R

EE———

Chapter 01: Kinematics of a material point

1.1. Objective:

The aim of kinematics is to describe in qualitative terms the motion of a body

without looking at the causes that produce it.

The study of the motion of a body is based on the study of its successive
positions relative to a reference frame, as well as its velocity and acceleration and the

relationships between these three quantities as a function of time.

1.2. Definitions:

 Material point (particle) : An object with negligible dimensions on a macroscopic

scale, which is assimilated to a geometric point.
In reality, the study of the motion of an object can be described by:
» Motion around its center of mass.

> Motion of its own center of mass
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Consider "M" as a moving particle in space

» The trajectory "M" is the geometric locus of the successive

positions occupied by "M" over time.

»The algebraic value MyM(t) is called the Curvilinear Coordinate

» MyM(t) =S(t) :Equation of motion of « M »

» OM, et OM, : is a Position Vectors of « M » [« O »
» MM, (t) : Displacement vector of « M » from position M (t) to position M,(t+ At)

M M5 (8)| = [AOM(D)| = |[0M,(t) — OM{ ()| = |75 (t) — 71(D)|


https://en.wikipedia.org/wiki/Equation_of_time

Il. Curvilinear Motion .

The motion of "M" is defined by its position vector at each time "t" with:

OM(t) =7(t) = x(OT + y(O] + z(Dk,
I1.1. Velocity :

> Average Velocity:

L, AOM(t) M;M;(t) OM,(t+At)—OM;(t)
Vave =y T T A T At 5

In Cartesian coordinates: 0

OMl(t)—xll+y1]+Zlk 5 Xp—=X1, Y2—"V1., Z2—Z17p

= Vgpe = [+ Jj+ k
OMz(t) = le + y2] + sz e At At At
. Ax_> Ay, Az
Vave = 75 —J+—<k



» Instantaneous velocity | R -

We obtain it by computing the average velocity for a smaller time interval.

e AOM(t) dOM(t) dr(t)
mst = 500 MOy T aho At dt di

Operationally, the instantaneous velocity is found by observing the moving body
at two very close positions separated by the small distance dx and measuring the

small time interval dt required to go from one position to the other position.

En coordonnées cartésiennes :

dx dy% dz -

. p Vinst = V(t) — E dt] + dtk
y. =%
*oodt .

dy With [V| =V = \/sz +V,” +V,”
\Vy, =—
dt
v dz
L ? dt
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_dOM@) _d(r(0u,) _dr®

V(t)

dt dt dt \
N o/
Calcul of .
dt
Uy = Upyl + Upy] = u,cosOT + u,sindj = cosOT + sindj
du_;_ ,0d94+ Hdé?a _deo g o7)
Tp = —Sinf—-i+cosd ] = E(—sm L+ cos0j
—_— —>+ - . 9—>+ 6—> dl—ir de(t)
Upg = —Upgy,l + Ugy] = —SInBT + cos = =
0 Ox 0yJ J dt dt
- dr(t) _, do(t) _,
=> V() = u, +r(t u
f dr(t) .
V.(t) = 1t Radial component
< do(o)
Vo(t) = 1(t) T Transverse component
\
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En coordonnées cylindrique :

O—I\/i(t) = 0—m>(t) + m_]\/f(t) = T(t)u_7f + Z(t)l_é .

dOM(t) dr(t)_ dﬁr+§zZ(t)E 71

Vi =—4 TRRACAFTIRS W -~

do(t) _, de{t)E [ T

. :dr(t)ﬁ -
dt ¢ di

= V(t) 1t u, +
dr(t)

dt
do
Vo) =r D
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r(t)

(
| (t) =

A

”V” = Jvrz + Vez + sz r(t): Rayonpolaire(r: 0 — o)
0(t): Anglepolaire(6: 0 — 2m)
Z(t): Cote(z: —00 » +00)
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Intrinsic Coordinates of Velocity : (Tangential and Normal compents)

—

(Gabilil] g duulaad) de gl LAl Sl pal] My(t=t) BtV

M, (t,=t+At)

