝟎
𝒇 𝟒 𝜽 ; 𝜽 ∈ 𝒂, 𝒃

−
𝒃 − 𝒂 𝒉𝟒

𝟏𝟖𝟎
𝒎𝒂𝒙 𝒇 𝟒 𝜽 ≤ 𝑬𝑵 𝒇 ≤

𝒃 − 𝒂 𝒉𝟒

𝟏𝟖𝟎
𝒎𝒂𝒙 𝒇 𝟒 𝜽



Application 04:

Using the previous code, add the Simpson’s 

rule to same integration:

𝟎׬ 

𝝅
𝒔𝒊𝒏 𝒙 𝒅𝒙

Compare this value to the exact value of 2.

Compare the found truncation error with the 

maximal bound

V. Simpson’s rule



Application 05:

Duplicate the same code to evaluate:

𝟎׬ 

𝝅/𝟐
𝒄𝒐𝒔 𝒙 𝒅𝒙

With different methods (Riemann, midpoint, 

Trapezoidal rule and Simpson’s rule ).

Compare this value to the exact value of 1, 

and comment the findings upon truncation 

errors for each rule.

V. Simpson’s rule



Synthesis table

Designation Expression Error Composite Expression Error

Rectangle rule 𝒉. 𝒇 𝜶 ; 𝜶 ∈ 𝒂, 𝒃
𝒃 − 𝒂 𝟐

𝟐
. 𝒇′ 𝜽 𝒉 ෍

𝒊=𝟏

𝑵−𝟏

𝒇 𝜶𝒊
𝒉(𝒃 − 𝒂)

𝟐
. 𝒇′′ 𝜽

Midpoint rule 𝒉. 𝒇
𝒂 + 𝒃

𝟐
𝒃 − 𝒂 𝟑

𝟐𝟒
. 𝒇′′ 𝜽 𝒉 ෍

𝒊=𝟏

𝑵−𝟏

𝒇
𝒙𝒊 + 𝒙𝒊+𝟏

𝟐

𝒉𝟐(𝒃 − 𝒂)

𝟐𝟒
. 𝒇′′ 𝜽

Trapezoidal rule
𝒉

𝟐
𝒇 𝒂 + 𝒇 𝒃 −

𝒃 − 𝒂 𝟑

𝟏𝟐
𝒇′′ 𝜽

𝒉

𝟐
𝒇 𝒂 + 𝟐 ෍

𝒊=𝟏

𝑵−𝟏

𝒇 𝒙𝒊 + 𝒇 𝒃 −
𝒃 − 𝒂 𝒉𝟐

𝟏𝟐
𝒇′′ 𝜽

Simpson’s rule
𝒉

𝟑
𝒇 𝒂 + 𝟒𝒇

𝒂 + 𝒃

𝟐
+ 𝒇 𝒃 −

𝒃 − 𝒂 𝟓

𝟐𝟒. 𝟏𝟖𝟎
𝒇 𝟒 𝜽

𝒉

𝟑
቎

቏

𝒇 𝒙𝟎 + 𝟒 ෍

𝒐𝒅𝒅

𝑵−𝟏

𝒇 𝒙𝒊

+ 𝟐 ෍

𝒆𝒗𝒆𝒏

𝑵−𝟏

𝒇 𝒙𝒊 + 𝒇 𝒙𝑵

−
𝒃 − 𝒂 𝒉𝟒

𝟏𝟖𝟎
𝒇 𝟒 𝜽
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