. . - M M,(t) dOM(¢t)
Vinse () =V () = tilirglﬁ =

Let’s call M; M, (t) length of arc having from M1 to M2

We have:

= MM, (t) MM, (¢) M M,(t) . M;M,(t)
V(t) = lim — = lim ———— lim ———
t,-ts M{M,(t) t, —t, ta~ts MM, (t) t2>t1 ty — tg

M, M, (t)

When: t; —» t, = M, M,(t M; M, (t —
en:ity —t; = My 2()—>“ 1 2()” :>M1M2(t)

= U,

_ dMM,(t) ., dS(t)_,
= V(t) = 1dt2 = — 1,




The intrinsic coordinate system for each point of the trajectory is defined as a

system of reference formed by two axes:

Tangent axis: its direction is tangent to the trajectory and is positive in the same

direction than the velocity at that point. It is defined by the unit vector

 Normal axis: it is perpendicular to the trajectory and is positive toward the

center of curvature of the trajectory. It is defined by the unit vector u

This reference system is used to "observe" the changes in the magnitude

and direction of the velocity vector.




> Average Acceleration:

a M, (t1=t)
. V,0-Vi® wme |0 1
Agve = t —t ~ T At '\_7>
2 1 M ,(t=t+At)
In Cartesian coordinates:
. Vxl _) sz f’\
Vil Vya |, V2| Vy2 - @—> >
Vzl VzS o 1
_) Ve, = Ve, Vy,=Vy, , Vi =V o
Aype = L+ J+
2 — 14 t, — 4 t, —t4
AV, =V,, —V,,
Aype = —AVx L+ —AVy j+ —AVZ k av, =V,, -V,
At At At
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’ A0 At oot by — b dt
In Cartesian coordinates: LT dVy]_, LT
inst dt _dt _dt
( dx
Vx — d_
> a=——-1 I -
4 Vy = E dtZ dtz ] dtz
v = dz
L Z dt
([ dV,  d%
=g T e
Y odt  dt?
_ dv, B d?z
Y2 T ar T are




In Polar coordinates:

i

”B

. dr(t do(t) i av  d (dr(®)_, do
Vit = 7;l(tr)urJrr(t) d(t)u9 »at) =g = dt( :l(tt) u”) < ® (t) )
Ere) . driin, | dr©ds o) do (¢ 4.2%[\
T T4z W :u: \ch, ar ar v TTO—5 () t}'\ dte,:'
\¢/ o’
d@(t)ﬁ d@i(t)
dt 0 dt U,T
L, dr(t)_ dr()de(t)_, dr(t) dH(t) d29(t) do(t) do(t) _,
Pa=—gm Ut Yot g g de (O g —r(O) =g g U
L dzr(t) do(t) dr(t) do(t) d?e(t)\ _,
=a=|—0 r(t) < ) u, + <2 % ar T r(t) 172 )ue

J

d,

\ J
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In Cylindrical coordinates:
. dr(t) do (t) dZ -
V(t) It g T+ E
L. dfdr(®)_ d do(t) _, d?*Z -
:a(t)_dt< dt ur> <T() >+Wk

Using the same method, we find:

2 2
. (d r(t) ® (d@(t)) )ur+ (2 dr(t) do(t) +r(t)d e(::))u d? ZE

dt2 dt dt dt2 Taz

d | Y ' .

Qg

1]l = a =+a,2+a,? + a,?



Intrinsic compents of acceleration:
w V) = B0 LM(t+AY
We V. V(t) —_ dt ut ﬁNz 2
, AV d (dS(t) d*s)_, dS (t):dut \ qutz
a=—"= Ue | = Up + !
dt dt\ dt dt? dt \dt ) L :
Calcul du T ]® > >
alculation of —— 1 ’ =
4 dt i 0o 1 )

O Property:

1
1
The derivative of a unit vector is a vector orthbgonal to that vector

|
, di du;  du, | |
ldll=1 =214, =—t=""ty ! Tl = |17
t dt t dt dr W '; lueq |l = [[ug|l

I

On the other hand, we have: ’.'
I

1

E— I_ — _ — _
AuL____u.tZ___utl t, > t, = Aut - dut = “dut” - ”ut”da =da
. - e
B ]| = Wi lisings . \%72 ga (sinda ~ da)
\ du; du,, da




d?s(t)_, dS(t)da_ dZS dSdads

e T T T T L A T T T
as _
qa P Trajectory Radius
d25(t) 1/dS(t)\° dv(t)
i = U, +—|—| u + — V )%y
TS ut+p( at ) "N T Tdr T ()%
\ ) | _') )
a, ay
(d2s  dv ~ ﬁ
17 dqp Tangential component of a related to the change in modulus of V
\
lfl_s = l V: Normal component of a related to the change in direction of V
pat p

d=a,+ayiy ldl=a=ya?+ay?



I1.3. Transition from speed ;o distance travelled — Intm

s»Let be a mobile “M" moving with a constant velocity in rectilinear motion
A V(m/s)

v v Ax  x, — x4
= = V;: = = =

KnowingVandXx, att = t;, = x, =x; +V(t, — t;)

The distance Ax traveled between t; and t, is measured

by the area under the curve V(t): Ax =V (ty — t4)

** When the velocity is not constant Ax is always equal to the

area under the curve V(t) (Ax =V, = V)(t, — t1))




I1.4- Transition from acceleration to velocity:

If the motion is defined by the given acceleration, the velocity is equal to the

integral of the acceleration (acceleration is the derivative of velocity).

Vs to
dVv
a=—> dV = adt
dt

Geometrically:

» The acceleration will be the curve tangent of V(t)

V-1

a=tga =
AU



Exemple :

An object moves in an oriented straight line with a velocity that obeys the law:
a=4-—t*(m/s?)
- Find, as a function of time, the expressions for velocity and position.
We give: t=3s=>V=2m/s,x =9m.

- Represent the velocity and acceleration vectors at t = 1s.

Solution :

t3
1. V=]adt =f(4—t2)dt =4-3 4c
33 £3
t=3s=V=2m/s 22=43-7+C =C=-1 =SV =4t——-1
[(s-5-1) :
_ =|(4t—=—-1)dt 92 o4 '
x—Jth 3 22—t —t 4+ C
1
t=3s=2>x=9m=>C(C" =3/4 =>x=—ﬁt4+2t2—t+3/4




Echelle: x:1cm - 1m

Vilem - 2m/s

a:lcm - 1.5m/s?

x=—it4+2t2—t+3/4
12
] t3

V=——+4t—1
3

2. \a =4 —t*

( 1
=——+4+2—-14+3/4=1.6
X 12+ + 3/ m

1
V=—§+4—1=2.6m/s

la=4—-1=3m/s?

<!

1162 3 4 5  x(m)



Summary

O MM, (t) = S(t) :Curvilinear Coordinate

L OM; et OM, : is a Position Vectors of « M » /« O »

d |M1M2(t)| = |AOM(t)| = |0M2(t) — 0M1(t)| : Displacement vector

Velocity (m/s)

Average Velocity (Vave (1))

Instantaneous velocity Vinst =V

At At At At At

AOM(t M{M,(t) Ax A Az
O _ M0 _dx, Ay, bro

o BOM(D) _dOM()
seVaeve = T AT T T 4

Acceleration

Average Acceleration(a .. (t))

Instantaneous Acceleration d;, i, = d

AV(t) AV,. AV, AV,-
©) _ AV, Yi+—2Lk
At At At At

lima ] AV())  dV(e)
e Gave = AT Ay T T4




Cartesian Coordinates ) ., o . L =
i %) Polar Coordinates (u,., Ug) Cylindric Coordinates (u,, Uy, k)
DM (t)| x()i + y(©)] + z(Dk r(t)u, r(Ou, + z(Hk
— dx dyﬁ dz dr(t) _, do(t) _, dr(t) _, do(t) ., dz(t)-
YO | it ad Ta” ac O =g ar T g e vk
d?’r(t) de(t)
d2r(t) (dem) ) ae "W U
2 2 2 ( ) Uy
= | d*x d Y., d z dt dr(t) dO(t) d20(t)
a' T @) e RCLUCIS 0\ 2 @ @ U
2@ ar "W gz Ve dzZTé
Tarz
Intrinsec coordinates (u,, Uy)
: ),
Velocity V(t) = d—(tut = V(t)u,
. _ av(e) _,
Acceleration a(t) = U + — p V(t) Uy = a, + ayuy




Ill. Some specific movements

I11.1. Rectilinear motion:

In this type of motion, the trajectories are straight lines and the position of the mobile is

described by a single coordinate x(t) equivalent to the path traveled S(t).

lil.1.1. Uniform Rectilinear Motion (URM): 4efiiicl) Lasdicual) 45 a))

t t
Characterized by V(t) = Cts = V N ! ! ! . LS

X X x(m)

dx x t
V=E=>dx=th =)de=Jth =>x—x9=V(t—ty)
X0 t

0

= Equation of Motion: | x(t) =V (t — ty) + x,

A V(m/s)

|4
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111.1.2. Uniformly Varied Rectilinear Motion(UVRM):

plﬁﬂ@ b _ptial J.a,ﬁim.f/ 45 Al

X =X
Characterize by a(t) = Cts = a t=1: 1y = Vo
dV vV t
a=— >dV =adt = dV=ajdt >V =V, =a(t —ty)
dt Vo to

= V(t) = a(t — to) + VO

1 Equation of Motion

dx X t t
V(t) = I = f dx = f vdt = | (a(t —ty) +Vy)dt
X0

to to

1
= x — X, =§a(t—t0)2 + Vo (t — to)

1 : :
= x = Ea(t —t9)% + Vo(t — tg) + X (Equation of Motion)




V(m/s)

A




Remark:

The acceleration or deceleration of a uniformly varying motion is defined by

the sign of the dot product @.V :

a.V >0 : Two possible cases:

d > 0etV > 0: M. Accelerated Uniformly in the positive direction of motion

d < 0etV < 0: M. Accelerated Uniformly in the negative direction of motion

a.V< 0 :Two possible cases :

d < 0 etV > 0: M. decelerated Uniformly in the positive direction of motion

d > 0 etV < 0: M. decelerated Uniformly in the negative direction of motion




lll.2. Circular Motion:

This type of motion is characterized by a circular trajectory with a constant radius :
r(t) =cte=R

In polar coordinates:  #(t) = Ru,

- dr(t) _, do(t)
V(t) = - ur r(t) ;1o
. d
=> V() =R
do(t)
Tl w(t) : Called Angular Velocity, [w] = rad/s
= V(t) = Rw(t)i,
En coordonnées intrinséques : V(t) = ds(t) U,
dt
ae(t)

S(t) = RO(t) = V(t) =R

dt ﬁt = R(l)(t)'l_it

= V(t) = Rw(t)Uy = Rw(t)U,




Acceleration Expression:

O Inintrinsic coordinates: g = atﬁt + apliy = d‘;it) ﬁt + %VzﬁN
fp =R )
V = Rw R dw(t) g N dze(t) _, de(t)\”_,
<w=d—0 = a(t)=R 7 U + Rw*(t)uy =R T u, + R o) N
\ dt

1 In polar coordinates:

o (d% () do(O)\*\ _ dr(t) do(t) d26(t)\ _
a=< 752 —r(t)(—dt ))ur+(2 a4t + r(t) 752 )ue

2 2 2
r)=R>d= dtz —R(dg—(t)> )ﬁr+<2d—R (t)+Rd Q(t)>ﬁ9

dt dY dt dt?
2
a= —R( 1t ) u,.+R 152 Uy = —Rw*“(t)u, + R(t) It Uy

dw(t)

= a: Angular acceleration, [a] = rad/s?




I11.2.1. Uniform Circular Motion(UCM):  “eBiisl| 4 i) 45 s

This type of motion is characterized by a constant angular velocity:

V(t) = Cst = Rw(t) = w(t) = Cst

p
( _p dw(t) 0 N a, = —Rw?(t)
j=lu=R——= Or a—<a0=Rda)(t)=
\aN = R(,()2 \ dt
O Equation of motion:
do(t) 0(t) t
W= = dO(t) = wdt = dH(t)=fwdt = 0(t) — 0, = w (t — ty)
8o to

So the equation of this motion is given by:

0(t) = w(t —ty) + 6,




I11.2.2. Uniformly Variable Circular Motion (UVCM): pLELL 5 psial) 4 dlal| 4S )

This type of motion is characterized by constant tangential acceleration: a,(t) = Cst

77N,

'élw(t\)\\ do(t W = Wy
at(t)le‘\d—t/,'zCst = di):azcst = dw(t) = adt <t=t0: {9:00>
o) t
= f do(t) = j adt = w(t) = a(t—ty) + wg
(00 1) tO

On the other hand, we have:

de(t) o) [t t
w(t)=7 =>J90 d9(t)—ft0w(t)dt = to(a(t—t0)+a)0)dt

1
= Q(t) — 90 = Ea(t — to)z + a)o(t — to)

1
o(t) = Ea(t —to)? + wo(t—ty) + 0, (Equation of UVCM)




Application : Motion of a projectile

EII70: The initial velocity of the projectile (t; = 0) AV

Qinthiscase: a =g = —gJ
R Vo, = Vocosa
— ? ? A
VO —Voxl‘l‘V()y] Where Vox =V0 sin a . I—/ :
O On the other hand, at a given point M (x, y), Voy|--- Oﬁ MCxy)
we have: 17=51(t—t0)+l_/>0 i ih
oY :
DAt tO =0: — VO
A X
Vai+V,j=—gtj+Vy 1+ Vy. ] =V, ?+(V —gt)f = B = Vo,
X y X y 0x Oy I/y=V0y—gt
[ Also, we have:
. 1, . .
0M:F:x?-|—y]_) =§a(t—t0)2+V0(t—t0)+r0
1 x=V0xt
Th =
Att — O. 0 - —>= _ 2- - - — 1
0 {az—g = xt+Yyj th J+ Vo, tt+ Vot y=—§gt2+Voyt




R

W The time requiered for the projectile to reach the highest Point A is obtained by setting

Vy = 0. in this point the velocity is horizontal

: Vo
Then: y — o=y, —gt=0 =t=—1
Vosina
=t =—o
g9

L h is obtained by substituting this value of t in Vo,

e

2

1 VOZ sin

2

(44

9

O The time requiered for the projectile to return to ground level at point B can be obtainde by

. ] 1
the equation of y: Y= ——gt2 4V, t
2 y
1 Vysin®a Vo sina
ﬁh:—_ +VO
2 g° Y9
1V, sin a Vysina
= -2 +V,sina — = h =
2 g g
makingy = 0
1 1 .
=>—§gt2+Voyt=0 =>—§gt+V051na=O

=t

2Vysina
g9




I11.3. Harmonic Motion (Sinusoidal Rectilinear Motion ): 4wl 45t/

is consider as the projection, on a diameter, of an uniform circular motion of a point

"P" of an angular velocity w on a circle of radius R, With 6(t) = wt + 6,
O Let "M" be the projection of "P" on (x x):

OM(t) = x7 = RcosO(t)T = Reos(w t + 0,)7

w t + 6,: Motion Phase

8, Initial phase or phase at the origin of time

—R < x < +R:is called amplitude



that the angle wt increases by 2t

/ Lo
T = — ! Presents the period of motion :' L i
[ ) 1 L_1 )
1 - /|
. . ] \ 0 L M MO X
» w = 2mf: Pulsation or angular frequency (rad/s) \ /
\\ ,I

N 4
> f=== 5. - is the frequency of motion = Oscillation RN <

--------

numbers per unit of time related to the period (1/s, Hz)

7 2 dx_) - g . -
V="Vt =—i =—(Reos(wt+6p))i |= V(t) = —Rwsin(wt+ )i
- - dV'X,'—> . -> 2 -
a=ayl =—_-1 =7 (—Rwsin(w t + 0y))T = —Rw?*cos(w t + ;)1

= d(t) = —w?*xl

This indicates that the acceleration in harmonic motion is opposite to the position vector

—

>d=—-w’0M



(OM(t) = Rcos(wt + 0T
V = —Rwsin(wt + 0,)1 )
\d = —Rw?cos(wt + 0,)T = —w20M

A

OM=x=0

Q60,=0andt=0: cos(wt+00)=0:>{ 0
a =

sin(wt+60y) =11 =V = +Rw




IV. Relative Motion

IV.1. Change of reference system:

—

In relative physics, rest, like motion, are relative notions, they depend on the position of

‘NNN“’%

the mobile in relation to other bodies which serve as referencsN 11_

Vil

c T 7 !
O Let R(0, xyz) be a supposedly fixed coordinate system, called / .
Jdv
an absolute coordinate system. 4 -" \\\"//’ - (t)
’ = "
. . : I'ﬁ&“:
d Let R'(0',x'y'z") be a coordinate system in motion SIS \;\ 3
NN
with respect to R, called a relative coordinate system. ‘
I

OM(t)/R = xT+y] + zk

OM(t) R’: ’l._;+y,7+Z’P

To an observer bound to the R, the motion of R'(0'x'y'z') is known via the motion of O’/0O,

and the ways in which the axes Ox', Oy', and Oz' rotate around O'



 Relationship between positions: OM(t) = 00’(t) 0 M(t)

XT+yj+zk=00 +x7 +yj + 72K

Relation entre les vitesses:

dOM(t)  d00'(t) , d0M ()

v =—0 & dt x_k
_dx. dy. dzn _d0—0’>+dx’__; di o dy'—, . dj Lz dk’
dt”de’ Tde T dr T de dt  dt dt © 7 dt

dx_ dy . dzE_dx’,_,>+dy’7+dz’_,>+d00’+ dl+ d7+ ik’
dt,_\dtl at’ T dt || dt FTRRAT Zdt,

- . . |
V,(t): Absolute Velocity V,.(t) : Relative Velocity V,(t) : Training Velocity

> V() = V(1) + V(D)

Remark:

- —

If the coordinate system R’ is translational only with respect to R: i’ j', E’) = Cst

di _dj _dK _ doo’
at = ar a2V =—g



S ) dv
Relationship between accelerations:

Cl(t)=E
d (dx. dy. dz.\_d(dx'o dy dz'_ +d<d0—0’)+ dl+ dj’
de\de " acd Tac) T ac\ de at ) T dr dt \ dt xdt Y dt

d?x . d¥y . d?z- dix'_ dx'di d%y’

dk
+ 7z —

dt

. . N ,_;_I_dy’d]T’) L7 dz' dk’
a2 Tz T e T et Tardc T acr? Tdar ar Taee dt dt
d200’ dx'd? i i N dj | d% dz'dk  d*K
+ + + vy + + z
dt? dt dt X e dt dt dt? = dt dt dt?
. d*x_ d*y. d?z- ,
a, = Wl + 172 j+ 172 k :Absolute Acceleration
d’x' dly'. d’7' d,=d,+d,+d
a. = T i’ + — " k' : Relative Acceleration a r e C
= gz +dt2] +dt2k
_ d¥*00  a* 4% 4K ,
a, = a2 + x' a2 +y' di2 +z Ere) : Training Acceleration

ar =2 (dx’ di + dy’ dj + dz dk’) : Coriolis acceleration
¢ dt dt dt dt ' dt dt

3



o _doo’ i dj’ ,dk' doo . - -

dOO = — doo" .,
(xl+y] +zk) >V, = dt +wANO'M

. (dx di’ dy'd7’+dz'd?> (3 o Ay o e
- - = w l w w
2- Q¢ = “\Tgr dec ' dt dt | dt dt J

dx,—> dy,—> dZ,—> — N —
= 2w i ! ’ > dc=2w AV
Za)/\(dt dt] + k) C r

3- For d,: d2?=d<d?>:i(_> —,’) dd - _ di dd -
dt? dt \dt dt

We replace in a, and we find:

_, d?00 dwo .
=3 +=EA0M+w/\(w/\OM)
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